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A completion of "ON FLOWCHART THEORIBS (I)*

by Gh. Stefédnescu

The main result of {2], i.e. if T is a theory with strong iterate
then the theory of reduced X -flowcharts RFlg . is the theory with
?
strong iterate freely generated by adding X to T , was proved only

when T is an "almost syntactical" theory. Here we show that this
technical condition is superfluous.

We shall use the notations from [2}. Suppbse T 1p an S-sorted
theory with strong iterate and % a doudble ranked S-sorted set. If one ‘
re-reads [ 2] he can see that in the definition of a reduction £ l—;) £
the condition wac): Ac(f) & Dom(f) was wrote in this way only for the
sake of generality. In fact t;e can uge only reductions f l-;—)f' which
fulfils a strong condition sac); Dom(y) fulfilg ae) in f .

We shall distinguish two types of reductions, one by functj;ons,
denoted by —y—-> and one by injective partial functions, denoted by \-;- -

The reductions by bijective functions are of both types. Obwviously
'—_) < }_'_ 0 —>,

Somehow as in the proof-of Church~Rosser theorem {1] we shall show

that —>» -reductions can pass over }— ~reductions.

o~ w— B
Lemma 1, If f }-;— f—;‘rf' then there exist f, z,, z, such
1 , _

that £ —> f — £,
%y %

Proof, Suppose the flowcharts are from a to b and £ = (i,t,e)

with e = °1"‘°\e\ . Using a top reduction given by a bijective function
we can restrict our analysis to the case when ([Dmn(y1 P =2tseeark},

for one k<le{l . Now ¥y = (1e + "Le

)*u for one
1.’.ek k+1...e‘e'

bijective function wu , which can be moved in y . Hence we can suppose
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y - 4 +-L P
1 e1oo-ek ek-+1"cal°‘

The f-flowchart is obtained by adding to £' an inaccessible copy
of the ek+1...e're'-part of. f ., More precisely ‘f = (I,?,'E) is given
by e =e'e

k+1.l.e‘e‘ ?

'i'==1'(1p, +0,+ 1),

T =140 +1.) , (O + 1 ) t (g, + 1.,
p!' 8 b’ @ieee@y € 1e0.0, ‘OUL in ab>

»*
where 8 = rin(ek+1... e‘e'). Now we shall show that

f‘?fﬂ -).fh::::;——’—-fl.

ek+1l..e|e‘ k+1.'.e|e’

One can easy see that 1e'+"‘e o gives a reduction of desirmlgd ,b
E+1°°°" el

type. A bit more difficult is to show that the total surjective function

y+ 1, e reduces f to £ . By our hypothesis
. k+1 XX} le‘

i= 1'(1p,+os+1b) = i((y1y)in+1b)(1p,+08+1b) = i('y+“§°s+1b») =
= 1(y+18+1 b) |
vhere the last equality is based on Im(i) & Dom( y1). If jelx] then
~as [ Dom(y,)] = $1,...,k} fulfils 2c¢) in £ , we have
. % = ' 1 . J.. 1 = ' .

In the case j€{k+1,...,lel] we have even an identity. Ol

Lemma 2. Every chain f=f°‘—;->-f1i-—;->...l-§-’>fn=f' may
—_—— 1 2 n

be replaced with a two-step reduction f =3 f" p— f' (hence we

have ';*'*8-—*0*'—).

Proof, By lemms 1 we can suppose that in £° I*—y—) . \?% 7
1 n

the first k reductions are —> -reductions snd the last n-k reductions

" are p—— «reductions. An easy computation shows that every chain of
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~—> ~reductions can be replaced with one —3 -reduction. The same is
- (a4
true for {— -reductions because if £ l‘;" £ then
— o~
I x)] fulfils ac) in £ 4ff y(IxD) fulfile ae) in T

(the reverse implication is based on ([ Im(gz)D = z([Im(g)]) , if =z is

an injective partial function). (4

Lemma 3, If for f ; a~>ac, f' : b—~»bc and y € Str(a,b)

surjective function,we have f{y+1 f:) -——zéyf' then f*——? y(f')+ .

Proof. See the last part of the proof of theorem 11.2 in[2]3 .1

is

Theorem 4, If T i1s a theory with strong iterate then RF s 7

a theory with strong iterate.

Proof, We have only to show I4-S :

if fia—>ac, f':b—>bc and ye€Str(a,b) is a surjective f’unetibﬁ such
that f(y+1c_)_E yf* +then f‘ra y(f')* .

Let us suppose that £, £f' are minimal flowcharts, Then yf' is
also a minimal flowchart. Hence the equivalence f(y+1°) =yf' 1is, in
fact, glven by a chain of reductions f(y+1c) = ... Vyf' . By lemma

" ] n -
2 this chain can be replaced with f(y+1c) —?f lT yf', As i (uin+1'bc)

= yi' and u has a right inverse v with uv = Dom(u) and Im(:if') <

Dom{u) in+1bc we have

i* = i“(Dom(u)ingc) = 1"(uin+1bc)(vin+1bc) = yi'_(vm+1bc),

which shows that £f" = y}- « By lemma 3, f*-—-} yfﬁ. The theorem is

concluded if we show that ?*l—) (f')+. By lemma 10.1 in [2]3 ,

y?%—lT yf' idplies f = wy? > wyf' = f' , where w 1is a left inverse
of y (wy=t,) =ma I > (e0t. O
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As a corollary we rewrite the main theorem from [2].

Main theorem, If T 1is an S-sorted theory with strong iterate

and 3 a double ranked S-sorted set, then the theory of reduced flowcharts

mz’ P is the theory' with atrong iterate freely generated by adding ¥
to T . 0O

Bylemmaz,ti)-—-—-)ol-—- .ByLamaHJ in {21 , 1f T 1is
an almost syntactical theory then }3—} = }—> . We conclude this note
with an example, in the one-sorted case, which shows that generally
+¥5> £ > . As T we chose the quotient of the thAgry of rational
T -trees, RTF ( T is a one ranked set, with one \ of arity two) by the

congruence = generated by
\t-(x:, x}) = 1,0, .
Now it is easy to see that RTI' /= 1is, as ,HTI‘ , 8 t@eory' with lstrong
iterate. Then the flowchart ‘
ey, 23400, 0, 4y, TT)

where rin(Q‘) =r .(¢) =1, can be reduced {in tvo steps) to

out
("L1010 01! A‘ ) :

but not in a single step.
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