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Motivation: understanding the [1, construc-
tion

e a more informative two dimensional version
of 'y, where 2-cells are equivalence classes
of diagrams, called fences, of the form:

//

e What is the equivalence relation for 2-cells
in > of a 2-category?

C f2

e [1> can be viewed as a composition of two
constructions which we will call Path and
Span



Overview

Review: Path and Path, for Categories

Path for Double Categories
— The Construction
— The Morphism =: A — Path A

Universal Properties and Oplax Double Cat-
egories

Paths for Double Categories
— The Construction
(With Equivalence Relation)
— The Morphism =4: A — Paths A

Universal Properties and Oplax Normal Dou-
ble Categories

The Equivalence Relation on N> A



Path for Categories

Cat: category of small categories
Gph: category of directed multi-graphs

F

Cat 1 Gph
U
e U is monadic, E-M algebras are small cate-

gories
e F' is comonadic, graphs are categories with
a costructure

Comonad: (FU,e, FnU) = (Path, E, D)
Coalgebras: categories with a comultiplica-
tion (coaction) ®: A — Path (A), factorizing

each arrow into ‘primes’.

These primes form the edges of a graph.

Gph ~ Catp,tn,



Note:

e Path: Cat — Cat is not a 2-functor.

e Any category has at most one coalgebra
structure on it.

o Kleisli category: category of small cate-
gories with ‘functors’ which don’t preserve
identities nor composition.



Path. for Categories

Cat: category of small categories
RGpPph: category of reflexive directed multi-

graphs
F
Cat 1  RGph
U
U is monadic, E-M algebras are small cate-
gories

F'is comonadic, a reflexive graph is a category
with a costructure

Path. differs from Path in treatment of iden-
tities.



Coalgebras: categories with a comultiplica-
tion (coaction) ®: A — Path(A), factorizing
each arrow into non-identity ‘primes’.

Rgph ~ Catp,tp, - (1)

Note:

e Path.: Cat — Cat is not a 2-functor.

e Any category has at most one coalgebra
structure on it.

e Kleisli category: small categories with ‘func-
tors’ which don't preserve composition.



Path for Double Categories

Let A be a double category. Then Path A is
defined as:

e same objects and vertical arrows as in A

e A horizontal arrow in Path A is a path

A0£>A1£>A2—>---—>Am_1f—m>z4m

e Double cells are triples (g, (v;), {ay)):
x an order preserving indexing function
¢:{0,1,...,m} - {0,1,...,n}
with ¢(0) = 0 and o(m) = n;

+ vertical arrows v;: A;—e—DB ;) ;
x double cells

Ai_1 Ji A;

vi—ll a; lUi
l l
B~y Pe)
(i)




A typical cell:

AOLAl f2 A2 f3

1?0/051 ’01$ O?/oé a3

Bo——g1—B1—g; ~B23
where

are cells in A.

Notation g3 = 949392

As
23
.
B3—;.— By,
As—I3 Aq
’02$ as %vs
B1g,g3554



Composition

e Horizontal composition of boths arrows and
cells is by concatenation.

e Vertical composition of arrows is as in A.
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Vertical composition of

Ag a2 a5 g
’UO./ Q] vll @2 / a3 \3}3

I

94

By

IS

whoage” e
W voewW1 U1 e . uo Y3 W4-U3
Cl'o %1 Co Cl’?:
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where ~3 is the pasting of

As 13- A,
UQO/ a3 \.1)3

N\

Bl g2 B2 g3 B3 _94 B4

o 5 N g\ L,
|7 wz\”?’\t

Co—>h1 C1—— Iy Cop—— h3
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Example: Path 1, where 1is the terminal dou-
ble category, with one object x and one vertical
arrow, 1.

e Horizontal arrows correspond to non-empty
ordinals [m] = {0,1,...,m} (a path of m inden-

tity arrows).

e Cells

such as

* * */* [3]
* * */ [2]
correspond to order preserving functions
p: [m] — [n]
such that ¢(0) =0 and ¢(m) = n.
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Horizontal composition:
[m'] @ [m] = [m' + m],

if 2 <m/

(¢ © @) (i) = { #'(1)

m' 4+ p(i) otherwise.

For example,

k k k k k k k
/ / « \

X k k X k k
k k k k */

Note: Path 1~ A°P
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Oplax Morphisms of Double Categories

Definition [Grandis-Paré] F: A — B, mapping

AT 4, FA, N pa,
1)1{ o %112 —> Ffv1$ Fao %Fvg

IS an oplax morphism if
e it preserves the vertical structure;
e fOor every object A of A, there is a cell

F14 A

FA
e
FA———FA,

l1pa

/
and for every A i> A’ L> A" a cell

!/
A F(f'f) Al
e
1/
FA—ppFA' - FA,

satisfying coherence conditions.
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The Morphism =: A — PathA

The morphism =: A — PathA is defined as fol-
lows:

e it is the identity on objects and vertical ar-
rows;

e it takes a cell, or a horizontal arrow, to itself,
considered as a path of such of length 1;

e for an object A in A, let £4 be the cell

A A4
\dl/
A
/
e for a path A 15 4’ L5 A7, let ¢, ; be the
cell
Py
/ Iy \
/ /!
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Vertical Transformations

Let F,G: A = B be oplax morphisms. A vertical
transformation t: F — G assigns

e tO each object A in A a vertical arrow

tA: FA——GA;

e to each horizontal arrow f: A— A’ a cell

AT g

tAf tf %tA’

GATJC’GA’

satisfying functoriality conditions in the hor-
izontal direction and naturality conditions in
the vertical direction.
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Double Categories, 2-Categories, and
Bicategories

Doubg, is the 2-category of double categories,
oplax morphisms and vertical transformations.

There is no 2-category consisting of bicate-
gories, oplax morphisms and any of the obvious
choices of 2-cells (lax, oplax, or pseudo).

The correct 2-cells for a 2-category Bicat are
the specializations of the vertical transoforma-
tions in Doubgy,, i.e., cells for which the one-
dimensional components are all identities.
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The Universal Oplax Morphism

Let Doub(A,B) denote the category of double
functors from A to B with vertical transforma-
tions, and Oplax(A,B) the category of oplax
morphisms from A to B with vertical transfor-
mations.

Theorem For any double category A,

=:A — Path A

IS the wuniversal oplax morphism in the sense
that composition with =,

=*:Doub(Path A,B) — Oplax(A,B)

IS an isomorphism of categories.
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The Comonad Path on Doub

Proposition The inclusion

Doub — DOUbOp|

of the 2-category of double categories, double
functors, and vertical transformations into the
2-category of double categories, oplax mor-
phisms, and vertical transformations, has a 2-
left adjoint

Path: Doubgp — Doub

with unit =.

Doubgp is the Kileisli 2-category for the 2-
comonad Path induced on Doub.

Note: The fact that Path is a 2-functor is a
double category phenomenon.

We must consider 2-categories as double cate-
gories to get the two dimensional structure of
Doub and Path, because we need the vertical
transformations to make things work.
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Theorem The 2-comonad Path on Doub is
an oplax idempotent comonad.

Consequence: There is at most one coalge-
bra structure ®: A — Path A, namely a (verti-
cal) left adjoint to E:Path A — A.

Note: This also explains why the coalgebra
structure for categories is unique.
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Relaxed Double Categories

An oplax double category has objects, horizon-
tal and vertical arrows, and multicells. The
vertical arrows form a category whereas the
horizontal arrows don’'t. A multicell has do-
mains and codomains as illustrated

A ! A
v% o {v’
Bo—+Bi—55-Bo—— — Bn

Such an « can be composed with n cells

Bi—l I Bi
JI Bi %
Cio hit O T — . Cimz

A f Al
} o (8) f
Ciog-Cr137Cro— mcnmn



There are identity multicells

Ai’A,

2

Y
AfA

and the composition is associative.

Remarks

e A lax double category is a T-multicategory
in Set*=*®, where T is the free category
monad.

e A |lax double category in which all vertical
arrows are identities is what Hermida calls
a multicategory with several objects.

e A lax double category with a single object
IS the same as a multicategory as defined
by Leinster.

23



e A. Burroni (1971): T-catégories

e C. Hermida (2000) multicategories

e C. Hermida, M. Makkai, J. Power (2000)
multitopic categories

e J. Koslowski (2005) S-T-Spans

e J. Lambek, multicategories

e T. Leinster (2002) fc-multicategories
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Definition A morphism of (op)lax double cat-
egories F: A — B takes arrows to arrows of
the same type and cells to cells respecting do-
mains and codomains, and preserving vertical
composition of arrows and cells, and identities.

For any double category A, there is an oplax
double category Oplax A, defined as follows:

e its objects and vertical arrows are as in A:

e its multicells

A / A
’U% o %v/
_Bojﬁénggé .................... -—@7Bn
correspond to double cells
A f A
’U% o %,UI
BO Bn

(gngn—1)-92)91
in A.
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Theorem [Hermida] Let A and B be double
categories. A morphism of oplax double cat-
egories OplaxA — OplaxB is the same as an
oplax morphism of double categories A — B.

Proposition [Hermida] An oplax double cate-
gory is of the form Qplax A if and only if all
composites are strongly representable.

26



Definition Oplax is the 2-category, whose ob-
jects are oplax double categories, arrows are
morphisms of such, and 2-cells are vertical trans-
formations.

Proposition Oplax is a locally full and faithful
2-functor Doub — Oplax.

Theorem Path is the object part of a 2-functor
Oplax — Doub which is a 2-left adjoint to the
inclusion Oplax: Doub — Oplax.

27



Theorem Path : Oplax — Doub is 2-comonadic.
Remarks:

e Oplax is both complete and cocomplete, but
Doubleg, is neither.

e Oplax double categories are the right struc-
ture on which to define oplax morphisms.

e Oplax is the 2-dimensional analog of Gph.

e It is a property of a double category to be
Path of an oplax one, not extra structure.

28



Paths for Double Categories

Definition An oplax morphism of double cat-
egories F: A — B is called normal if for every A
the given cell

Fl,

FA—2FA
|
FA4—~FA

A

iIs vertically invertible.

Construct the universal oplax normal morphism

A—=*-Path, A

for any double category A.

29



Universality of = gives us a unique & such that
= Path A
A P

=

—*Pathy A

So we must add vertical inverses for

So the new double cells are generated by

e Cells of the form
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A Flavour of the Equivalence Relation

Pasting this diagram

A f A f Al
id s |df/
/f ,/A \ / f/\ 7
A A A A
% « l by i B l
shows that
A / A f Al
| o : 3 :

} ' !
By——~+++——Bg——+++——Bpn,

IS equivalent to

A

l A
¢ “ % & %

Bg——~+++——Bp——--—— B,

31



Theorem For any double category A,

=«. A — Paths A

IS the universal oplax normal morphism, i.e.,
for any (strict) double category B composing
with =4 induces an isomorphism of categories

Doub(Path.A, B) ——s Douby s (A, B).

Proposition Doub; y is the Kleisli 2-category
for the comonad Path, on Doub.

Theorem The comonad Paths on Doub is
oplax idempotent.
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Theorem Let A be an oplax normal double
category. Then

=« A — Oplax,PathA

IS the universal oplax normal morphism, i.e.,
for any strict double category B, composition
with =% induces an isomorphism of categories

Doub(PathiA, B) = OplaxN(A, Oplax.B).

Theorem Paths: OplaxN — Doub is comonadic.
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—k

The morphism A Pathy A is the universal
oplax normal morphism (for both double and
oplax normal double categories), which induces

Doub(Path.A, B) ——s Douby; n (A, B),

but also

Doub(Path.A,B) = OplaxN (A, Oplax.B).

Doub,y is the Kleisli 2-category for the comonad
Pathx on Doub.

Pathy an oplax idempotent comonad on Doub.

Paths: OplaxN — Doub is comonadic.
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[1>, of a 2-category

Let A be a 2-category. Then I>»A is defined
as follows:

e its objects are those of A;

e its arrows are paths of spans in A;

e its 2-cells are equivalence classes of fences
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