MAT 3321, COMPLEX ANALYSISAND INTEGRAL TRANSFORMS,
WINTER 2005

AnswerstotheFirst Midterm, Version 1

Problem 1. Find the exact solutions of the equatiofh+ (6i —4)z — 6 —13i = 0.
The answers must be given in the foars- ib, wherea, b € R.

Answer: We use the quadratic formula far? + bz + ¢ = 0, which yields the
answers as, , = =" =19¢ Here,q = 1,b = 6i — 4, ande = —6 — 13i. We
find b = —36 — 48i + 16 = —20 — 484, and hence:

—6i +4 £ /=20 — 48i — 4(—6 — 134)
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We calculatey/T +i. We have in polar coordinates+ i = +/2¢™/4, hence
VI+i=4+v2e"/8 = £3/2(cos /8 + isinm/8). Therefore

z=12—3i+ V2(cos /8 + isinm/8).
The exact two solutions are:

21 = (24 V2cos7/8) +i(—3 4 v/2sin7/8)
29 = (2 — V/2cos7/8) +i(—3 — V/2sin7/8)

We can approximate these solutions using calculators:

z1 =~ 3.0986841 — 2.5449101:
22 ~ 0.9013159 — 3.45508991

Problem 2. Determinexz € R such that the function

2

u(x,y) = e“* cosay

is harmonic, and find a conjugate harmonic.

Answer: We calculate the partial derivatives:
Uy = 2e%* cos ay
Upe = 4€2% cos ay
uy = —ae®® sinay
Uyy = —a?e?® cos ay

So we have,, +u,, = (4—a?)e>” cos ay, which is identically0 only if 4 = a2,
ora = £2. Sincecos 2y = cos(—2y), in both cases, the functianis equal to

u = e%* cos 2y.

For the following, assume = 2. If v is a conjugate harmonic, then, = —u, =
2¢2% sin 2y, hencev = e2* sin 2y + h(y), whereh depends only op. It follows
thatv, = 227 cos 2y + h'(y) = u, = 2€%* cos 2y, henceh/(y) = 0 andh(y) =
C'is a constant. Therefore,

v(x,y) = ¥ sin 2y
is a conjugate harmonic t(x, y) = e2* cos 2y.

Problem 3. (a) Sketch the setin the complex plane giver4jy < 21Im 2.
Answer: With z = z + iy, we havez|? = 2% + y?2, hence

|22 <2Imz =22+ <2y <=2 + (y—1)2 < 1.

Hence the regio is the closed disc with centée= (0, 1) and radiusl.

(b) Find the image of the regiojz|? < 2Im z (excludingz = 0) under the
mappingw = 1/z.



Answer: We calculatay = u + iv:

1 1 T — 1y x n —y
w = - = = = 1 5
z x4y x?2+y? 2?4y? 2?4 y?
henceu = o andv = xz‘_—fyz Assumingz # 0, we have

1 Y 1
2<2m2 < 2?2 4y <oy — < <= - <
|z] mz 7 +y Y 5 S 212 5

The image is therefore the set of points witkd — %

Problem 4. Recall that the complex cosine function is defined as
1 7 —1
coszzE(ez—ke ?).

(a) Calculate: = Recosz andv = Imcos z. Give your answer in terms af
andy, wherez = = + iy. Show full details.

Answer: Starting withz = = + iy and the definition of cosine, we get

eiz + e—iz)

cosz = (e '
(eszy _|_€7zm+y)
(

(

eTe Y 4 eTiTeY)

e Y(cosz +isinz) + e¥(cosx — isinz))
cosz(e? +e7Y) — Lsinz(e? —eY)

os x coshy — isinx sinh y
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Thereforeu(z, y) = cosz coshy andv(z,y) = — sinz sinh y.

(b) Verify thatu andv from part (a) satisfy the Cauchy-Riemann equations.
Answer: We calculate the partial derivatives:

U, = —sinx coshy
Uy = cosx sinhy

vy = —cosx sinhy
vy = —sinz coshy.

Therefore evidently:, = v, andu, = —v,.

Problem 5. Evaluate the path integral

/zdz
c

for the pathC' shown in the figure:

-1 |

Answer: We parameterize the path as follows:

Ci: z(t)=-1+1t, wheret=0...2,
Cy: 2(t) =€, wheret =0...m,

The function to be integrated i§(z) = z = = — iy, wherez = z + iy. We
calculate:

/Clzdz—/o z(t)é(t)dt—/o (“14)ldt = [—t+£2/22 =0

/Edz:/ %é(t)dt:/ Eie“dt:/ e~ et dt
Ca 0 0 0
:/ tdt = mi
0

So thereforef, z2dz = [ zdz + [ Zdz = mi.



