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Problem 1 ThegivenF is clearlyafunctionclass.Also, for all setsz, onehasF(F(z)) = z, andthusF is one-to-one
andontotheclassof sets.

Herearesomeotherexamplesof bijectionsof the universeontoitself. In thedefinitionof H, A is afixedarbitraryset.

G(n) = {n} fnewn>1, H@) = sU{A} ifAda
G({n}) = ifnewn>1, = i :
G(HT;L = Z ingll thenrcases, H(z) = z—{A} fAeu

Problem 2 For ary setz, onehasz €' F~1(0) iff z € F(F~1(0)) iff z € §. Thisholdsfor noz. Moreover, if F is
thebijectionfrom Problem1, then0 € 1 = F(0), thus0 €' 0.

Problem 3 Let A andB beary setssuchthatfor all z, z €' A <= z €' B. Thismeansg € F(A) < z € F(B).
By extensionality(for %), thisimplies F'(4) = F(B), hencesinceF' is one-to-oneA = B.

Problem 4 We have

zr€' B < z€F(B) by definitionof €’
& =zTE€cC by definitionof B
< db(x e F(b)Abe F(A)) bydefinitionof union
< Jd(ze'bAbE A) by definitionof €’.
Thuswe have shovn

VA3BVz [z € B« Jb(z € bAbE" A)],
whichis preciselythe unionaxiomfor %’.
Problem5 Wehavec = {F~1(2) | 2 C F(A)} = {F~1(2) | = € #(F(A))}. Thisis asetby the powersetaxiom
andreplacementMoreover, we have zz €' B iff x € F(B) iff z € ciff F(z) C F(A) iff z C" A. Thus,we have

shown that
VA3IBVz (z €' B <= ¢ C' A),

whichis preciselythe power setaxiomfor %/'.

Problem 6 We verify thethreeproperties:

z€axUy <= zeF(xzUy) by definitionof €’
< z€ F(z)UF(y) by definitionof U’
< z€F(x)VzeF(y) bydefinitionof union
<= ze'zvzey by definitionof €'.

Thereasonindor N’ is entirelyanalogousFinally

z€ {z} <= zeF({z})
= ze{x}
= z=ua.

Problem 7 Sincer is therangeof f, wehave )’ = f(0) € n = F(A), andthus(’ €’ A. Also, for ary a, if a €' A4,
thena € F(A) = n, thusa = f(n) for somen. Thena U’ {a}’ = f(n*), andthusa U’ sa’ € n = F(A), which
impliesa U’ sa’ €' A.



Problem 8 Supposéhatz € A;. Letu besuchthatz = F(u). Thenu € F(A) by definitionof A; (recallthat '
is abijection). Thisimpliesu €' A, andhenceu # (' by assumptionlt followsthatz = F(u) # F(§') = 0. This
provesthefirst claim.

Now assumehatz,y € A; andz # y. Letw andv besuchthatz = F(u) andy = F(v). Thenu,v € F(A) by
definitionof A, henceu,v €' A. Sinceu # v, wehaveu N’ v = (' by assumptionBy definitionof N and@’, this
meansF—1(F(u) N F(v)) = F~1(0), henceF (u) N F(v) = () sinceF~! is one-to-oneBut thismeansr Ny = §,
asdesired.

Problem 9 Wehave C ' z = {w}' iff F~1(F(C) N F(z)) = F'({w}) iff F(C) N F(z) = {w}, by definition
of N', {w}’, andthefactthat F is a bijection. But F(C) = C4, sothefirst claim follows. Further it follows directly
from thedefinitionof Ay, andthefactthatF' is abijection,that F'(xz) € A, iff x € F(A) iff x €' A.

Problem 10 In Problem2, we have seenthatthe universe%’ in questionsatisfiesd €' 0. But by Theorem7X, this
contradictgegularity. Thus,regularity cannothold in theuniverse%’.



