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Answers to Problem Set 6 (Revised)

Problem 4.19 We want to prove the claim: for all naturalnumbers
�

and � , if
������ , then thereexists natural

numbers�	��
 suchthat � � �� ����
 and 
�� � . Fix some
������ ; wewill provetheclaimby inductionon � . For the

base case, noticethat if � ��� , thenwe cantake � � 
 ��� . Indeed,we have ��� �� � � � by (M1) and(A1), and
also � � � , because

������ . For the induction step, assumetheclaim holdsfor � . Sothereexist some�	��
���� with
� � �� ����
 and 
�� � . Notethatthis implies 
! #" � . We distinguishtwo cases:Case1: 
! #� � . In this case,we
have �$ � �� ����
! by (A2), andwe aredone.Case2: 
! � � . In this case,we have �% � �&� ��� � � �� �! by
(M2), so �$ � �&� �! $� � , andsince� � � , we arealsodone.

Problem 4.20 Recall from p.83 that for naturalnumbers' and ( , onehas ( �) '+*-, (#�#'  . By taking the
negationsof thesestatementsandusingtrichotomy, onealsogetsthat '���(.*-, '/ �) ( . We will usethis fact in
thefollowing proof.

Suppose0 is a nonemptysubsetof � and 1�0 � 0 . To prove 0 � � , we show that 0 is inductive. Base case:
Since 0 is nonempty, thereis somenaturalnumber(���0 . Either ( �2� , in which casewe have � ��0 asdesired.
Otherwise,� �3(#�30 , hence� � 1 0 � 0 . Induction step: Suppose'��40 . Then,since 0 � 1 0 , we have
'5� 1 0 , which implies '5��( for some(���0 . Since 0 is a setof naturalnumbers,( is a naturalnumber. By the
above observation,we have '/ �) ( . Therearetwo cases:Case1: '/ � ( , thus '/ 4��0 andwe aredone.Case2:
'/ 6�$(7��0 , hence'/ 6� 1 0 � 0 , andagainwearedone.Thus 0 is inductive,hence0 � � .

Problem 4.26 We proceedby inductionon ' . Let
8 �:9 ';�7��< for all =�>?'/ A@�� , BDCFEG= hasa largestelementH?I

We will show that
8

is inductive. First considerany =�> �  @�� . Since �  ��9J� H is a singleton,BDCFE�= ��9 =LK �?M H has
exactly oneelement,which is automaticallylargest.This takescareof thebasecase.Now supposethat '#� 8 . To
show that '/ �� 8 , considerany =�>N'/ O P@Q� . We have to show that BRCSE�= hasa largestelement.Let T � =U< '/ be
therestrictionof = to '/ ; thus T�>	'/ 6@V� . By inductionhypothesis,we know that BDCFEWT hasa largestelement,say,
( . Also, BRCSE�= � BRCSEWTYX 9 =LKZ'/ M H . We distinguishtwo cases:Case1: (��4=LKZ'/ M . In this case,=LKZ'/ M is thelargest
elementof BRCSE�= . Case2: =LK['/ M "5( . In thiscase,( is thelargestelementof BDCFE�= . In eithercase,BRCSE�= hasa largest
element,andsince = wasarbitrary, it followsthat '/ \� 8 . Thus,

8
is inductive,which provestheclaim.

Lemma. If 'U�R(]�%� and ' �) ( , then there exists ^��%� with ( � ^���' .

Proof. By inductionon ( . If ( �4� then ' �) ( implies ' ��� , andwecantake ^ ��� . For theinductionstep,suppose
the claim holdsfor ( , andsuppose' �) (_ . Theneither ' � (_ , in which caseonecantake ^ �2� . Or otherwise
'��6(` , thus ' �) ( , andwe canfind ^ with ( � ^��#' by inductionhypothesis.Then (_ � ^a ��P' , andwe are
done. b
Problem 4.37

(a) For fixed ����'c�:� , definethe set d �e9 (:���.��'#<`( ���'LH . We claim that d has � elements.Letf >?�g@Qd bethemapthatis definedby
f K[^ Mh� ^���' . We mustshow that

f
is a well-definedmap,andthat

it is abijection.To seethat
f

is well-defined,wemustcheckthat ^&�;'���d for all ^��$� . Notethatif ^;�7� ,
then ^-�\'��;�i�\' by Theorem4N. Also, ^ �� � andthus ^-�\' �� � �\' � ' , againby Theorem4N. Thus,
^]�5'��Pd , and

f
is well-defined.Also,

f
is one-to-oneby Corollary4P. To seethat

f
is onto d , take any

(��6d . Then ( ��\' , thus ' �) ( by trichotomy. By the Lemma,thereexists ^P��� with ( � ^7�P' . Since
( � ^���'��%�c��' , it follows that ^��$� by Theorem4N, thus ( � f KZ^ M . This shows that

f
is onto.

Notice that d and ' aredisjoint, by definition of d . We claim that �j�#' � dkX;' . For the right-to-left
inclusion,noticethat dml3�i�6' by definition. Also, � �) � , thus ' � '7� � �) '7�6� by Theorem4N and
Corollary4P, thus '\l4'7�6� by Corollary4M. Sowe have dnX%'6l4�o�6' . For theleft-to-right inclusion,
take any (p�p�.�4' . In case (p�p' , we aredone,otherwise ( ��p' , which implies (p��d . This shows
�2��'�lPdqX7' .
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Now we show theclaim of part (a). Assume0&�Dr aredisjoint of � , respectively ' , elements.Let =A>_�s@q0
and T�>F't@er bebijections,andlet

f >F�u@Qd bethebijectionfrom above. Let v�>	dw@V0 bethebijection
givenby v � =-x f/y/z . Usingthefactthat d and ' aredisjoint andthat 0 and r aredisjoint, it followseasily
that v&X�T]>?d{X7't@|0\X7r is a bijection.From �c��' � d{X7' , it follows that 0�X%r has�c��' elements.

(b) Wefirst claimthat �j}�' has� � ' elements.Define ~#>S�j}�'�@�� � ' by ~�KZ^���� M�� ^ � '��;� . Weclaimthat
~ is well-defined,andthatit is abijection.For well-definedness,wemustcheckthat ~�K[^O��� M �$� � ' whenever
^��7� and �7�7' . But ^t�%� implies ^� �) � , andthus ^a � ' �) � � ' . Thelaststepfollowsby Theorem4N, if
' ��4� , andby (M1) if ' �4� . Now ���$' implies ^ � '�t���$^ � '�t' � ^� � ' �) � � ' . Thus ~�K[^O��� M �$� � ' ,
and ~ is well-defined.

To show that ~ is one-to-one,assumethat ~�K[^O��� Mt� ~�KZ^a�����_� M for some ^O��^����2� and �����_����' . Then
^ � '��%� � ^a� � '��%�_� . Wemustshow ^ � ^a� and � � �_� . First,assume(for thesakeof deriving acontradiction)
that ^ �� ^ � . Theneither ^;�7^ � or ^ � �%^ by trichotomy;wemayassumewithout lossof generalitythat ^��$^ � .
It followsthat ^a �) ^�� , thus ^a � ' �) ^a� � ' . This implies ^ � '-�A�7�7^ � '-�A' � ^a � ' �) ^a� � ' �) ^a� � '-���_� ,
contradictinĝ

� ']�A� � ^a� � ']�A�_� . Thus,it followsthat ^ � ^�� . Now from ^ � '���� � ^ � '����	� we canget
� � �_� by cancellation(Cor. 4P).

Next, we show that ~ is onto � � ' . If ' �2� , thenthis is trivial, since � � ' �2� in this case.Thus,assume
' ��4� andtakeany (7�%� � ' . By Problem4.19,thereexist numbersx andy suchthat ( � ^ � '&�;� and ���%' .
We have ^ � ' �) (7�$� � ' , andthus ^��%� by Theorem4N. It follows that ( � ~�KZ^���� M . Thus ~ is a bijection.

Finally, we show theclaim of part(b). Assume0 has � elementsand r has ' elements.Let =�>	��@{0 and
T�>S';@er bebijections.Define vt>S�s}%';@|0�}$r by v�K��[^O���`� M�� ��=LKZ^ M ��T�K[� M � . Onecheckseasilythat v is
abijection.Then vx�~ y/z is a bijection � � 't@|0:}%r , which provesthat 0:}$r has � � ' elements.

Hereis analternative,easierproof of Problem4.37which usesinduction.

(a) We show this claimby inductionon ' . If ' �#� , then r �4� , andhence0�X7r � 0 has� � ����' elements.
For the inductionstep,assumetheclaim holdsfor ' . Suppose0 has � elements,r has '/ elements,and 0
and r aredisjoint. Thenthereexistssomeone-to-oneandonto function =P>a'/ 3@�r . Let r� � =L� � '�� � ; then
clearly r � r��	X�=LK[' M andthis unionis disjoint. Moreover, thefunction =U< �;>	'A@qr is one-to-oneandonto
r� , sothat r�� has' elements.Sincer�� is still disjoint from 0 , theset 0�X-r� has�:�;' elementsby induction
hypothesis.Thus,thereis someone-to-oneandontofunction T�>F�p��'t@|0tX�r� . Let v � TWX7�Z�p�t'U�D=LK[' M � ,
then v is a one-to-onefunctionof �i��'  onto 0\X7r , asdesired.

(b) Again,weshow theclaimby inductionon ' . If ' �4� , then r �3� , andhence05}�r �4� , whichhas�� � � '
elements.For the inductionstep,assumethe claim holds for ' . Suppose0 has � elementsand r has '/ 
elements.Thenthereexistssomeone-to-oneandontofunction =\>�'/ �@�r . As before,let r� � =L� � '�� � ; then
againr � r�!X7=LKZ' M , thisunionis disjoint,and r� has' elements.By inductionhypothesis,03}�r�� has� � '
elements.Since 0 has� elements,andtheset 0 is in one-to-onecorrespondencewith theset 0�} 9 =LK[' M H , the
lattersetalsohas� elements.Onealsohas0#}�r � 0#}-r��X�0#} 9 =LK[' M H (by Problem3.2(a)),moreover, the
latterunionis disjoint,andsoby (a), 0�}%r has� � '���� � � � '/ elements,asdesired.

Problem 5.1 through 5.3 Wemustcheckwhethereachof thefollowing functionsfrom ��}�� to �A}�� is compatible
with therelation � , which wasdefinedby �Z����'O�����Z�$�[��'/��� if f �2�\'/� � �%�	��' .

=LK��Z����'O� M�� �Z�i��'U��'O���
T�K��[����'O� M�� �Z���������
v�K��[����'O� M�� �Z'U������I

The function = is not compatible: for instance � � � � ���k���?���J� , but � � � � � � � ��w����2�F���J� . The function T is
trivially compatible,becausefor all ����� � , onehas �[�����$��� �[� � ��� � � . Thefunction v is alsocompatible,because
�Z����'O�����Z�$����'/�¡� implies �c��'/� � �$�N��' implies ']���$� � '/�N��� implies �Z'U���$�����Z'/�����$�¡� .
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Problem 5.7 Let ¢ � ���Z^O���`�£� and ¤ � ���Z¥&�D¦N�§� . Then

¢ � ¨ K ) ¤ M©� �ª�[^O���_�§� � ¨ K ) ���Z¥��¦	�£� M� �ª�[^O���_�§� � ¨ ���[¦���¥��§�� �ª�[^�¦Y���	¥&��^�¥6���	¦	�£�D�
K ) ¢ M � ¨ ¤ � K ) ���Z^����`�£� M � ¨ �ª�[¥&��¦	�£�� �ª�[����^a�§� � ¨ ���Z¥&�D¦N�§�� �ª�[�	¥6��^a¦����	¦���^�¥��£�� �ª�[^�¦Y���	¥&��^�¥6���	¦	�£�D�) K�¢ � ¨ ¤ M©� ) K����Z^����`�£� � ¨ ���Z¥��¦	�£� M� ) K����Z^�¥P���_¦���^a¦����	¥��§� M� �ª�[^�¦Y���	¥&��^�¥6���	¦	�£�DI
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