MAT 3321, COMPLEX ANALYSISAND INTEGRAL TRANSFORMS,
WINTER 2005

Answersto Homework 4
12.4 #18,22,26; 12.8 #6,20

Problem 12.4 #18 The functionu = 22 + y? satisfies:u, = 2z, Uz, = 2,
Uy = 2y, Uyy = 2, Ugz + Uyy = 4. Therefore, it is not harmonic.

Problem 12.4 #22 The functionu = sin x cosh y satisfies:u, = cosx coshy,
Uy = —sinxzcoshy, andu, = sinxsinhy, u,, = sinacoshy, thusug, +
uyy = 0. Therefore, this function is harmonic.

The conjugate harmonic is a functioiz, y) satisfyingv, = u, = cosx coshy
andv, = —u, = —sinzsinhy. Integrating the first equation with respectjto
we get:

v= /cos:vcoshydy = coszsinhy + C(x)

Plugging this into the second equation, we gget= — sin x sinh y + % (z) =
—sinz sinhy, thereforeLC(z) = 0, henceC(z) = K = const. Therefore,
v =cosxsinhy + K.

Finally, uw andv together define an analytic function

f(z) =u(z,y) +iv(x,y) = sinz coshy + i(cosx sinhy + K).

Problem 12.4#26 Considemn = az? + bxy. Thenu, = 3ax? + by, Uz, = 6ax,
Uy = bz, uy, = 0. Thisis analytic ifu,, +uy, = 6ax = 0 for all z, which is the
case if and only itz = 0.

In casen = 0, we haveu = bzy, and we calculate the conjugate harmarlie, y)

such thatv, = u, = by andv, = —u, = —bx. Integrating the first equation, we

get
b
v = /bydy = 53/2 + C(x)
Plugging this into the second equation, we ggt= %C’(x) = —bz, therefore
C(z) = —%a? + K, whereK is a constant. Therefore,= 5y — 22? + K is

the conjugate harmonic.

Problem 12.8 #6 We first writez = —12— 16¢ in polar coordinates. We have=
re? wherer = |z| = V122 + 162 = v/400 = 20 andf = —7 + arctan(—16/ —

12) ~ —2.2142974. Remember to subtraeebecause the number= —12 — 16:
is in the 3rd quadrant of the complex plane.

ThenLn(z) = Ln(—12 — 16i) ~ Ln(20e ~22142974i) — 1520 — 2.2142974i ~
2.9957323 — 2.2142974i.

Problem 12.8 #20 By convention,(2i)% = ¢ (2 To calculatel.n(2i), we
expres2i in polar coordinates:

Ln(2i) = Ln(2¢"/2) = In2 + in/2.

Therefore
<2Z)ZZ — eQi Ln(2¢)
e2i(ln 2+im/2)

— e—7r+21 In2

= e "(cos(2In2) +isin(21n2)).

This expression can be evaluated with a (real number) calculator:
(24)% e~ "(cos(2In2) + isin(21n 2))

0.043213918(0.18345697 + 0.983027744)

0.0079278947 4 0.04248048041
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