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PLEASE READ THESE INSTRUCTIONS CAREFULLY.

1. You have 80 minutes to complete this test.

2. This is a closed book test, and no notes of any kind are allowed. The use of calculators is
neither required nor permitted.

3. The test has 8 questions.
Questions 1-6 are multiple choice or short answer questions. Make sure you check your

answer carefully, as there will be no part marks given.

Questions 7-8 require a detailed answer. Please write legibly and reason carefully. You can

write on the back of pages if necessary.




Question 1. Under what condition can a point (a, b, ¢) be written as a linear combination of (1, 2, 0)
and (1,1,1)?

L] 3a—b—2c=0.
a+b—2c=0.
20 —b—c=0.
2a —b+2c=0.

a—b=0.

O O O od -d

a—3b+2c=0.

Question 2. Suppose that a given matrix A satisfies A2 — 24 — I = 0. Give a formula for A~ :

[l Al=24+1.

[l A l=A+1.
[l A1l=A4-2I
[l A 1=24-1.
[l Al=A+2I
[l A1l=A4A-1.



Question 3. In the vector space M, , of real 2 x 2-matrices, express M as a linear combination of
the matrices A, B, and C, where

47 11 12 11
ve(o) a=Gg) =GO ()

Answer: M = A+ B+ C

Question 4. Write the polynomial p(¢) = t? — 2t + 1 as a linear combination of the three polyno-
mials ¢q;(t) =t* — 1, q2(t) = t* + tand g3 (¢t) = t* + ¢ + 1.

Answer: p= Gq1+__ @+ __ g3




Question 5. Determine whether or not W is a subspace of R* where W consists of all vectors
(a,b,c) in R? such that:

(a) b= a? L] yes L] no
(b) a=2b=3c L] yes L] no
(c) a=3b L] yes L] no
(d) ab=0 L] yes 1 no
(e) a<b<e L] yes ] no
(f) a+b+c=0 L] yes L1 no

Question 6. Let V' be a vector space over a field K. Which of the following statements are always
valid:

(@) Every subset of V' is a subspace of V' L] true L] false
(b) Every subspace of V' is a subset of V' ] true [ false
(c) {0} is a subspace of V/ L] true [ false

(d) Letu,v € V be vectors, and let W be a subspace of V. If W contains the vectors « and v,
then ¥ also contains the sum u + v. L] true [ false

(e) Letu,v € V be vectors, and let W be a subspace of V. If W contains the sum u + v, then
W also contains v and v, L] true [ false



Question 7. Let W be a subset of a vector space V' over a field K.
(@) Write down the three conditions which W must satisfy in order to be a subspace of V:

D)
@)
3)

(b) Show that W = {(z,y,2) € R® | z + y > 2} is not a subspace of R* by showing, in a specific
example, that one of the above three conditions is violated.



Question 8. (a) Let V' = P(t) be the vector space of polynomials in the variable ¢, with real
coefficients. Let W = {p(t) € V' | p(2) = p(—2)}. Show that W is a subspace of V.

(b) Recall that an n x n-matrix A is called symmetricif A = AT. Prove that the set of all symmetric
n x n-matrices is a subspace of M, ,,.



