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From abelian cats with enough projectives ...
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From abelian cats with enough projectives ...
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... to effectively regular naturally Mal'cev cats
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projectives
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+
additive ( 0 )

�!

C

exact ( Ab( C) abelian )

Barr: torsors ! 6-term e.s.

Duskin
Glenn : simplicial objs ! l.e.s.

Bourn: i. n -groupoids ! l.e.s.

Bourn
R. : direction ! l.e.s.
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Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

p : R � X T ! X
xRyT z 7! p(x; y; z )

connector

CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

p : R � X T ! X
xRyT z 7! p(x; y; z )

connector

//

�� ��
//

centralizing double
equiv. relation

//

�� ��//
X

R � X T T

R

CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

p : R � X T ! X
xRyT z 7! p(x; y; z )

connector

//

�� ��
//

centralizing double
equiv. relation

//

�� ��//
X

R � X T T

R

R effective ) R � X T effective
CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

p : R � X T ! X
xRyT z 7! p(x; y; z )

connector

//

�� ��
//

//

�� ��p1 //
X

R � X T T

X � X

R effective ) R � X T effective
CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

p : R � X T ! X
xRyT z 7! p(x; y; z )

connector

//

�� ��
//

//

��
p0

��p1 //
X

R � X T X � X

X � X

R effective ) R � X T effective
CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats

A =Y , Mal(Gp =C ), Mal(R Lie =A ), ( topological / Hausdorff )

C# e. af�ne � //�

� //�
���� ����OO

OO

OO

OO

p : R � X T ! X
xRyT z 7! p(x; y; z )

connector

(p0 ;p)
//

�� ��
//

p2 //

��
p0

��p1 //
X

X � X � X X � X

X � X

R effective ) R � X T effective
CT2006, Cohomology without projectives – p. 6/17



Effectively regular naturally Mal'cev cats
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connector

(p0 ;p)
//

�� ��
//

p2 //

��
p0

��p1 //
X

X � X � X X � X

X � X

R effective ) R � X T effective
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First cohomology group

Exs: H 1
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d = K : (A =Y )# //A
� G � X H ////

u����

Y

B
b

////Y

A � A // //

+ ����
A // //

A � A

+
��

A
 = Baer sum

H 1
A =Y (A ) = Ext( Y; A ) ( AbTop , AbHaus )

H 1
Mal(Gp =C ) (A � ) = Opext( C; A; � )

R Lie

H 1
Mal(GpTop =C ) (A � ) = TOpext( C; A; � )
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H 1
E(A )= � 0(PLO (A )) , A -torsors
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Properties ofd1
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Second cohomology group

Exs: H 1
C(A )

H 1
A =Y (A ) = Ext( Y; A ) ( AbTop , AbHaus )

H 1
Mal(Gp =C ) (A � ) = Opext (C; A; � )

H 1
Mal(GpTop =C ) (A � ) = TOpext (C; A; � )
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Level 1 vs level2

d re�ects isos ) d � 1(A ) groupoid
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Level 1 vs level2

d re�ects isos ) d � 1(A ) groupoid
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Level n + 1

6-term e.s.
i : g: //9-term e.s.
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Level n + 1

6-term e.s.
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i : n � groupoids //l.e.s
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Level n + 1
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Level n + 1

–n � Grd( C# )
dn! n � Grd( Ab( C))

X n d(X n )
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Level n + 1
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Properties ofdn

Asp( C)
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))RRRRRRRRR
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(n + 1) -th cohomology group

Exs: H 2
C(A )

H 2
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(n + 1) -th cohomology group

Exs: H n +1
C (A )

H n +1
A =Y (A ) = Ext n +1 (Y; A ) ( AbTop , AbHaus )

H n +1
Mal(Gp =C ) (A � ) = Opext n +1 (C; A; � )

Asp(Mal(Gp =C )) � exact sequences

B 1

Mod C ����;;
;;

//X 0
� ////C

B
AA

AA���

n -

X n
//
//

&&LLL
LLL

LL � � � //
//oo X 0oo

�yyyyrrr
rrr

rr

C

A � // //B n � 1 //� � �

dn ��
A �
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The long exact sequence

A //k //B h ////C Ab( C)

���O
�O
�O

AbH 0
C(A ) // //H 0

C(B ) //H 0
C(C )

rrdddddddddddddddddddddddddddddddddd

H 1
C(A ) //H 1

C(B ) //H 1
C(C )

� � � � � � � � �

H n
C(A ) // //H n

C(B ) //H n
C(C )

� n
dddddddddddddddd

rrdddddddddddddd

H n +1
C (A ) //H n +1

C (B ) //H n +1
C (C )

C e.r.n.M.

END
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Maltsev operation
p(x; x; y ) = y
p(x; y; y ) = x

( x ; p (x; y; z ) ) � (y; z ) Chasles relation

d(X ) = ( X � X ) = �
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