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Answers to Problem Set 10

Problem 1 Thegiven
�

is clearlyafunctionclass.Also, for all sets� , onehas
������� �����	�
� , andthus

�
is one-to-one

andontotheclassof sets.

Herearesomeotherexamplesof bijectionsof theuniverseontoitself. In thedefinitionof � , � is afixedarbitraryset.

 ��� � � � ��� if
�����

,
�����

, � � ��� ��� �
if
�����

,
�����

, ��� � � �
in all othercases,

� ��� ��� ��� � � �
if �"!���

,
� ��� ��� �$# � � �

if � ���
.

Problem 2 For any set
�
, onehas

���&%'�)(&*+�-, � if f
���.�����)(&*/�-, ��� if f

���.,
. This holdsfor no

�
. Moreover, if

�
is

thebijectionfrom Problem1, then 0 �1� � ��� 02� , thus 0 � % 0 .

Problem 3 Let � and 3 beany setssuchthatfor all
�
,
�.� % �54+6 ��� % 3 . This means,

���7��� �8�94+6 �.����� 3�� .
By extensionality(for : ), this implies

��� �8�;� ��� 3)� , hence,since
�

is one-to-one,���<3 .

Problem 4 We have
�=� % 3 4+6 �=�=��� 3)� by definitionof

� %
4+6 �=�=>

by definitionof 3
4+6 ?A@ ���=�=��� @B�DCE@ �F��� �8�G� by definitionof union
4+6 ?A@ ���=� % @�CE@ � % �8� by definitionof

� %
.

Thuswehaveshown H
�.?I3

H ��J �=� % 3K4+6L?A@ ���7� % @MCF@ � % �8�ON-P
which is preciselytheunionaxiomfor : %

.

Problem 5 We have
> �K� � (&* � �2�RQ2�TS ��� �8� � �K� � (D* � �2�8Q2� �VUW����� �8��� � . This is a setby thepowersetaxiom

andreplacement.Moreover, we have
�X� % 3 if f

�X�X��� 3�� if f
�V�X>

if f
����� �YS ��� �8� if f

� S % � . Thus,we have
shown that H

�.?I3
H �����=� % 3K4Z6 � S % �R�[P

which is preciselythepowersetaxiomfor : %
.

Problem 6 We verify thethreeproperties:

� � % ��� %+\ 4+6 � �E�����]� %+\ � by definitionof
� %

4+6 � �E����� � �F��� \ � by definitionof
� %

4+6 � �E����� �_^F� �F��� \ � by definitionof union
4+6 � � % � ^T� � %I\

by definitionof
� %

.

Thereasoningfor ` % is entirelyanalogous.Finally

� � % � �&� % 4+6 � �F��� � �&� % �
4+6 � � � �&�
4+6 �)� �_a

Problem 7 Since b is therangeof c , we have
, % �Wc � 0d� � b�� ��� �8� , andthus

, % � % � . Also, for any e , if e � % � ,
then e �X��� �8�f�gb , thus e.�"c ��� � for some

�
. Then e � % � e � % �"c ���&h � , andthus e � %Ai e % � b.� ��� �R� , which

implies e � %di e % � % � .
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Problem 8 Supposethat
�j� � * . Let k besuchthat

� � ��� kD� . Then k �l��� �8� by definitionof � * (recall that
�

is
m

a bijection). This implies k � % � , andhencekn!� , %
by assumption.It follows that

� � ��� ko��!� ���p, % �q� ,
. This

provesthefirst claim.

Now assumethat
� P \ � � * and

� !� \
. Let k and r besuchthat

� � ��� kD� and
\ � ��� rI� . Then ksP�r �j��� �R� by

definitionof � * , hencektPGr � % � . Since kn!�ur , we have k]` % r�� , %
by assumption.By definitionof ` % and

, %
, this

means
� (D* ����� ko�&` ��� r��G�q� � (D* �p, � , hence

��� kD�&` ��� rI�q� ,
since

� (&*
is one-to-one.But this means

� ` \ � ,
,

asdesired.

Problem 9 We have v<` % � �w�yx � %
if f

� (D* ����� vf�M` ����� �G�f� � (D* � �yx � � if f
��� vf��` ����� �f�w�yx �

, by definition
of ` % , �yx �z%

, andthefact that
�

is a bijection. But
��� vf�q�5v * , sothefirst claim follows. Further, it followsdirectly

from thedefinitionof � * , andthefactthat
�

is abijection,that
����� � � � * if f

�7�E��� �8� if f
�=� % � .

Problem 10 In Problem2, we have seenthat theuniverse: %
in questionsatisfies0 � % 0 . But by Theorem7X, this

contradictsregularity. Thus,regularity cannothold in theuniverse: %
.
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