
MATH 285, HONORS MULTIVARIABLE CALCULUS, FALL 1999

Answers to Homework Set 1

Problem 11.1.12 (a) From ��������� , we get �	��

� , andthus � ��� 
 � ��

�
��� .
(b) Thecurve is tracedfrom left to right.
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Problem 11.1.14 (a)We canwrite � ��������������� ����� � �"!$#%�&�'� � !(# . (b) The
curve is tracedbackandforth periodicallyastheparameterincreases.Noticethat
therangeof � is !)#+*$�,*�# .
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Problem 11.1.36 First,by lookingatthesmallcircle,weseethatthe � -coordinate
of - isgivenby � �&./�10��	2 . The � -coordinateof - is thesameasthe � -coordinate
of 3 . We have � 4 �65 7+8955 7 3 5 �&�����:2<;
andthus �=�&4:> ���?�@2 .
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Problem 11.1.38 Supposewe take theanglebetweentheline 7 3 andthe � -axis
to be our parameter2 . Call the point wherethe red line intersectsthe � -axis A .
By looking at the triangle 7 3BA , we seethat 5 A+3 5 �C�'4ED�FG�H2 . Then,by look-
ing at the triangle A+3 8 , we seethat 5 8 3 5 � 5 A+3 5 �10��	2&�I�G4J�K0��H2LDMF'�	2&��'4H�K0N� � 2@>L�����:2 . Since 5 7 - 5 � 5 8 3 5 , we can now figure out the � - and � -
coordinatesof - : �O� 5 7 - 5 �����<2P�&�G4J�K0�� � 2� � 5 7 - 5 �K0N�	2P���'4H�10��<QR2�> ���?�<2
Problem 11.2.8 First,we calculatetheslopeof thecurveat thegivenpoint:S �S � � S � > S �S �R> S � � �����:�L!T�:�K0N�U��10��	�WVX�:�����:� ;
which equals YRZ[Y]\\^Y`_ � Z_ at the point �P�ba . Also, for �P�ca , we get d �e; �<f �dhg ;i!	a f . Soweneedtheequationof aline of slope #�>
a throughthepoint djg ;i!	a f .
Thegeneralequationof a line through d � \ ; � \ f with slopek isdl� ! � \ f � k�d �m!T� \ f ;
sotheequationof thedesiredtangentline is dh� Vna f � d �U! g?f >�a , or � �o�/>�a%!9a .

Problem 11.2.9 Wecalculatetheslopeby two methods:(a)Thepoint in question
is ��� g , where d �"; �<f � d #G;^# f . TheslopeisS �S � � S � > S �S �/> S � � � d �p!q# f
^r ;
which equals!%� at the point �+� g . (b) By first eliminating � : we get �s���N�	� ,
andthus � � d ���	�t!q# f � . TheslopeisS �S � �&� d ���H�m!$# fLu #� ;
which equals(no surprise!) !%� when �$�v# . Thus,the equationof the tangent
line is dh� !q# f �w!%� d �m!$# f , or � ��!%���9V(x .
Problem 11.2.22 First, noticethat the parameter2 is cyclic with period �'a , so
thatweneedto concentrateonly onpointsin theinterval 2zy|{N!	a ;1a/} . Wefirst setS �/> S 2 equalto zero:S �S 2 �~4 d !��K0��H2�V$� �i�?�@2��K0N�	2 f ��4H�10��	2 d �����?�<2s!q# f � g<�
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Thishappenseitherwhen �10��	2P� g , i.e.,when 2zyT� g ;1a ;i!	aL� , or when � �����@2%!#�� g , i.e., ���?�<29��#
>G� , i.e.,when 2ny���ae>�x�;i!	ae>�x<� . Now we set
S � > S 2�� g :S �S 2 � 4 d �����:2)!|�i�?� � 2�V��K0�� � 2 f� 4 d �����:2�V�#	!X� �i�?� � 2 f� 4 d #	!|�i�?�:2 f�d #UV(� �i�?�@2 f � g<�

As you cansee,this is thecaseif either �����:2m��# , i.e., at 2t� g , or else �i�?�:2t�!)#
>G� , i.e., when 2zy�����ae>'x<;i!%�'ae>�x<� . Thus,we havethefollowing data:2 !%�'ae>�x !	ae>'x g ae>�x �'ae>�x ��ad �"; �:f d ! QM�� ;i! QM�i� Q� f d �� ;^! �i� Q� f djg ; g?f d � � ; �i� Q� f d ! QM�� ; QM�i� Q� f d !%�'4`; g?fS �/> S � �� g � g � g � g �� g � gS � > S � � g �� g � g �� g � g �� g
tangent horizontal vertical cusp vertical horizontal vertical

As cusp is a placewherethecurve restsfor an instantasit is tracedout. Often,
the curve will changedirectionsat sucha point, andit may have morethanone
tangentthere.Thegraphlooksasfollows:
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Problem 11.2.24 To estimatethe highestpoint andthe leftmostpoint, we first
plot � and � separatelyasfunctionsof � :
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Thehighestpoint (maximum � coordinate)andleftmostpoint (minimum � coor-
dinate)seemto occurnear ���C# and ���C!)# , respectively. A quick calculation
showsthatindeed

S � > S � � d #H!�� f 
 Y r � g if � �w# , and
S �/> S �E� d #LVT� f 
 Y r � g

if � ��!)# . Theparametriccurve,in aslightly exaggeratedgraph,looksasfollows:
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Notice that themaximum � -valueoccursat ���b# or �|��
 . Similarly, themini-
mum � -valueoccursat � ��!)# or � ��!�
 .
To determinetheasymptotesof thecurve,noticethatas ����� , wehave �O���
and � � g . Thusthe � -axis is anasymptotefor ����� . Also, when �%��!�� ,
we have ��� g and � ��!�� , thusthe � -axisis anasymptotefor ����!�� .
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Problem 11.2.34 We first sketchthegivencurveandthegivenhorizontalline:
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The find the enclosedarea,we first determinethe appropriaterangefor � . The
givencurveintersectsthehorizontalline when � ����V(#
>��L��� ��� , whichhappens
at � \ ��� and � Z ��#
>'� . The � -valuesat thesetwo pointsare � \ ��!)# � � and� Z ��# ��� . Theareabetweenthecurveandthe � -axis,for this rangeof � , is� rj�rl� � �`� S ��� � �Z �K� d �"V #� f�d #HV #� � f S �� � �Z �K� �WV � � V #� Q S �� � ���� V(�L���	�p! #�'� �:� � Z ���� # � >
 �VX ����%� �
We mustsubtractthis areafrom therectangleboundedby � ��� � � , � � g , ���!)# ��� and ����# � � . Theareaof thatrectangleis � � �z¡ xB��# � >G� . Sotheareathat
we werelooking for is # � >G��! d # � >� �V� ������ f ��# � >� �!| ����%�)¢ g�� £@¤G¤  ]#G# .
Problem 11.2.36 To find theareaenclosedby theclosedcurve �=�~4H����� Q 2 , � �4H�10���QR2 , we first notethat theperiodof theparameter2 is ��a . This is important
becausewe needto be surethat our path of integrationwinds aroundthe area
exactlyonce,or otherwisewemightbecountingtheareamultipletimes.Thearea
is �(¥ �¥ � � � � S 2 � � � _\ x?4 � �10�� � 2E�i�?� � 2 S 2 �
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Omitting theboundsandtheconstant,wecalculatetheantiderivativeaccordingto
theformulain thebackof thebook— nota verysatisfyingmethod,but it works.� �K0�� � 2������ � 2 S 2 � �K0���¦R2E�i�?�:2§ V #§ � �K0N� � 2 S 2

� �K0���¦R2E�i�?�:2§ V #§ d ! #  �K0���QR2������:2�V x  � �K0N� � 2 S 2 f� �K0���¦R2E�i�?�:2§ V #§ d ! #  �K0���QR2������:2�V x  d #� 2)! #  �K0N�%�'2 f1f��
Notice that when we plug in the bounds g and �'a , all the termscontaining 2
disappear, andwe areleft with:xG4 � � �10���¦R2E�i�?�:2§ V #§ d ! #  �10���QR2��i�?�:2�V x  d #� 2)! #  �K0��%��2 fKf � � _\�~x?4 � u #§ u x  u #� u �'a�� x¨ aW4 � �
Sotheansweris preciselyx�> ¨ of theareaof a circleof thesameradius4 .
Problem 11.2.42 We fix a coordinatesystemwith theorigin in thecenterof the
silo, asshown here:
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Thetickmarksin this graphshow multiplesof © . Thecow is attachedat thepointd ! © ; g?f with aropeof lengtha © . Theareawherethecow livesconsistsof thethree
partslabeled8 , 3 , and A . Thesilo is labeledª , andthecow cannotgothere.The
area8 is boundedby thesilo, theverticalline �O��! © , andtheparametriccurve�=� ©:d �i�?��2�VX2��K0N�	2 f� � ©:d �10���2)!|2����?�<2 f ; where g *$2n*$a .

To justify theseequations,considertheimagein Problem11.2.41in thetextbook.
Thecoordinatesof thepoint « are dh© �i�?�:2�; © �10��	2 f . Thedistance5 «%- 5 is © 2 . The
coordinatesof - relative to « are dl© 2E�K0N�	2�;i! © 2������:2 f . Thus,thecoordinatesof- relative to 7 aretheaboveparametricequations.

Thearea8 V ª >'� canbefoundby integratingtheparametriccurve:�(¥ �¥ � � �`� S 2 � � _\ ©@d �10���2)!|2������:2 fLu^©@d !��10��	2%V��K0N�	2�V�2������:2 f S 2� © � � _\ d �K0��	2)!T2��i�?�:2 f 2E�����:2 S 2� © � � _\ 2��10��	2������:2)!|2 � ����� � 2 S 2
� © � � _\ 2 � �10��%��2+! 2G�� d ��������2%V~# f S 2 �

We canseparatethis into two integrals,andintegrateeachoneby parts. After a
numberof steps,weobtain© �#��T¬ !%����QU! § �:�����<���WV�xE�10������p!|xG� � �10��%���®­ _\ ��! a � © � ! a Q§ © � �
Notethattheanswercameoutnegative,becausewetracedoutthecurvefromright
to left, or counterclockwise.So the actualareaof 8 V ª >'� is a © �'>G��Voa Q © �
> § .
Subtractingthe areaof half the silo, which is a © ��>'� , we find that the areaof 8
is a Q © ��> § . The area 3 is, of course,the same,andthe area A , which is just a
semicircle,is d ae>G� f�d a ©'f �s��a Q © ��>'� . Thus,thetotal areaavailableto thecow is:

8 V 3 V A � �§ a Q © �
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