MATH 285, HONORS MULTIVARIABLE CALCULUS, FALL 1999

Answersto Homework Set 1

Problem 11.1.12 (a) Fromz = Int, we gett = €%, andthusy = v/e® = e%/2.
(b) Thecurweis tracedfrom left to right.
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Problem 11.1.14 (a) We canwrite y = cos 2t = 2cos’t — 1 = 222 — 1. (b) The
cuneis tracedbackandforth periodicallyasthe parametemcreasesNoticethat
therangeof z is —1 <z < 1.
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Problem 11.1.36 First, by lookingatthesmallcircle, we seethatthey-coordinate
of Pisgivenbyy = bsin 8. Thez-coordinateof P isthesameasthez-coordinate
of B. We have

z _ |OA]

o= 0B = cos ¥,

andthusz = a/ cosé.



Problem 11.1.38 Supposeve take theanglebetweertheline O B andthe z-axis
to be our parametes. Call the point wherethered line intersectghe z-axis C.
By looking at the triangle OBC', we seethat|C'B| = 2atané. Then,by look-
ing at the triangle CBA, we seethat|AB| = |CB|sinf = 2asinftanf =
2asin® @/ cosd. Since|OP| = |AB|, we cannow figure out the z- and y-
coordinate®f P:

z = |OP|cos@ = 2asin® @
y = |OP|sinf = 2asin® 6/ cos §

Problem 11.2.8 First, we calculatethe slopeof the curve at the givenpoint:
dy dy/dt cost—tsint

de  dz/dt sint+tcost’

which equals3=2 = L atthepointt = 7. Also, for t = m, we get(z,y) =
(0, —7). Sowe needtheequatiorof aline of slopel /= throughthepoint (0, —).

Thegenerakequationof aline through(zg, o) with slopem is

(y — o) = m(z — z0),
sotheequatiorof thedesiredangentineis (y+x) = (z—0) /7, ory = «/m—m.

Problem 11.2.9 We calculatetheslopeby two methodsi(a) Thepointin question
ist = 0, where(z,y) = (1, 1). Theslopeis
dy dy/dt 2(t—1)

de  dz/dt et

which equals—2 atthe pointt = 0. (b) By first eliminatingt: we gett = Inz,
andthusy = (Inz — 1)2. Theslopeis

dy 1
o~z —1)—
d:L' (Ilm )wJ

which equals(no surprise!) —2 whenz = 1. Thus,the equationof the tangent
lineis(y —1) = —2(z — 1),0ry = —2x + 3.

Problem 11.2.22 First, noticethatthe parametep is cyclic with period 2z, so
thatwe needto concentratenly on pointsin theinterval § € [—, 7]. Wefirst set
dz /d6 equalto zero:

dx

o a(—sinf + 2cosfsinf) = asinf(2cosfd — 1) = 0.



This happenitherwhensind = 0, i.e.,whené € {0, 7, —7}, orwhen2cos§ —
1=0,i.e.,cos8 =1/2,i.e.,whend € {w/3,—m/3}. Now we setdy/df = 0:

dy

2 2
70 a(cos@ — cos® 6 + sin” )

a(cos® +1 —2cos®h)
= a(l—cosf)(1+2cosf) =0.

As you cansee thisis the casef eithercosd =1, i.e., atd = 0, or elsecosd =
—1/2,i.e, when@ € {27/3, —2x/3}. Thus,we have thefollowing data:

0 —27/3 —7/3 0 /3 2r/3 +7
(@) | (=3, -355) | (5,2 | 0,0) | (5.2 | (-3, 2%2) | (~24,0)
dx/dt #0 =0 =0 =0 #0 =0
dy/dt =0 #0 =0 #0 =0 #0
tangent| horizontal vertical | cusp | vertical | horizontal | vertical

As cusp is a placewherethe curve restsfor aninstantasit is tracedout. Often,
the curve will changedirectionsat sucha point, andit may have morethanone
tangenthere.Thegraphlooksasfollows:
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Problem 11.2.24 To estimatethe highestpoint and the leftmostpoint, we first
plot z andy separatelyasfunctionsof ¢:
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The highestpoint (maximumy coordinate)andleftmostpoint (minimumzx coor
dinate)seemto occurneart = 1 andt = —1, respectrely. A quick calculation
shawvsthatindeeddy/dt = (1 —t)e™t = 0if t = 1, anddz/dt = (1 +t)e =0
if t = —1. Theparametricurve,in aslightly exaggeratedraph Jooksasfollows:

y

Notice thatthe maximumy-valueoccursatt = 1 or z = e. Similarly, the mini-
mumz-valueoccursatt = —1 ory = —e.

To determinghe asymptote®f the curve, noticethatast — oo, wehavez — o
andy — 0. Thusthe z-axisis anasymptotdor ¢t — oo. Also, whent — —oo,
we havez — 0 andy — —oo, thusthey-axisis anasymptotdor ¢t — —oo.



Problem 11.2.34 We first sketchthe givencurve andthe givenhorizontalline:
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The find the enclosedarea,we first determinethe appropriaterangefor ¢. The

givencunveintersectghehorizontalline wheny = t + 1/t = 2.5, which happens
atto = 2 andt; = 1/2. The z-valuesat thesetwo pointsarez, = —1.5 and

z1 = 1.5. Theareabetweerthe curve andthe z-axis, for thisrangeof ¢, is

t1
/ yz' dt
to

/2Q+EX1+loﬁ
1/2 t t2

2
2 1
t+ =+ —dt
‘/1'/2 t t3

12 117?
= —+21nt——]
[2 22, ,

= 15/4+4In2.

We mustsubtractthis areafrom the rectangleboundedby y = 2.5,y = 0, 2 =
—1.5 andz = 1.5. Theareaof thatrectanglds 2.5 x 3 = 15/2. Sotheareathat
we werelookingforis15/2 — (15/4 + 41n2) = 15/4 — 41n 2 ~ 0.977411.

Problem 11.2.36 To find theareaenclosedy theclosedcurvez = a cos® 8, y =
asin® 6, we first notethatthe periodof the paramete# is 2x. This is important
becausewve needto be surethat our path of integration winds aroundthe area

exactly once,or otherwisewe mightbecountingtheareamultipletimes. Thearea
is

61 2
/ yz'df = / 3a? sin* 6 cos® 0 d.
fo 0

5



Omitting the boundsandthe constantyve calculateheantidervative accordingo
theformulain the backof the book— nota very satisfyingmethod but it works.

.-
/sin4000520d9 = W%—%/sin‘md@
.-
_ sin’fcosf 1, 1 , 4 3 . 9
= T-i-g( 7 5in ¢9cos¢9+1/sm 6 df)
sin®fcosf 1

1, 31, 1
= T4—6(—Zsm GCOSG+Z(§0_ZSIH20))'

Notice that when we plug in the bounds0 and 2=, all the termscontainingd
disappearandwe areleft with:

. 5 2w
sin®fcosf 1 1 3.1 1
3a? 7+—(——Sin3000s0+—(—6——sin20))]
6 6 4 42 4 0
1 1
_32,_.§._.27T:§7T0,2.

Sotheansweliis precisely3/8 of theareaof acircle of the sameradiusa.

Problem 11.2.42 We fix a coordinatesystemwith the origin in the centerof the
silo, asshown here:




Thetickmarksin this graphshov multiplesof . Thecow is attachedat the point
(—r, 0) with aropeof lengthzr. Theareawherethecow livesconsistof thethree
partslabeledA, B, andC'. Thesilois labeledS, andthecow cannotgothere.The
areaA is boundedy thesilo, theverticalline z = —r, andthe parametricurve

z = r(cosf + Osinh)
y =r(sinf — @ cosb),whered < 0 < .

To justify theseequationsconsidettheimagein Problem11.2.41in thetextbook.
Thecoordinate®f thepointT are(r cos§,r sin §). ThedistancgT P|is r6. The
coordinatef P relatveto T are(rf sin 6, —ré cos§). Thus,the coordinatef
P relativeto O aretheabove parametricequations.

TheareaA + S/2 canbefoundby integratingthe parametricurve:
91 ™
/ yz'd0 = / r(sinf — O cosf) - r(—sin @ + sin § + 6 cos ) db
6o 0

= rz/ (sin@ — @ cos 0)8 cos  df
0

7*2/ fsinf cosf — 62 cos?® 0 df

0
m 2

= r2/ Qsin20—0—(cos20+1)d0.
o 2 2

We canseparatehis into two integrals,andintegrateeachoneby parts. After a
numberof stepswe obtain

r? 3 2 Q T o, T,

5 [—2t> — 6t cos 2t + 3sin 2t — 3t” sin 2t] =—gr -5
Notethattheansweicameoutnegative,becauseve tracedoutthecurvefromright
to left, or counterclockwise Sothe actualareaof A + S/2 is 7r?/2 + n3r2/6.
Subtractingthe areaof half the silo, which is 72 /2, we find thatthe areaof A
is 73r% /6. TheareaB is, of course the same,andthe areaC, which is just a

semicirclejs (r/2)(nr)? = w3r? /2. Thus,thetotal areaavailableto thecow is:

A+B+C:gﬁﬂ



