MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
Answersto Problem Set 2

Problem 2.12 BothC — (AN B) and(C — A) U (C — B) correspondo the sameshadedegion in the following

Venndiagram:
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Problem 2.16 Noticethatfor ary setsz andy, onehasz C = U y, andthus(z U y) Nz = z. Thisformula,andits
dual(zNy) Uz = z, arecalledabsorption laws. By absorptiontheterm (AU B UC) N (AU B) simplifiesto AU B.
Also by absorption(4 U (B — C)) N A simplifiesto A. Sothewhole expressiorsimplifiesto (A U B) — A, which
furthersimplifiesto B — A.

Problem 2.17 Thereareseveralwaysto organizethis proof. I'll shav thatif (a) holdsthensodo theotherthreeparts,
andif (a)failsthensodotheotherthreeparts.

Assume(a) holds. To prove (b), noticethatanelementof A — B mustbein A but notin B; but beingin A it has
to bein B, by (a),acontradiction.Sonothingisin A — B. To prove(c), obsenethatany elemenof Bisin AU B by
definitionof U (this partdidn’t use(a)) andary elementof A U B is eitherin A orin B, andif it'sin A thenit'salso
in B by (a),soit'sin B in ary case.To prove (d), obsenethatary elemenof AN B isin A by definitionof N (again,
this partdidn’'t use(a)) andary elementof A is alsoin B, by (a), andis thereforein A N B.

Now assumehat (a) fails. Sothereis anz € A suchthatz ¢ B. Thenz € A — B, so(b) fails. z € AU B but
x ¢ B, so(c)fails. Andxz € A butz ¢ AN B, so(d) fails.

Problem 2.19 P(A— B) isneverequalto PA—P B, becaus@nealwayshasf) € P(A— B), butnever() € PA—PB.

Problem 2.20 AssumeAU B = AUuC andAN B = AN C. Wefirstshov thatB C C. Sotakeary z € B. We
will shav thatz € C. First,we know thatz € A U B, andthus,by thefirst hypothesisy € AUC. If z € C, weare
done.Otherwisex € A, andsincex € B, wehavex € AN B. Butthen,by theseconchypothesisg € AN C, and
again,it followsthatz € C. ThisprovesB C C. An analogousigumentshovsthatC C B, andthusB = C by
extensionality

Problem 2.23 SupposehatB is nonempty We wantto showv thatAU B =N{AU X | X € B}.

C: Takeary x € AU B. Toshav thatr € N{AU X | X € B}, wetakeanarbitrary X € B, andwe mustshow
thatz € AU X. If z € A, thisis clear;otherwisewe havez € (| B. SinceX € B, it followsthatz € X, andit
followsthatz € AU X asdesired.

19/

: Takeary z € N{AUX | X € B}. Wemustshawv thatz € AU B. If z € A, thenwe aredone.Otherwise,
x ¢ A. By hypothesisanddefinition of intersectionwe havez € AU X for all X € B, but sincex ¢ A, this
impliesz € X for all X € B. Hencex € (] B, from which theresultfollows.

Problem 3.1 With this definition of Kuratavski “triples”, we would have (z, z,y)* = (z,y,y)* = (z,y,z)* =
{{z},{z,y}} forall z,y.

Problem 3.2

(a) Theelementof A x (BUC') areexactlythepairs{a, z) wherea € A, andz € B orz € C. Theseareprecisely
theelementof (4 x B) U (A x C).

(b) Supposed x B = A x C andA # (. SinceA is non-emptythereis somea € A; fix suchana. Now for ary
z,onehasz € Biff (a,z) € A x Biff (a,z) € Ax Ciff z € C. Thus,B = C by extensionality



