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CT95 Moncat/V % MonV  Kelly: works for bicategories
(N) mod

1997  Generalize to bicategories?
M) Relate to Cat/B ~ Fun(B, Span) ~ Funy(B, Prof)?

2005 (1) Fun(B,S) ~ Funn(B,Mod S)
(CNW)
(2) LDF/B ~ Fun(B*, Span) =~ Funy (B, Prof)

%Fpl)l Lax(B,S) double category for nice B and S
Lax((VB)*, Span) ~ Cat//B
Note: Fun(B«, Span) ~ HlLax((VB)®, Span)

Idea: (1) for double categories and vertical structure for (2)



Double Categories

T do
Weak category objects Dy xp, D1 —#> D3 <Aa=Dg in CAT
m di

Objects: objects of Dg
Horizontal morphisms: morphisms of Dg, D — D’
Vertical morphism: objects of D1, D -=D

_— /
Cells: morphisms of D, ? Dt

D—D

Note: VD is a bicategory and HD is a 2-category



Examples

Span: sets, functions, spans, ...
Cat: categories, functors, profunctors, ...
VB: vertically B, a bicategory (horizontally discrete)

Lax(B, S): lax functors, transformations, modules, modulations
(horizontal) (CKSW)

Mod D: monads in VD, homomorphisms, modules, ...
D//B: (D//B)o =Do/B, (D//B)1 = D1/idg

Span\\1 = Span,, pointed sets



The Double Category Lax(B,S) (Paré)

B-f~p FB L Fp/
F: [B —_— S bi /3 ib, — Fbt F/B in, horiz functorial, vert lax, ...
lax functor B—~B FB -~ FB

f Ff
F3:idyg — Fidy, Fu5: Fb-Fb—F(b- b)

B FB2F'B

t: F —_— F, bi — Fbi tb iF’b horiz natural, vert functorial, ...
transformation B

FB~F'B
tp



The Double Category Lax(B,S), cont.

F

G

module

F—>F

ot

G?G/

modulation

f

BB FB L FB/ ~
mi bi B ib’ — mbt mg imb’ mbLB\\ lmt_)
BB ’
b

FB - FB

_ _, : ;
GB%GB GB GB

B FBL F'B
b — mbi b im’b
B GBE G'B

Define: Fun(B<«,Span) = Lax((VB)*, Span)



The Equivalence Lax(B, S) 2% Laxy(B, Mod S)
Given F: B—S, define Mon F: B—Mod S by

Fidy, ~ .
B > (FB —2 FB,Fag s, Fg)

Ff homomorphism, Fb module, F3 equivariant (since F is lax)

Mon: transformations, modules, modulations — same
(Mon)~! is composition with U: Mod S — S

Lax(B, Span) ~ Laxy(B, Cat), Fun(B,S) ~ Funx(B,Mod S)

w—=Yy in Moncat

Note: loosely related to ev 4 mod Tyy —=Mod V) nermal in Bicat



Variation for Bicategories

Given (VB)""LSpan, consider the projection Bf LB, where

objects of Br: (B,x € FB)

morphisms of Bg: (B, x) () (B,x), with Y Fb O\
VSN
FB FB
b 1> Fif
cells of Be:  (B,x) {8 (B,x), with x lpﬁ
W) Fb

Note: VBr is Paré’s “elements of F" E1F, for F: (VB)® — Span



Local Discrete Fibrations

A lax functor P: X — B is a local discrete fibration (LDF) if
X(X,X)—=B(PX,PX) is a discrete fibration, for all X, X

Proposition: Br £_Bis an LDF strict functor with small fibers
Proof: (b,Fss)

BN

Be (B,X) VB (37)_()

P

B B V8 _B
Bg — Span,

Remark: i pb i in the category of bicats and lax functors
B® — Span



Local Discrete Fibrations, cont.

A transformation t: F — F’: (VB)® — Span

B FB - F'B
bi N Fbi th iF’b
B FB—F'B
tp
induces an LDF functor B;: B — Br: over B defined by
(b,s) (b,tps)
— — _
(B,x) {8 (B,x) — (B,tgx) |8 (B,tzx)
W (b’,tb/s’)

since the following diagram commutes when the triangle does
by horiz naturality of t

1y 2Py

N

Fb— F'b
tp



Local Discrete Fibrations, cont.

A module m: F —-=G: (VB)»” — Span is given by a lax functor
M: (V(B x 2))® —Span s.t. M(—,0) = F and M(—,1) =G

Thus, m induces an LDF functor (B x 2)p — B x 2, together
with a diagram
BEe
LDF\L pb J{(f,o)
(Bx2)y—Bx2
LDopFT pb (=1
Bg

G



Local Discrete Fibrations, cont.

F—>F

A modulation mi i im’ induces a lax functor
G? GI

(B x 2)py— (B x 2)p over B x 2, and a diagram

Br —5 B

Vo

(B x 2)p —= (B x 2)

[

B¢ —5,—Be




The Double Category LDF//B

objects: X -2 B LDF functors with small fibers

x "oy

AN
B

horizontal

morphisms:

X —X

| oo |

cells: M—= M over

[ oo ]

y—=Y

X P
LDF pb

|

LDopF

o
Y—~



The Equivalence
Theorem: B_: Lax((VB)®,Span) — LDF//B is an equivalence
Proof (sketch): Given P: X — B, define F: (VB)® — Span by
FB = {X | PX = B} and F(B-%B) = {X =X | Px = b} with
projections FBg Fbi F B, and constraints FB £ Fidg given

by X — id}, and Fb x -5 Fb—> F(bb) by

F(x,X) ~
X P ERNERSNE >
™~ ¥ A
P

Horizontal and vertical morphisms of LDF//B give rise to
transformations and modules, and cells induce modulations.



A Double Approach to Enrichment for Bicategories

2005 Showed LDF/B ~ B-Cat, where B is the bicategory with

(CNW)

|l§| = |B| and B(B, B) — QetgB(B.B)*

For F: B(B, B)*® — Sets and F: B(B, B)* — Sets,

F.F:B(B,B)”—Sets is given for c: B— B by

(I:'.F)(c):/b/EFbxF'BxB(c,Eb)

and the identity on B is (—,idg): B(B, B)® — Sets



The Double Category B-Cat: Objects

B-categories X, i.e., a set | X| together with a function
P: |X|—|B|, B-morphisms X'[X, X]: PX — PX, and cells
X[X, X]- X[X,X]— X[X, X], and idpx — X[X, X] st. ...

Example: For P: X — B an LDF, define
X[X,X]: B(PX,PX)® — Sets
b»—>X[X,)_(]b:{X$)_( | Px = b}

ﬁ*xl
— LA o
XXX X, X
B B ~L
B+ X[X, X]y — X[X, Xl i x
T

B[PX,PX] PX {8 PX
S~ T

b/



The Double Category B-Cat: Horizontal Morphisms

B-functors H: X — X'

X[X.X]
H / /L
] =12 PX_ | PX st ..
p\\ // \.-/_’
|B] X'[HX,HX]

x s x
Example: For P\& /P’ in LDF//B, define
B

Hp: X[X, X]p — X'[HX, HX]p by X 2>X — HX X HX



The Double Category B-Cat: Vertical Morphisms

B-modules M: X =)

xX[x.X] __
PX —— PX
N ¥

M[X,Y]
/’/

MIX,Y] MIX.Y] st ...




The Double Category B-Cat: Cells

x Moy M[X,Y]
~ 7 A -
B-modulations Mi — iM’ PX ¢ PX s.t. ...

, \_/
y ?y M’[HX,KY]
x-Hop
, define M[X, Y], — M'[HX, KY],

Example: Aq Lo A/

i

AR, V/

XY s iHX HZ iKY

Theorem: Fun(B<, Span) ~ LDF //B ~ B-Cat



