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Answers to Homework 2
12.2 #24,28; 12.5 #6,10; 12.6 #18

Problem 12.2 #24 To calculate 4
√
−4, we first expressz = −4 in polar coordi-

nates. We haver = |z| = 4 andθ = Arg z = π, hencez = re iθ = 4eiπ.

The 4th roots will be of the formw = Reiϕ,
whereR = 4

√
r =

√
2 andϕ = π/4+2πk/4,

wherek is any integer. Thus, we have:

Fork = 0: w =
√

2eπ/4 = 1 + i

Fork = 1: w =
√

2e3π/4 = −1 + i

Fork = 2: w =
√

2e5π/4 = −1 − i

Fork = 3: w =
√

2e7π/4 = 1 − i

These are the four 4th roots ofz.
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Problem 12.2 #28 Recall that a quadratic equationaz 2 + bz + c = 0 is solved by
the quadratic formula:

z1/2 =
−b±

√
b2 − 4ac

2a

The same holds true whena, b, c and z are complex numbers. Thus, to solve
z2 − (5 + i)z + 8 + i = 0, we havea = 1, b = −5 − i, andc = 8 + i, hence

z1/2 =
5+i±

√
(−5−i)2−4(8+i)

2

= 5+i±
√

25+10i−1−32−4i
2

= 5+i±
√
−8+6i

2 .

By using the same method as in Problem #24, we find that the two square roots of
−8 + 6i are±(1 + 3i), and therefore the two answers are:

z1 = 5+i+(1+3i)
2 = 3 + 2i

z2 = 5+i−(1+3i)
2 = 2 − i

1

Problem 12.5 #6 The regionR in thez-plane
is given byx > 0, y < 0. This is the open 4th
quadrant of the plane. In polar coordinates, it
corresponds tor > 0, − π

2 < θ < 0, where
z = reiθ = x + iy. Under the functionw =
z2, we getw = Reiϕ = r2e2iθ, whereR =
r2 > 0 and−π < ϕ = 2θ < 0. Thus, the
angles are doubled. The image of the region
R underf(z) = z2 is therefore the open 3rd
and 4th quadrant, in other words,y < 0.
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Problem 12.5 #10 The constraint isx > 1, and we havew = 1/z, wherez =
x+ iy andw = u+ iv. We want to express the constraintx > 1 in terms ofu and
v. We have:

x + iy = z =
1

w
=

1

u + iv
=

u − iv

u2 + v2
=

u

u2 + v2
+ i

−v

u2 + v2
,

therefore
x =

u

u2 + v2
andy =

−v

u2 + v2
.

We therefore have (assuming thatu2+v2 6= 0):

x > 1 ⇐⇒ u
u2+v2 > 1

⇐⇒ u > u2 + v2

⇐⇒ u2 − u + v2 6 0
⇐⇒ u2 − u + 1

4 + v2 6 1
4

⇐⇒ (u − 1
2 )2 + v2 6 1

4 .

This is the equation of a closed disc of radius
1
2 centered at(u, v) = ( 1

2 , 0). From the closed
disc, we further have to remove the point(0, 0),
sincex is undefined when(u, v) = (0, 0).
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Problem 12.6 #18 We are givenw = ez, whereπ < y 6 3π andz = x + iy. We
are supposed to sketch the image of this region in thew-plane. Writingw = Re iϕ

2



in polar coordinates, we havew = ez = ex+iy = exeiy, henceR = ex and
ϕ = y. Since the is no constraint onx, R can be any value withR > 0. Further,
the argumentθ = y is betweenπ and3π, which is a full turn. The image is
therefore the entirew-plane, minus the origin.
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