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Natural Deduction worked examples (from Handout 2).

Handout 2, #11 There are two directions in this problem. First, we prove A ∧

(A ∨ B) ` A:

1 A ∧ (A ∨ B)

2 A ∧E, 1

Then, we prove A ` A ∧ (A ∨ B):

1 A

2 A ∨ B ∨I, 1

3 A ∧ (A ∨ B) ∧I, 1, 2

Handout 2, #15 There are 2 directions. First A→(B∧C) ` (A→B)∧(A→C):

1 A → (B ∧ C)

2 A

3 B ∧ C ⇒E, 1, 2

4 B ∧E, 3

5 A → B ⇒I, 2–4

6 A

7 B ∧ C ⇒E, 1, 6

8 C ∧E, 7

9 A → C ⇒I, 6–8

10 (A → B) ∧ (A → C) ∧I, 5, 9
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The other direction is (A → B) ∧ (A → C) ` A → (B ∧ C):

1 (A → B) ∧ (A → C)

2 A

3 A → B ∧E, 1

4 B ⇒E, 2, 3

5 A → C ∧E, 1

6 C ⇒E, 2, 5

7 B ∧ C ∧I, 4, 6

8 A → (B ∧ C) ⇒I, 2–7

Handout 2, #22

1 ∼A → ∼ B

2 B

3 A → ∼ B

4 A

5 ∼ B ⇒I, 3, 4

6 B R, 2

7 ⊥ ¬E, 5, 6

8 ∼ A ¬I, 4–7

9 ∼ B ⇒I, 1, 8

10 ⊥ ¬E, 2, 9

11 ∼(A → ∼B) ¬I, 3–10

12 B → ∼(A → ∼B) ⇒I, 2–11
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Handout 2, #24

1 A ∨ B

2 B → A

3 A

4 A R, 3

5 A → A ⇒I, 3–4

6 A ∨E, 1, 2, 5

7 (B → A) → A ⇒I, 2–6

Handout 2, #32

1 (A → B) ∨ (A → C)

2 A

3 A → B

4 B ⇒E, 2, 3

5 B ∨ C ∨I, 4

6 (A → B) → (B ∨ C) ⇒I, 3–5

7 A → C

8 C ⇒E, 2, 7

9 B ∨ C ∨I, 8

10 (A → C) → (B ∨ C) ⇒I, 7–9

11 B ∨ C ∨E, 1, 6, 10

12 A → (B ∨ C) ⇒I, 2–11
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Handout 2, #44

1 ∼ B → ∼ A

2 A

3 ∼B

4 ∼A ⇒E, 1, 3

5 ⊥ ¬E, 2, 4

6 ∼(∼ B) ¬I, 3–5

7 B ¬¬E, 6

8 A → B ⇒I, 2–7

Handout 2, #48

1 ∼A → B

2 ∼(A ∨ (∼ A ∧ B))

3 A

4 A ∨ (∼A ∧ B) ∨I, 3

5 ⊥ ¬E, 2, 4

6 ∼A ¬I, 3–5

7 B ⇒E, 1, 6

8 ∼A ∧ B ∧I, 6, 7

9 A ∨ (∼ A ∧ B) ∨I, 8

10 ⊥ ¬E, 2, 9

11 ∼∼(A ∨ (∼ A ∧ B)) ¬I, 2–10

12 A ∨ (∼ A ∧ B) ¬¬E, 11
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