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Abstract. We studypropertiesof asynchronouscommunicationindependentlyof any concreteconcurrentprocess
paradigm.Wegiveageneral-purpose,mathematicallyrigorousdefinitionof severalnotionsof asynchrony in anatural
settingwhereanagentis asynchronousif its inputand/oroutputis filteredthroughabuffer or aqueue,possiblywith
feedback.In aseriesof theorems,wegivenecessaryandsufficientconditionsfor eachof thesenotionsin theform of
simplefirst-orderor second-orderaxioms.We illustratetheformalismby applyingit to asynchronousCCSandthe
corejoin calculus.

Intr oduction

Thedistinctionbetweensynchronousandasynchronouscommunicationis a relevantissuein thedesignandanalysis
of distributedandconcurrentnetworks. Intuitively, communicationis saidto besynchronousif messagesaresentand
receivedsimultaneously, via a ’handshake’ or ’rendez-vous’ of senderandreceiver. It is asynchronousif messages
travel througha communicationmediumwith possibledelay, suchthat the sendercannotbe certainif or when a
messagehasbeenreceived.

Asynchronouscommunicationis oftenstudiedin theframeworkof concurrentprocessparadigmssuchastheasyn-
chronous� -calculus,whichwasoriginally introducedby HondaandTokoro[9], andwasindependentlydiscoveredby
Boudol[6] asaresultof hiswork with Berryonchemicalabstractmachines[5]. Anothersuchasynchronousparadigm
is thejoin calculus,whichwasrecentlyproposedby FournetandGonthierasacalculusof mobileagentsin distributed
networkswith locality andfailure[7, 8].

In this paper, we studypropertiesof asynchronouscommunicationin general,not with regardto any particular
processcalculus.Wegiveageneral-purpose,mathematicallyrigorousdefinitionof asynchrony, andwethenshow that
thisnotioncanbeaxiomatized.Wemodelprocessesby labeledtransitionsystemswith inputandoutput,a framework
that is sufficiently generalto fit concurrentprocessparadigmssuchasthe � -calculusor the join calculus,aswell as
dataflow modelsandothersuchformalisms.Thesetransitionsystemsaresimilar to LynchandStark’s input/output
automata[10], but our treatmentis morecategory-theoreticalandclosein spirit to Abramsky’s interactioncategories
[1, 2].

Variouspropertiesof asynchrony have beenexploitedin differentcontexts by many authors.For instance,Lynch
and Stark [10] postulatea form of input receptivityfor their automata. Palamidessi[14] makes useof a certain
confluencepropertyto prove that theexpressive power of theasynchronous� -calculusis strictly lessthanthatof the
synchronous� -calculus.Axiomssimilar to ourshavebeenpostulatedby [4] andby [15] for anotionof asynchronous
labeledtransitionsystems,but without theinput/outputdistinctionwhich is centralto theourapproach.

The main novelty of this paperis that our axiomsarenot postulateda priori , but derived from moreprimitive
notions. We defineasynchrony in elementaryterms: an agentis asynchronousif its input and/oroutput is filtered
througha communicationmedium,suchas a buffer or a queue,possiblywith feedback. We then show that our
first- andsecond-orderaxiomspreciselycaptureeachof thesenotions. This characterizationjustifiesthe axiomsa
posteriori. As a testbedandfor illustration,we applytheseaxiomsto anasynchronousversionof Milner’sCCS,and
to thecorejoin calculus.
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1 An Elementary Definition of Asynchrony

If
�

is abinaryrelation,wewrite
�����

for theinverserelationand
���

for thereflexive,transitiveclosureof
�

. Wealso
write 	�
 for 
 � ��� , etc. Thebinary identity relationon a setis denoted
 . Thecompositionof two binary relations�

and � is written
��� � or simply

� � , i.e. � � ��� if thereexists � suchthat � � ����� . We write � � for theunary
relation ����� � � ��� , andsimilarly

� � for ����� � � ��� . Thedisjointunionof sets� and � is denotedby � �!� .

1.1 LabeledTransition Systemsand Bisimulation

To keepthispaperself-contained,we summarizethestandarddefinitionsfor labeledtransitionsystemsandweakand
strongbisimulation.

Definition. A labeledtransition system(LTS) is a tuple "$#&%('*),+�)�
 �!-.)0/2143 , where ' is a setof states, + is a setof
actions, 
 �!-657'98:+;8:' is a transition relation and /�1�<9' is aninitial state. Wecall + thetypeof " , andwewrite">=?+ .

We oftenomit thesubscripton 
 �@- , andwe write � "A� for thesetof states' . For BC<D+ , we regard E
 � asa binary
relationon � "F� via / E
 �G/IH if f %J/K),BF)L/IHM3><N
 � . Thedefinitionsof strongandweakbisimulationrely on thefollowing
principleof co-inductivedefinition:

Principle 1.1. Let � bea setand O a propertyof subsetsof � . If OQP ��R is definedby clausesof theform SUT,P ��R 5V T,P ��R , where SUT and
V T are set-valued,monotoneoperators, and if SUT preservesunions,then O is closedunder

unions.In particular, there is a maximal
��WYX�Z 5@� with OQP �>W[X�ZKR .

Proof. Since SUT preservesunions,it hasa right adjoint S\HT . Then OQP ��R^]:_ `.a0b SUT�P ��R 5 V T,P ��Rc]:_ � 5d T S:HT V TLP ��R . Hence O is the set of pre-fixpointsof a monotoneoperatorand thereforeclosedunder leastupper
bounds.Let

�>WYX�Z #feg� � ��OQP ��R � . h
Definition. Let " and i beLTSsof type + . A binaryrelation

� 5f� "F�j89� i6� is astrongbisimulation if for all B@<k+ ,� E
 �c5lE
 � � and
����� E
 �c5mE
 � ����� . In diagrams:

/ �on
Epqn H
_sr / H b /

�
E pq

n
Epq/�H �tn H

uwv?x / �
E pq

n

/IH
_sryn H b /

�
E pq

n
Epq/IH ��n H

Next, weconsiderLTSswith a distinguishedaction z{<9+ , calledthesilentor theunobservableaction.Let |_ bethe
relation |
 � � . For }~<�+���z , let �_ betherelation |
 � � �
 �^|
 � � . A binaryrelation

� 5f� "A�K8�� i~� is aweakbisimulation
if for all B�<{+ ,

� E
 �^5 E_@� and
����� E
 �^5 E_@����� . In diagrams:

/ �on
Epqn H
_sr / H b /

�
E���

n
Epq/�H �tn H

uwv?x / �
E pq

n

/IH
_sryn H b /

�
E pq

n
E��/IH ��n H

By Principle1.1, it follows thatthereis a maximalstrongbisimulation,which wedenoteby � , anda maximalweak
bisimulation,whichwedenoteby � . We saythat /�<�� "F� and

n <!� i~� arestrongly(weakly)bisimilar if /�� n ( /�� n ).
Finally, " and i aresaidto bestrongly(weakly)bisimilar if / 1 � n 1 ( / 1 � n 1 ).
Remark.Note that

� 5�� "A��8D� i~� is a weakbisimulationif andonly if for all B�<D+ ,
� E_ 5 E_!� and

����� E_ 5E_@����� .
If "�),iQ)L� arelabeledtransitionsystemsandif

� 5�� "F�.8D� i~� and ��5�� i~�.8;� �$� areweak(respectively, strong)
bisimulations,thenso arethe identity relation 
c5�� "F��87� "F� , the inverse

����� 5�� i6��87� "F� , andthe composition��� � 5o� "A��8@� ��� . Henceweakandstrongbisimilarity eachdefinea global equivalencerelationon theclassof all
statesof all possiblelabeledtransitionsystems.
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In particular, � and � , as binary relationson an LTS " , are equivalencerelations. We denotethe respective
equivalenceclassesof astate/ by � /2�M� and � /2�M� . On thequotient "���� , wedefinetransitions� /2��� �
 �G� n ��� if f / �
 �N� n ,
makingit into a well-definedtransitionsystem.Similarly, on "���� , wedefine � /���� �
 �G� n �M� if f / �
 �D� n . For all /�<�" ,
onehas/���� /2�M� and /�� � /2��� , andhence"9� PJ"���� R and "9� PJ"���� R . We saythat " is ¡ -reducedif "9#f"���� , and¢ -reducedif "9#f"���� .

1.2 Input, Output and SequentialComposition

Sofarwehavedistinguishedonly oneaction:thesilentaction z . Wewill now addfurtherstructureto thesetof actions
by distinguishinginput andoutputactions.Let in andout beconstants.For any sets� and � , definea setof input
actionsIn �c=£#&� in ��8{� , anda setof output actionsOut ��=£#o� out�\8�� . Notethat In � andOut � aredisjoint.
We will write input andoutputactionsas in � andout � insteadof % in ),��3 and % out)¤��3 , respectively. Let ¥ bea set
whoseelementsarenotof theform in � , out � or z . Theelementsof ¦f�;�Iz.� arecalledinternal actions.

Definition. Wedefine����§F� to bethesetIn �¨� Out �N��¥D�!��z.� . A labeledtransitionsystem" of type ����§F�
is calledanLTS with input andoutput, or simplyanagent. If ¥ is empty, wewill omit thesubscriptin �$�!§F� .

The traditionalCCSnotationis “ � ” for input actionsand“ ©� ” for outputactions. We usein � andout � insteadto
emphasizethedistinctionbetweena messagein � andits content� .

Our labeledtransitionsystemswith input andoutputaresimilar to the input/outputautomataof LynchandStark
[10]. However, we considera notion of sequentialcompositionthat is morein the spirit of Abramsky’s interaction
categories[1, 2]. Giventwo agents">=?����§ª� and i$=.���N§ª« , we define "�¬,i$=����!§ª« by feedingtheoutputof" into the input of i . This is a specialcaseof parallelcompositionandhiding. Noticethat this notionof sequential
compositionis differentfrom theoneof CSPor ACP, wherei cannotstartexecutionuntil " is finished.

Sequentialcomposition,togetherwith certainotheragentconstructorsthatwewill investigatein Section3.1,can
beusedto build arbitrarynetworksof agents.

Definition 1.2. Let "�=.����§F� and i$=��:�!§Y« be agentswith respective initial states/ 1 and
n 1 . The sequential

composition"�¬,i is of type ����§Y« . It hasstates� "F�­8!� i6� andinitial state %(/ 1 ) n 1 3 . Thetransitionsaregivenby the
following rules:

/ E
 �N-:/�H B notoutput%(/K) n 3 E
 �N-K® ¯;%(/IHJ) n 3
n E
 �!¯ n H B not input%J/K) n 3 E
 �N-K® ¯;%(/K) n H°3 / out ±
?
­�@-:/IH n in ±
L
²�@¯ n H%(/K) n 3@|
 �@-³® ¯D%J/IH() n H°3

Example1.3. For any set � , defineanagent́�µ of type ���$� with states�����w¶�� , initial state¶ andtransitions¶ in ·
L
¤�¸� and � out ·
.
��¹¶ , for all �9<k� . ´�µ actsasa buffer of capacityone:A possiblesequenceof transitionsis

¶ in ·
0
¤�¸� out ·
�
��¹¶ in ±
0
²�¸� out ±
�
y�¹¶ in º
¤
²�»� out º
?
³�¹¶ b2b�b
Let ��#f�I��� . Theń�µ and́�µ\¬(´�µ arethefollowing agents:

´ µ #f¼ ½¿¾¿ÀÁ Â¿Ã¿Ä¶ in ·AÅÆ �
out ·ÇÈ ´ µ ¬J´ µ #

É0ÊDË@ÌÍ0ÎDÏ@Ð%Ñ¶�)0¶>3
in · pq

%Ñ¶�)¤�.3out ·ÒÓ
in ·pq

%Ô�Õ)0¶>3 |
Ö ×ØØØØØØØØØØ %��Ù)¤�.3

out ·ÒÓ
Heretheinitial stateof eachagentis circled. Whenrepresentingagentsin diagramslike these,it is oftenconvenient
to omit thenamesof thestates,andto identify weaklybisimilarstates.With thatconvention,wewrite:

´ µ #;Ú Û²ÜJÝÞ ß²àJáâ in · ÅÆ â
out ·ÇÈ ´ µ ¬(´ µ ��Ú ÛÑÜÑÝÞ ßÑàÑáâ in · ÅÆ â

out ·ÇÈ
in · ÅÆ â
out ·ÇÈ
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Notethat ´�µ\¬J´�µ is aqueueof capacity2. Let � #����.),��� . Thefollowing diagramsrepresent´�ã and́�ãU¬(´�ã :

´ ã # â out º ÅÆ Ú ÛÑÜÑÝÞ ßÑàÑáâ
in ºÇÈ

in ± ÅÆ â
out ±ÇÈ ´ ã ¬(´ ã �

â
out º
äåâ out º ÅÆ â out º ÅÆ

in ± æ ç

in ºÇÈ Ú ÛJÜÑÝÞ ßJàÑáâ in ± ÅÆ
in ºÇÈ

â in ± ÅÆ
in ºèé

out ±ÇÈ
â

out ±ÇÈ
âout ±

êë

Again, ´ ã ¬J´ ã is a queueof capacity2. Noticethatit is first-in, first-out.

Two LTSs " and i of type + areisomorphicif thereis abijectionbetween� "A� and � i~� preserving
 � andinitial states.

Lemma 1.4. 1. SequentialCompositionof labeledtransitionsystemsis associativeup to isomorphism.

2. Thefollowinghold for thecomposition"�¬,i :

/!E_ - /IH B notoutput%(/K) n 39E_ -³® ¯D%J/IHÔ) n 3
n E_ ¯ n H B not input%(/K) n 39E_ -³® ¯D%J/K) n Hì3 / out ±# _ -\/IH n in ±# _ ¯ n H%J/K) n 3 |_ -K® ¯ %(/IHJ) n Hì3

3. SequentialCompositionof agentsrespectsbothweakandstrongbisimulation,i.e.

" � �f"Õí i � ��i�í" � ¬Li � �t"Õíw¬Li�í u�v�x " � �t"�í i � ��i�í" � ¬,i � ��"Õí�¬Li�í
Proof. 1. It is easyto checkthat %,%(/K) n 3�)¤î�3 E
 �^%,%(/IHJ) n Hì3¿),î�Hì3 if andonly if %(/K)�% n )¤î�3¤3 E
 �G%(/IH()�% n H(),î�H°3¤3 .
2. Thefirst two statementsaretrivial from Definition 1.2. For the third one,assume/ |
 � � / � out ±
?
­�l/�í |
 � � / H andn |
 � � n � in ±
,
�� n íf|
 � � n H . Then %J/K) n 3D|
 � � %J/ � ) n 3D|
 � � %J/ � ) n � 3N|
 �^%J/Iíw) n í43N|
 � � %(/IHJ) n íI3@|
 � � %(/IHJ) n Hì3 .
3. Let " � )0"Õí�=���� § � and i � )Li�í�=?��� § « . Suppose�¨5C� " � �¿8:� "�íK� and

� 5C� i � �08:� i�í³� areweakbisimulations.
We show that � 8 � #��³%¤%J/ � ) n � 3¿)I%(/Ií�) n í�3,3���/ � ��/Ií and

n � ��n íj��5ï� " � ¬Li � �.87� "�íK¬,i�í³� is a weakbisimulation. It
sufficesw.l.o.g.to show oneof thetwo directions.Suppose

%(/ � ) n � 3ª�¨8 �
E pq

%(/ í ) n í 3
%(/IH� ) n H � 3

for some B�<;��� § « . Therearethreecases,dependingon which of the threerulesin Definition 1.2 wasusedto
derive %(/ � ) n � 3 E
 �^%J/�H� ) n H � 3 :
Case1: / � E
 �s/IH� , n � # n H � and B is notoutput:By � thereis /IHí suchthat /Ií E_ /IHí and /IH � ��/IHí . Let

n Hí # n í .
Case2:

n � E
 � n H � , / � #t/IH� and B is not input: By
�

thereis
n Hí suchthat

n í@E_¸n Hí and
n H � ��n Hí . Let /IHí #�/Ií .

Case3: / � out ±
�
y�ð/IH� , n � in ±
L
�� n H � and B$#tz : By � and
�

, thereare /IHí and
n Hí suchthat /Ií out ±# _ /IHí , /IH � ��/IHí , n í in ±# _¹n Hí

and
n H � ��n Hí .

In eachcase,by 2.,

%(/ � ) n � 3��¨8 �
| pq

%(/ í ) n í 3
E��%(/IH� ) n H � 3F� 8 � %(/IHí ) n Hí 3 b

For strongbisimulation,theproof is similar. h
Unfortunately, agentsdo not form a category undersequentialcomposition: thereare no identity morphisms. In
Section1.4,wewill introducetwo categoriesof agents,oneof whichhasunboundedbuffersasits identitymorphisms,
andtheotheronequeues.
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1.3 Buffers and Queues

For any set � , let � � be the freemonoidand � �0� the freecommutative monoidgeneratedby � . Theelementsof� � arefinite sequences.Theemptysequenceis denotedby ñ . Theelementsof � �L� arefinite multisets.Theempty
multisetis denotedby ò . We definethefollowing agentsof type ����§F� :

1. Thebuffer ó µ hasstates� �L� , initial stateò , andtransitionsô in ·
L
��õôU� and �?ô out ·
.
­�¹ô , for all ô�<9� �0� and�{<6� .

2. Thequeue ö�µ hasstates� � , initial stateñ , andtransitionsô in ·
L
��÷ôU� and ��ô out ·
�
��^ô , for all ô <�� � and�{<6� .

The only differencebetweenthe definitionsof ó µ and ö µ is whetherthe statesare consideredas sequencesor
multisets.We will write ó and ö withoutsubscriptif � is clearfrom thecontext. ó actsasaninfinite capacitybuffer
whichdoesnotpreservetheorderof messages.For example,onepossiblesequenceof transitionsis

ò in ·
0
¤�¸� in ±
L
��¸��� in º
¤
Ñ�»���­� out ±
�
��¸��� out ·
?
��»� in ø
j
��»ôù� b�b2b
ö actsasaninfinite capacityfirst-in, first-outqueue.A possiblesequenceof transitionsis

ñ in ·
0
¤�¸� in ±
L
��¸��� out ·
�
��¸� in º
¤
Ñ�»�y� in ø
j
��»�y�Kô out ±
�
��»�Kô b2b2b
Lemma 1.5. 1. ó�¬¤ó@��ó and ó�¬¤ófú��ó .

2. ö�¬4ö�� ö and ö�¬Iö¨ú�¨ö .

3. ö�¬,ó!��ó and ö�¬,óCú�7ó .

4. If � �D�yûDü , then ó�¬4ö¨ú�;ó and ó�¬4ö¨ú� ö .

Proof. 1.-3.: Define %ÔîÙ),ýy3 � ô if f ýKîk#�ô , whereî , ý and ô aremultisetsor sequences,asappropriate.In eachcase,�
is aweakbisimulation.To seethatstrongbisimilarity doesnothold,observethatin eachcase,thecompositeagent

hassilentactions,while ó and ö donot.

4.: Observe that ó�¬4ö hasa transition /21 in ·# _ in ±# _ / � from its initial statesuchthat / � out ±# _ out ·# _ is possible,but/ � out ·# _ out ±# _ is not. This is not thecasefor either ó or ö . Suchpropertiesarepreservedunderweakbisimulation. h
Theremainderof thispaperis devotedto examiningtheeffectof composingarbitraryagentswith buffersandqueues.

1.4 Notionsof Asynchrony

In the asynchronousmodelof communication,messagesareassumedto travel througha communicationmedium
or ether. Sometimes,the mediumis assumedto be first-in, first-out (a queue);sometimes,as in the asynchronous� -calculus,messagesmightbereceivedin any order(abuffer).

Ourapproachis simple:wemodelthemediumexplicitly. An asynchronousagentis onewhoseoutputand/orinput
behavesasif filteredthrougheithera buffer ó or aqueueö .

Definition 1.6. An agent">=����!§F� is

out-buffered if "��t"*¬,ó
in-buffered if "��7ó�¬¿"

buffered if "��7ó�¬¿"*¬,ó
out-queued if "9�t"�¬Iö
in-queued if "9� ö�¬0"

queued if "9� ö�¬0"�¬Iö
We usethewordasynchrony asagenerictermto standfor any suchproperty. Thereasonwedistinguishsix different
notionsis that,althoughit is probablymostcommonto think of asynchrony aspartof theoutputbehavior of anagent,
it is equallysensibleto regard it as part of the input behavior, or both. Sinceinput andoutputbehave somewhat
differently, we will studythemseparately. Yet anothernotionof asynchrony, incorporatingfeedback,will bedefined
in Section3.2.
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Remark.Becauseof Lemma1.5, theoperationof pre-or post-composinganagentwith ó or ö is idempotentup to� . Consequently, any agentof the form "�¬¤ó is out-buffered,any agentof the form ó�¬0" is in-buffered,an agentis
bufferediff it is in- andout-buffered,andsoon. Also, eachof thesix propertiesis invariantunderweakbisimulation.

Notice that it is almostnever thecasethatanagent " is stronglybisimilar to "�¬¤ó or to ó�¬0" . This will beclear
from the examplesin Section1.5. Weakbisimulationappearsto be the finestequivalencerelation that is sensible
for studyingasynchrony. It is alsopossibleto considercoarserequivalences;theresultsof this papergeneralizein a
straightforwardway to any equivalenceonprocessesthatcontainsweakbisimulation;seeRemark2.3.

Let ¥ bea set. Bufferedagents"�=���� § � form themorphismsof a category Buf § , whoseobjectsaresets� , � ,
etc.; the identity morphismon � is givenby thebuffer ó�µ . Similarly, queuedagentsform a category Que§ . These
categorieshaveasymmetricmonoidalstructure,whichwill bedescribed,alongwith otherconstructionsonagents,in
Section3.1.

1.5 Examples

Example1.7. The first exampleshows the effect of post-composingdifferentagentswith the buffer ó . Notice that
althoughó hasinfinitely many states,"�¬¤ó mayhaveonly finitely many statesup to weakbisimulation.

"�#

Ú ÛÑÜÑÝÞ ßÑàÑá/
out ±pq n
in ·pqî

"�¬¤óFþ ±�ÿ #

�������������	%J/K)Lò�3
|�
� 











%(/K)¤��3out ±ÒÓ

| 
� 










%(/K)¤� í 3out ±ÒÓ �����

% n )LòK3
in · pq

% n )¤��3out ±ÒÓ
in · pq

% n ),� í 3out ±ÒÓ �����
in · pq

%�î�)Lò�3 %�î�)¤��3out ±ÒÓ %�î�)¤� í 3out ±ÒÓ �����

�
Ú Û²ÜÑÝÞ ß²àÑáâ

in · pq
out ±��� â

in ·pqâ
out ± �� â

Example1.8.

"9#
Ú ÛÑÜJÝÞ ßÑàJáâ

in · pq
out ± ��

out º�� �����
���
â

â â
"�¬¤óN�

Ú ÛJÜÑÝÞ ßJàÑáâ
in · pq

| ��
| �� �����

���
â out ± �� â

â â out º �� â
Example1.9. Hereis anexampleon in-bufferedness.Noticethataninputactionis possibleateverystateof ó�¬¿" .

"9# Ú Û²ÜJÝÞ ß²àJáâ
in · �� �����
�

in ·�� �������
â

out ±�� �����

â out º� ������
â óFþ ·jÿ ¬¿"9�

â
out ±�� �����

�� in ·��

Ú ÛJÜÑÝÞ ßJàÑáâ in · �� â |
� ��������

| �� ����
��� in ·�� â

in ·��
â out º� �

�������
in ·��

2 First-Order Axioms for Asynchrony

In this section,we will give necessaryandsufficient conditionsfor eachof the notionsof asynchrony from Defini-
tion 1.6.Theseconditionsarein theform of first-orderaxioms, by whichwemeanaxiomsthatusequantificationonly
overstatesandactions,but not oversubsetsof statesor actions.Theaxioms,whichareshown in Tables1 through4,
characterizeeachof our notionsof asynchrony up to weakbisimulation; this means,anLTS is asynchronousiff it is
weaklybisimilar to onesatisfyingtheaxioms.It is possibleto lift thecondition“up to weakbisimulation”at thecost
of introducingsecond-orderaxioms;this is thesubjectof Section6.
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Table1: First-orderaxiomsfor out-bufferedagents

/ out ±��� /IH
Epq n
_ / out ± ��
E pq

/IH
Epq

/IH H out ±��� n

output-commutativity(OB1)

/ out ± ��
E pq

/IH

/IH H
_ / out ± ��
E pq

/IH
Epq

/IH H out ±��� n
whereB;ú# out �

output-confluence(OB2)

/ out ± ��
out ± pq

/ H

/IH H
_ /�H�#�/IH£H

output-determinacy(OB3)

Table2: First-orderaxiomsfor in-bufferedagents

/ E �� /�H
in ·pq n
_ / E ��

in · pq
/IH

in ·pq
/IH H E �� n

input-commutativity(IB1)

/ in · ��
E pq

/IH

/IH H
_ / in · ��
E pq

/IH
Epq

/IH H in · �� n
input-confluence(IB2)

/ in · ��
in · pq

/IH

/IH H
_ /IH?#�/�H H

input-determinacy(IB3)

/ _ / in ·
0
¤� n
input-receptivity(IB4)

Table3: First-orderaxiomsfor out-queuedagents

/ out ±��� /IH
Epq n
_ / out ±���
E pq

/ H
Epq

/IH H out ±��� n
whereB notoutput

output-commutativity’(OQ1)

/ out ±���
E pq

/ H

/IH H
_ / out ±���
E pq

/ H
Epq

/IH H out ±��� n
whereB notoutput

output-confluence’(OQ2)

/ out ± ��
out º pq

/IH

/IH H
_ �\#��

and/IH?#t/IH H
output-determinacy’(OQ3)

Table4: First-orderaxiomsfor in-queuedagents

/ E �� /�H
in ·pq n
_ / E ��

in · pq
/IH

in ·pq
/IH H E �� n

whereB not input

input-commutativity’(IQ1)

/ in · ��
E pq

/ H

/IH H
_ / in · ��
E pq

/ H
Epq

/IH H in · �� n
whereB not input

input-confluence’(IQ2)

/ in · ��
in · pq

/IH

/IH H
_ /IH?#�/�H H

input-determinacy(IQ3)

/ _ / in ·
0
¤� n
input-receptivity(IQ4)
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2.1
!

Out-Buffered Agents

Table1 lists threeaxiomsfor out-bufferedagents.We usethe conventionthat variablesareimplicitly existentially
quantifiedif they occuronly on theright-hand-sideof animplication,andall othervariablesareimplicitly universally
quantified.Thustheaxiomsare:

(OB1) Output-commutativity: outputactionscanalwaysbedelayed.

(OB2) Output-confluence: whenanoutputactionandsomeotheractionarepossible,thenthey canbeperformedin
eitherorderwith thesameresult.In particular, neitheractionprecludestheother.

(OB3) Output-determinacy: from any state/ , thereis atmostonetransitionout � for each�~<�� .

Eachof theseaxiomsis plausiblefor thebehavior of a buffer. Output-determinacy is maybetheleastintuitive of the
threeproperties;the idea is that oncean outputaction is storedin a buffer, thereis only oneway of retrieving it.
Together, theseaxiomscharacterizeout-bufferednessup to weakbisimulation:

Theorem2.1(Characterization of out-bufferedagents). An agent " is out-bufferedif andonly if "�� i for somei satisfying(OB1)–(OB3).

This is a directconsequenceof thefollowing proposition:

Proposition2.2.

1. Everyagentof theform "�¬¤ó satisfies(OB1)–(OB3).

2. If " satisfies(OB1)–(OB3), then "9��"�¬¤ó .

Proof. 1. Clearly, thebuffer ó satisfies(OB1)–(OB3). Moreover, theseconditionsarepreservedby arbitrarysequen-
tial compositionfrom the left. We show this for (OB1); theothercasesaresimilar. Suppose¦ satisfies(OB1). To
show that "*¬L¦ satisfies(OB1), considertransitions

%�î�)L/43 out ± �� %�î�)L/IH°3
Epq

%Ôî H ) n 3 b
Then / out ±
?
­�s/IH in ¦ . By Definition1.2,therearethreecasesfor %ÔîÙ)0/IH°3DE
 �^%�î.HÔ) n 3 :
Case1: /IH�# n , î E
 �»î�H , B notoutput.

Case2: îk#7î�H , /IH{E
 � n , B not input. Hence,by hypothesisthereis /IH H suchthat /�E
 �¹/IH H out ±
?
­� n .
Case3: B�#7z , î out ·
.
��¸î.H , /IH in ·
L
¤� n . Hence,by hypothesisthereis /IH H suchthat / in ·
0
¤�s/IH H out ±
�
�� n .
In eachof thethreecases,thediagramcanbecompleted:

Case1:

%ÔîÙ)0/43 out ±"��
E pq

%�î�) n 3
Epq

%Ôî�H()L/43 out ±��� %Ôî�H() n 3

Case2:

%�î�)L/43 out ± ��
E pq

%�î�)L/IH°3
Epq

%�î�)L/IH H°3 out ±��� %�î�) n 3

Case3:

%�î�)L/43 out ±#��
| pq

%�î�)L/IH°3
|pq

%�î.HJ)L/IH H°3 out ±$�� %�î.HÔ) n 3
2. Suppose"�=��$��§A� satisfies(OB1)–(OB3). For any sequenceô¸#�� � � í ����� �&%f<�� � , we write / out ø
¤
�
J� n if/ out ±�'
j
�
�� out ±)(
j
�
2� ����� out ±)*
y
�
�� n ( +�û-, ). Note that if ôùH[<;� � is a permutationof ô , then / out ø/.
³
�
j� n if f / out ø
¤
�
Ñ� n by

8



(OB1). Considertherelation
� 5 � "F�?8N� "�¬¤ó�� givenby / � % n )¤ô�3 if f / out ø
¤
�
J� n . Clearly,

�
relatesinitial states.We

show that
�

is aweakbisimulation.In onedirection,suppose

/ �
E pq

% n )¤ô�3
/IH b

Two casesarise:

Case1: B�# out � for some�~<�ô . By thedefinitionof
�

, / out ±
?
­�s/IH H out ø/.
K
�
j� n , whereôt#��³ô�H . By (OB3), wehave/IH?#t/�H H . Therefore/IH � % n ),ôùHM3 , andalso % n )¤ô�3DE
 �^% n )¤ôùHM3 . 0
Case2: B7ú# out � for all �6<6ô . From / out ø
¤
�
J� n and / E
 �s/IH , weget /IH out ø
¤
�
Ñ� n H and

n E
 � n H by repeatedapplication
of (OB2). Therefore/IH � % n H()¤ô�3 and % n )¤ô�3�E_ % n H()¤ô�3 (noticethe useof

_
here,which is necessaryin caseB is an

outputaction).0
In theotherdirection,suppose

/ � % n ),ô�3
Epq% n H()¤ô�Hì3 b

We distinguishthreecasesfor % n ),ô�3;E
 �^% n H()¤ôùHM3 , dependingonwhich rule in Definition1.2wasused.

Case1:
n E
 � n H , ô�# ôùH and B not output. Then / out ø
�
�
J� n E
 � n H , which implies /�E
 � /�H out ø
�
�
J� n H by repeated

applicationof (OB1), i.e. /�E
 �s/IH � % n H()¤ô�3 . 0
Case2:

n # n H , ô E
 �^ôùH and B not input. Since ó hasonly input andoutputtransitions,B mustbeout � for some�~<�� with ôt#7�³ô�H . Then / out ±
�
y�¹/�H out ø/.
K
�
j� n , i.e. /�E
 �¹/�H � % n ),ôùHM3 . 0
Case3:

n out ±
?
­� n H , ô in ±
,
��¸ôùH and B$#;z . In thiscase,ôùH�#7ôU� and / out ø
¤
�
J� n out ±
�
y� n H , hence/ � % n H()¤ôùHM3 . 0 h
Remark2.3. Theorem2.1 generalizesto othernotionsof equivalenceof processes,aslong asthey arecoarserthan
weakbisimulation. Indeed,if �# is anequivalenceof processessuchthat ��5 �# , thenfor any agent " , thereexists
someout-bufferedi with " �# i if f thereexists i�H satisfying(OB1)–(OB3) and " �# i�H . This is atrivial consequence
of Theorem2.1. Similar remarksapplyto theotherresultsin thissectionandin Section3.

2.2 In-Buffer ed Agents

Theaxiomsfor in-bufferedagentsarelisted in Table2. Themaindifferenceto theout-bufferedcaseis theproperty
input-receptivity: anin-bufferedagentcanperformany input actionat any time. This wasillustratedin Example1.9.
Theinput/outputautomataof LynchandStark[10] havethisproperty, andsodoesHondaandTokoro’soriginalversion
of theasynchronous� -calculus[9].

Remark.Somewhatsurprisingly, theaxiomsin Table2 arenot independent.In fact,(IB1) and(IB2) areequivalentin
thepresenceof (IB3) and(IB4). We presentall four axiomsin orderto highlight theanalogyto theoutputcase.

Theorem2.4(Characterization of in-bufferedagents). An agent " is in-bufferedif andonly if "���i for somei
satisfying(IB1)–(IB4).

This is a consequenceof thefollowing proposition:

Proposition2.5.

1. Everyagentof theform ó�¬0" satisfies(IB1)–(IB4).

2. If " satisfies(IB1)–(IB4), then "9��ó�¬0" .
9



Proof. The proof is muchlike the proof of Theorem2.2. We give the detailsof 2. to demonstratehow eachof the
properties(IB1)–(IB4) is used.

2. Suppose">=����!§A� satisfies(IB1)–(IB4). For any sequenceôc#ð� � � í ����� �1% < � � we write / in ø
j
�� n if/ in · '
�
?� in · (
Õ
�� ����� in · *
,
�
J� n ( +$û2, ). Again,noticethat if ôùH�<{� � is a permutationof ô , then / in ø/.
J
�
M� n if f / in ø
�
�� n by
(IB1). Considertherelation

� 5�� ó�¬0"F��8�� "F� givenby %Ôô�)L/43 ��n if f / in ø
j
2� n . � relatesinitial states,andweshow that
it is a weakbisimulation.In onedirection,suppose

%�ô�)0/43 ��n
Epqn H b

Then / in ø
j
�� n , hence%�ô�)L/43�|_ %Jò­) n 3 E_ %(ò­) n H°3 . But clearly %(ò�) n H 3 ��n H .
In theotherdirection,suppose

%Ôô�)L/43 �
E pq

n

%ÔôùHÑ)L/IHì3 b
We distinguishtheusualthreecasesby Definition1.2.

Case1: /�#�/IH , ô E
 �õôùH and B not output. In this case,B@# in � for some�$<9� with ôùHÕ#fôU� . By definitionof�
, / in ø
j
�� n in ·
0
¤� n H , hence%�ôùHJ)0/I3 ��n H . 0

Case2: / E
 � /�H , ô�#�ôùH and B not input. To / E
 � /�H and / in ø
j
2� n repeatedlyapply (IB2) to get
n E
 � n H and/IH in ø
j
�� n H , hence%�ô�)L/IHM3 ��n H . 0

Case3: ô out ·
�
��môùH , / in ·
0
¤�l/IH and B�#&z . Then ô #o��ôùH and / in ·
0
¤�l/IH H in ø/.
J
�
�� n . But by (IB3), /�HA# /�H H , hence/IH in ø/.
Ñ
�
�� n , therefore%�ô�HÑ)L/IH°3 ��n . 0 h

2.3 Out-Queuedand In-QueuedAgents

Theresultsfor buffersareeasilyadaptedto queues.Therelevantpropertiesaregivenin Tables3 and4. Noticethat
theconditionsfor commutativityandconfluencediffer from therespectiverulesin thebufferedcaseonly in their side
conditions. Differentoutputs(respectively, differentinputs)no longercommuteor conflow. Output-determinacyis
strengthened:from eachstate,thereis atmostonepossibleoutputtransition.

Notethat(IB1)–(IB4) imply (IQ1)–(IQ4). This is dueto thefactthatevery in-bufferedagentis alsoin-queuedas
a consequenceof Lemma1.5(3). On theotherhand,no implicationholdsbetween(OQ1)–(OQ3) and(OB1)–(OB3),
sinceout-bufferednessandout-queuednessareincomparablenotionsdueto Lemma1.5(4).

Justlike in thebufferedcase,theaxiomsfor inputarenot independent:we have (IQ1)
]:_

(IQ2) in thepresence
of theotheraxioms.

Theorem2.6(Characterization of in- and out-queuedagents). An agent " is out-queuedif andonly if "���i for
somei satisfying(OQ1)–(OQ3). Moreover, " is in-queuedif andonly if "9�7i for somei satisfying(IQ1)–(IQ4).

3 Mor eAgent Constructors and Asynchrony with Feedback

3.1 SomeOperationson Agents

In this section,wewill introducesomeoperationson agents,suchasrenamingandhidingof actions,parallelcompo-
sitionandfeedback.

1. Domainextension.If " is anLTS of type + , andif +C5;+ùH , then " canalsoberegardedasanLTS of type +�H .
10



2. Domainrestriction(hiding). If " is anLTS of type + , andif z�<�+ùH�5�+ , then "F� 3 . is definedto betheLTS of
type +�H whichhasthesamestatesas " , andwhosetransitionsarethoseof " restrictedto � "F�­8�+ùHÕ8$� "A� .

3. Compositionwith functions.Let ">=�����§F� , andlet 4�=?� H � � and 5F=?�¸� � H be functions. By 4�¬¿"*¬65
we denotethe agentof type ��HM�!§F��H with the samestatesas " , andwith input transitions/ in ·�.
­
K�87 ® -³® 9 n if/ in 7 ·�.
K
�
4� - n , outputtransitions/ out 9 ±
�
�
4�87 ® -³® 9 n if / out ±
�
�� - n , andwith /�E
 �:7 ® -K® 9 n if f /�E
 � - n when B is an
internalaction.

Domain extension,domainrestrictionand compositionwith functionsare specialcasesof the following, general
renamingconstruct:

4. General renamingandhiding. Let " beanLTS of type + andlet ;�5�+¨8�+ùH bea relationsuchthat z#;jB�H if fzQ#�BÙH . Define "=< to betheLTSof type +ùH thathasthesamestatesandinitial stateas " andtransitions/ E
 �N-"> n
if f / E .
2�N- n for someB?;jBÙH .

Let usnow turn to variousformsof parallelcomposition.

5. Parallel compositionwithout interaction.Let " and i beLTSsof type + . Then "A@�i is theLTS of type + with
states� "F�y8�� i~� andinitial state%(/�1K) n 1I3 , andwhosetransitionsaregivenby therules

/ E
 � - / H%J/�) n 3NE
 � -CBÑ¯ %(/IHJ) n 3
n E
 � ¯ n H%J/K) n 3;E
 � -CBÑ¯ %(/K) n Hì3

b

6. Symmetricmonoidalstructure. Let �EDD��H bethedisjoint unionof sets.For "�=����@§A� and i$=?��Hì�!§F��H ,
define"FD�i$=��GD�� H �!§F�HD�� H tobetheagent" < @�iJI , where; andK aretheinclusionsof ����§F� , respectively��H°�@§A��H into �LD���HM�@§A�MD@��H . Then D definesa symmetricmonoidalstructureon thecategoriesBuf and
Que. Thetensorunit is givenby theagentN of type òU� ò with onestateandnotransitions.

The constructorswe have consideredso far, including sequentialcomposition,arenot sufficient to build arbitrary
networks. What is missingis theability to constructloops. Thenext constructorallows theoutputof anagentto be
connectedto its own input:

7. Self-composition(feedback). Let "�=��$��§A� . Let Oõ5 �ï8$� be a setof pairs. Define "�P�O , the self-
compositionof " along O , to betheLTS of type ���@§A� whosestatesareidenticalwith thoseof " , andwhose
transitionsaregivenby therules

/�E
 � - n/ E
 �N-&QSR n / out ±
�
y� |_ in ·
L
¤� - n %��.)¤�.3Y<TO/ |
 �@-UQSR n
b

In thecommoncasewhere ">=���� § � and OC#��³%Ô�Õ),��3��y�{<���� , wewill write "?V insteadof "WPMO .

We canuseself-compositionto definebothsequentialandparallelcomposition.

8. Sequentialcomposition. The sequentialcompositionof agentswasdefinedin Definition 1.2. Alternatively,
onecandefineit from the moreprimitive notionsof direct sum, feedbackandhiding: Let "�=���� § � andi$=��\� § « . Then "XD@i$=��YD!�\� § �2DN« , andwith 
\��#��³%Ô�.)¤��3>�y�~<��Q� , onegets "*¬Li ��P,PJ"XD@i R P
�� R � µ �[Z]\ .

9. Parallel composition(with interaction). Let "*)Li$=���� § � . Theparallelcomposition"A� i is definedto bethe
agentPJ"A@�i R V .

Proposition3.1. All of theagentconstructors in this sectionrespectweakbisimulation.For instance, if "���"ÕH andi���i�H , then "=<ù�f"�H< and "^@2i��f"ÕH�@2i�H , etc.
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Table5: First-orderaxiomsfor out-bufferedagentswith feedback

/ out · �� /IH
Epq n
_ / out · ��
E pq

/IH
Epq

/IH H out · �� n
output-commutativity(FB1)

/ out · ��
E pq

/IH

/IH H
_ / out · ��
E pq

/IH
Epq

/�H H out · �� n
whereB7ú# out � and B7ú#;z

output-confluence(FB2)

/ out · ��
out · pq

/IH

/IH H
_ / H #�/ H H

output-determinacy(FB3)

/ out · �� /�H
in ·pq n
_ /

out · ��
| �� ____
____ /IH

in ·pq n
feedback (FB4)

/ out · ��
| pq

/IH

/�H£H
_ / out · ��
| pq

/IH
|pq

/IH H out · �� n
or

/ out · ��
| pq

/�H
in ·`ab b b b
b b b

/IH H
output-tau(FB5)

3.2 Asynchrony with Feedback

In concurrentprocesscalculisuchasCCSor the � -calculus,wedonot think of channelsasedgesin adataflow graph,
but ratherwethink of asingleglobaletherthroughwhichall messagestravel. This ideais mostvisible in thechemical
semanticsof thesecalculi [5]. Theretheetheris modeledasa “chemicalsolution”,which is a multisetof processes,
someof which aretransientmessages.As a consequence,messagesthatareemittedfrom a processareimmediately
availableasinputto all processes,includingthesendingprocessitself. In oursetting,this is bestmodeledby requiring
thatall processesareof type ���$� for onefixedset � , andby usingself-compositionto feedtheoutputbackto the
input.

In thepresenceof feedback,out-bufferednesstakesa slightly differentform, which is expressedin thefollowing
definition.

Definition. An agent"�=�����§A� is out-bufferedwith feedback if "9�dceV for someout-bufferedagentc .

Example3.2. Thefollowing agent" is out-bufferedwith feedback,but notout-buffered:

"9#
Ú Û²ÜÑÝÞ ß²àÑáâ

in · pq
out · ��
| �� �����

���
â

in ·pq
out · ��
|gfh iiiii

ii â
in ·pqâ

out · �� â out · �� â b

Remark.Recently, Amadio,CastellaniandSangiorgi [3] havegivenadefinitionof asynchronousbisimulation,which
accountsfor thefactthatanagentof type ���$� mightreceiveamessage,andthenimmediatelysendit again,without
this interactionbeingobservableon theoutside.Feedbackis concernedwith thedualphenomenon,namelya process
thatsendsamessageandthenimmediatelyreceivesit again.

Out-bufferednesswith feedbackis characterizedup to weakbisimulationby thefirst-orderaxiomsthat arelisted in
Table5.

Theorem3.3(Characterization of out-bufferedagentswith feedback). An agent ">=?����§A� is out-bufferedwith
feedback if andonly if "���i for someagent i satisfying(FB1)–(FB5).

Beforewe prove this theorem,we needtwo lemmas. The first onegivesa usefulconsequenceof the axiomsfor
out-bufferednesswith or without feedback.
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Lemma 3.4. Supposean agent " satisfieseither (OB1)–(OB3) or (FB1)–(FB5). Thenit satisfiesthefollowing prop-
erty, which wecall backwardsoutputdeterminacy:

/
out · pq

/IH
out ·pqn � n H
_ /���/ H b

Proof. Theproof is straightforward.Therelation
� = #¨�y%(/K)L/IH 3���/��C/�H or P ryn ) n H R / out ·
.
�� n � n H ��j6k�l ·	A
�
�
�
�/IHÔ� is weak

bisimulationthatrelates/ and /IH . h
The next lemmaestablishesa technicalpropertyneededin the proof of Theorem3.3. Recall that an agent i is¢ -reducedif i #�i���� .

Lemma 3.5. Assumei is � -reducedandsatisfies(FB1)–(FB5). Definea subset+ 5&�³%(/K) n 3��­/ |
 � n � asfollows:%(/K) n 3ª<�+ iff for all sequencesôC<�� � ,
/ out ø ��
| pq

î
n

_ / out ø ��
| pq

î
|pqn out ø �� ý b

Thenthefollowinghold:

1. Whenever /C|
 � n out ·
.
�� n H and / out ·
.
­�¹/�H{|
 � n H , then %(/K) n 3[<k+ iff %(/IHÔ) n H°3[<k+ .

2. If /C|
 � n and %(/K) n 3>ú<k+ , then / out ·
.
­� in ·
¿
�� n for some�9<k� .

Proof. 1.
_

: Assume%(/K) n 3><!+ and /IH out ø
�
?
J�^î . Thenthereare ý and
n H H with î |
 �^ý and

n out ·
.
��÷/IH H out ø
,
�
J�Gý . By
(FB3), / H #�/ H H , hence/ H out ø
�
�
Ñ�»ý and î |
 �¸ý . Thisshows %(/ H ) n H 3ª<{+ .]

: Conversely, assume%(/ H ) n H 3ª<�+ and / out ø
,
�
J�¸î . We show thatthereexists ý with î�|
 �¸ý and
n out ø
¤
�
J�»ý .

Case1: �!ú<6ô . We get / H out ø
¤
�
J�¸î H and î out ·
.
��¸î H by (FB2), and
n H out ø
¤
�
J�»ý H and î H |
 �¸ý H by theassumptionthat%J/IH() n H°3�<�+ , then î |
 �õý � out ·
.
��ðý³H andalso

n out ø
¤
�
J�ðý í out ·
�
­�ðýyH by (FB1). By Lemma3.4, ý � �fý í , hence,sincei is � -reduced,ý � #�ý í . We cantake ý\#7ý � .
Case2: ��<6ô . Let �?ôùH beapermutationof ô thatbeginswith � . By (FB1), / out ·
?
��¹/IH H out ø/.
³
�
4�¸î , andby (FB3),/IH�#&/IH H . Since %(/IHJ) n Hì3�<!+ , onehas îc|
 � ý and

n H out ø/.
³
�
j�÷ý for someý , hence
n out ·Iø/.
I
�
�
¿� ý andagainby (FB3),n out ø
¤
�
J�¸ý .

2. Assume/ |
 � n and %(/K) n 3�ú<$+ . By definitionof + , thereexists ô <$� � with / out ø
,
�
J�cî suchthat thereexistsnoý with
n out ø
�
�
Ñ�ðý and î�|
 �ðý . Choosesucha ô of minimal length,andlet ô #fô H � (note ô cannotbetheempty

sequence).Then / out ø/.
K
�
4�÷/�H out ·
.
­�cî , n out ø/.
K
�
w� n H , and /�H�|
 � n H , andthereis no ý with
n H out ·
?
��cý and î¹|
 �^ý . By

(FB5), thereis a transitionî in ·
0
¤� n H . From / out ø/.
³
�
4�c/IH out ·
�
��¹î in ·
0
¤� n H and(FB1), onegets / out ·
.
�� in ·
0
¤� n H H out ø/.
K
�
4�n H . By Lemma3.4,
n H H�� n , hence

n H H.# n sincei is � -reduced.Thisshows / out ·
�
�� in ·
0
¤� n . h
Proofof Theorem3.3: Considerthefollowing auxiliaryoperationonagents:For c�=���� § � , definecem by

/�E
 �:n n/�E
 � nAo n / out ·
.
��pn in ·
0
¤�:n n/ |
 � nqo n b

In general,P¤
 R m doesnot respectweakbisimulation.Noticethatif c satisfies(OB1) or (IB1), then crVù�2crm ._
: Suppose">=�����§A� is out-bufferedwith feedback.Thenthereis some c satisfying(OB1)–(OB3), suchthat"9�dceV . It is straightforwardto verify that cem satisfies(FB1)–(FB5), andwecantake i�#2crmù�scrVù�f" .
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Table6: Transitionsfor asynchronousCCS

Put&v�w R B b O E
 �»O
Pyx{z#| R } E
 �sO

} � } H E
 �sO
P$x{z#|:H R } H9E
 �»O

} � } H9E
 �sO
Puvu~"|�� R O E
 �»O�HOg� � E
 �»O�H²� �
P�v)~�|��.H R � E
 �s��HOg� � E
 �»Og� ��H

Pyx{����v)� R O E
 �»O�H ���E
 �s��HOg� � |
 �»O�HÑ� ��H
P6����x R O E
 �»O�H B;ú<T�W� ©�O;�q�^E
 �»O�HK�q�
P$����� R O E
 �»O�H

OQ� 4?� 7 E
J
��»O�H(� 4?�
P$���)v R O E
 �»O�H + def#�O+ E
 �sO H

]
: Supposei$=?���@§�� satisfies(FB1)–(FB5). We will show i is out-bufferedwith feedback.Notice that i\���

alsosatisfies(FB1)–(FB5), hencewe canw.l.o.g.assumethat i is � -reduced.Definea subset+ 5C�³%J/�) n 3���/ |
 � n �
asin Lemma3.5.Let c7=­���@§�� betheagentobtainedfrom i by removing all transitionsof theform / |
 � n where%(/K) n 3�ú<{+ . Moreprecisely, � c���#¨� i~� and / E
 �:n n if f B�ú#7z and / E
 � ¯ n , or B�#�z and %J/�) n 3Y<�+ . We claim that c
satisfies(OB1)–(OB3). Indeed,(OB1) and(OB2) follow from therespectivepropertiesof i in thecasewhereB7ú#�z .
In thecasewhere B$#�z , (OB1) for c follows from (FB1) for i andLemma3.5(1,

]
); whereas(OB2) follows from

thedefinitionof + andLemma3.5(1,
_

). Finally, (OB3) for c followsdirectly from (FB3) for i .

We now show that i�#�cem . The two agentshave thesamestates.For transitions,first notethat 
 �:n 5 
 � ¯ , and
hence
 ��nAo�5C
 � ¯ o�# 
 � ¯ , with thelatterequalityholdingbecauseof (FB4). For theconverse,assume/ E
 � ¯ n . IfB�ú#tz or %J/�) n 3[<9+ , then /¨E
 �:n n andwe aredone.Else B$#tz and %J/�) n 3>ú<9+ , andby Lemma3.5(2), / out ·
.
­� in ·
0
�� n
holdsin i , hencein c . Thisshows / |
 �pn o n .
We have shown that i #�crm\#�ceV for somec satisfying(OB1)–(OB3). Hence,i is out-bufferedwith feedback,
whichfinishestheproofof Theorem3.3. h

4 Example: AsynchronousCCS

In thissection,wewill show thatanasynchronousversionof Milner’sCalculusof CommunicatingSystems(CCS)[11,
12] fits into theframework outlinedin theprevioussectionof out-bufferedlabeledtransitionsystemswith feedback.

Let ��#��4}?))�4)��w) b2b�b � beaninfinite setof names, andlet ©��#��³©}?) ©�j)�©�j) b2b2b � bea correspondingsetof co-names,
suchthat � and ©� aredisjoint andin one-to-onecorrespondencevia P © R . We alsowrite ©©}g#f} . Namescorrespondto
input-actions,andco-namesto output-actions.Let z;ú<���� ©� , andlet ��v�wù#���� ©���t�Iz.� bethesetof actions,
rangedover by the letters BF)6��) b2b2b ; Let the letter � rangeover subsetsof � , and write ©� for �³©}��y}C<��U� . Let
the letter 4 rangeover relabeling functions, which arefunctions 4�=Õ� � � . Any relabelingfunctionextendsto4�=���v�w�����v�w by letting 4�©}�# 4.} and 4�zg#�z .

Let +�),¥~)u��) b2b2b rangeovera fixedsetof processconstants. AsynchronousCCSprocessesOY)L�:) b2b�b andguards} )��9) b2b�b aregivenby thefollowing grammars:

O¨=°=£#�©} b , Og� O O;�q� OQ� 4?� + }
} =°=£#�} b O z b O } � } �

Noticethatthechoiceoperator� is restrictedto input-andz -guardedprocesses.Output-guardedchoiceis traditionally
disallowedin asynchronousprocesscalculi. This is in accordancewith theresultsof this paper, sinceoutput-guarded
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choiceviolatesthe two asynchronousprinciplesof output-determinacy andoutput-confluence.For the � -calculus,
NestmannandPierce[13] have recentlyshown that input-guardedchoicecanbeencodedfrom theotherconstructs;
hencethey includeit in their versionof theasynchronous� -calculus,andwe includeit herefor asynchronousCCSas
well.

Assumea setof defining equations+ def#9O , onefor eachprocessconstant+ . Theoperationalsemanticsof asyn-
chronousCCSis givenin termsof a labeledtransitionsystem" CCS #o%('�){��v�w�)2
 �@3 , which is definedin Table6. The
statesareCCSprocesses.Noticethatwehavenotspecifiedadistinguishedinitial state;this is moreconvenientin this
context, andno harmis done.Also noticethat thereis no rule for � . This is becausetheprocess� is inert, i.e. there
areno transitions� E
 �»O .

Lemma 4.1. If } E
 �»O for a guard } , then B;ú< ©� , i.e. B is notanoutputaction.

Proof. By inductionon thederivationof } E
 �»O . h
To fit the labeledtransitionsystem " CCS into our framework of labeledtransitionsystemswith input and output,
we simply identify the set � of nameswith In � , andthe set ©� of co-nameswith Out � . Then " CCS is a labeled
transitionsystemof type �$��� . Beforeweprovethatthissystemis out-bufferedwith feedback,observethatoutput-
determinacy fails for " CCS:

©} b � � ©} b � �� ��
�� pq

� � ©}

©}�� � )
and � � ©}{ú#�©}�� � . Thefollowing lemmahelpsto remedythesituation:

Lemma 4.2. An agent " is out-buffered with feedback if it satisfies(FB1), (FB2), (FB5), (FB4) and the following
property(WEAK-FB3), which wecall weakoutput-determinacy:

/ out ± ��
out ± pq

/IH

/IH H
_ / out ± ��

out ± pq
/�H

out ±pq
/�H H out ± �� n

or / H #t/ H H

Proof. First noticethat if " satisfiesthe hypothesis,thensodoes "���� , henceonecanw.l.o.g. assumethat " is � -
reduced.Next, oneshowsbackwardsoutputdeterminacy asin Lemma3.4.Fora � -reducedprocess,backwardsoutput
determinacy and(WEAK-FB3) alreadyimplies(FB3), andtherefore" is out-bufferedwith feedbackby Theorem3.3.h
Theorem4.3. Thelabeledtransitionsystem" CCS is out-bufferedwith feedback.

Proof. By Lemma4.2,it sufficestoshow that " CCSsatisfiestheaxioms(FB1), (FB2), (WEAK-FB3), (FB5), and(FB4).
Eachof theseis provedin asimilarfashion.(FB1), (FB2), (WEAK-FB3) and(FB4) canbeprovedindependently, while
(FB5) relieson (FB2) and(WEAK-FB3) ashypotheses.Sincethis is themostinterestingcase,weshow only theproof
of (FB5). Supposethereforethat(FB2) and(WEAK-FB3) havealreadybeenproved.We wantto show

O � � ��
| pq

�
�

_ O � � ��
| pq

�
|pq� � � �� '

or

O � � ��
| pq

�
�`a� � � �
� � �

�
b

We show this by inductionon the derivation of O � �
 � � . We distinguishsix casesbasedon the last rule in that
derivation.Rememberthatthis lastrulecannothavebeen(sum)or (sum’)by Lemma4.1.
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(act): O�# © � b � and �C# � . This is impossible,since© � b � ú |
 � � .

(comp): O #¨O�HJ� O�H H and � #o��HÑ� O�H H , where O�H � �
 �G��H . Then O |
 � � musthave beeninferredby oneof therules
(comp), (comp’)or (synch). Therefore,

� # � H � � H H , andoneof thefollowing holds:

Case1: O H |
 � � H and O H H # � H H . By inductionhypothesison O H |
 � � H and O H � �
 � � H , eitherthereis ' H with� H � �
 �÷'*H and ��H |
 �÷'*H , in which casewe canchoose'�#o'*HÑ� O�H H ; or else ��H �
 � � H , andhence� #¨��HÑ� O�H H �
 �� HÑ� O�H H?# � .

Case2: O�H.# � H and O�H H |
 � � H H . Thenonecanchoose'�#���HÑ� � H H .
Case3: O�H�E
 � � H and O�H H��E
 � � H H . In caseB ú# ©� , we canuse(FB2) to get

� H � �
 � '*H and ��H7E
 � '*H , andwe
let '�# '�HJ� � H H . In caseB�# © � , we canuse(WEAK-FB3) to geteither

� H � �
 �m'*H and ��H � �
 � '*H , andwe let again'�#�'*HJ� � H H ; or else
� H?#t��H , andhence�C#t��HÑ� O�H H ��� �E
.
��s��HÑ� � H H?# � .

(comp’): Thiscaseis symmetricto thepreviousone.

(res): O�#&O�H���� and � # ��H���� , where O�H � �
 � ��H and �9ú<8� . Then
� # � H���� and O�HD|
 � � H . By induction

hypothesis,wegeteither ��Hk|
 �s'*H and
� H � �
 �»'�H for some'*H , andwecanlet '�#�'�H2�=� . Or elseweget ��H �
 � � H ,

hence� �
 � � .

(rel): O¸#ïO�HJ� 4?� and �¸# ��H(� 4?� , where O�H � 
 � ��H and © �k#�4�©� . Then
� # � H(� 4?� and O�Ht|
 � � H . By induction

hypothesis,wegeteither ��H{|
 �s'*H and
� H � 
 �»'*H for some'*H , andwecanlet '�#t'*H(� 4?� . Or elseweget ��H  
 � � H ,

hence� �
 � � .

(rec): O�#&+ where + def#�O�H and O�H � �
 �l� . Since + |
 � � , we mustalsohave O�HN|
 � � , andtheclaim follows by
inductionhypothesis. h

5 Example: The CoreJoin Calculus

The join calculuswas introducedby FournetandGonthierin [7] andfurther developedin [8]. It is a concurrent,
messagepassingcalculuslike the � -calculus. However, the reactionrule is simplerandcloserto the semanticsof
a chemicalabstractmachine. Moreover, the scopingrulesof the join calculusaresuchthat locality canbe easily
modeled.The full join calculusdealswith a distributedsystemof locations,andit containsfeaturesthat dealwith
suchissuesasmigrationandfailure.Here,wewill only beconcernedwith thecore join calculus,whichis thefragment
of thejoin calculusthatpertainsto a singlelocation.

Let �Õ),��) b2b�b rangeover a countableset ¡ of names. Let ¢�Õ)�¢��) b2b�b rangeover sequencesof names.Core join
calculusprocessesOY)0�:) b�b2b andrules

� )L'�) b2b�b aregivenby thefollowing grammars:

O¨= = #;��%�¢��3 Og� O £?¤¦¥ � �¨§ b�b2b § �ª©[«­¬ O � =°=£#�� � P)¢ý � R � b�b2b � � % P)¢ý % RF® O
A processof the form ��%)¢ý�3 is calleda message. In the rule

� #&� � P)¢ý � R � b�b2b � �1%ÕP)¢ý"% RA® O , thenames¢ý � b�b2b ¢ý"% are
bound,andthey areassumedto bedistinct. Thenames� � b2b�b ��% arecalledthedefinednamesof

�
, denoted̄��*P�° R .

Finally, all of the definednamesof
� � ) b2b�b ) � © areboundin the process£?¤¦¥ � � § b�b2b § � © «±¬ O . For a more

comprehensivetreatment,see[7, 8].
Thesemanticsof thecorejoin calculusis givenin thestyleof a chemicalabstractmachine.A state 
Y²/³M´ is a

multiset 
 of rulestogetherwith amultiset ´ of processes.µ is asetof names,suchthat ¶)�*P(
6)�´ R 58µ . We identify
statesup to B -equivalence,i.e. up to renamingof boundvariables.The transitionsof this machinefollow a simple
idea: theprocesseson theright handsideevolve accordingto theruleson theleft-handside.Therearetwo kindsof
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transitions:structural transitions,denoted· , andreactions, denoteḑ� :

Pyx{w���¹ R 
�²]³2´�),Og� � · 
�²]³d´�),OY)0�
Pyx{w��{º R 
�²]³2´�)�£F¤�¥ � �»§ b2b2b § ��©[«±¬ O · 
6) � � ) b�b2b ) ��© ²/³ . ´�),O

whereµ H #dµ �M¯���P­°½¼�) b�b2b ))° W>R
P¿¾�~�ÀÁ� R 
�² ³ ´�)¤� � %]¢� � 3�) b2b�b )¤��%�%¨¢�&%�3Â¸� 
�² ³ ´�)��"¢� � �1¢ý � ) b2b�b )q¢�&%��1¢ý"%³�ìO

where P�� � P)¢ý � R � b2b�b � �1%�P)¢ý"% R¨® O R <{

The rule P¿¾�~�ÀÁ� R is of courseonly applicableis the lengthof ¢�KT and ¢ýwT arethe same,for all

a
. Note that in the rulePyx{w��{º R , the sets µ and ¯"��P�°Ã¼�) b2b2b ))° W�R mustbe disjoint; this may necessitaterenamingsomeboundvariablesin£F¤�¥ � �»§ b2b2b § �ª©Ä«±¬ O .

Remark.In theoriginal formulationof the join-calculus[7, 8], thestructuralrulesareassumedto bereversible.We
adoptadifferentconventionhere.Especiallytheinverseof rule x{w­�{º causesproblemsin oursetting,asit allowsastate
undercertainconditionsto renameits freenames.

To make make thejoin calculusinto a labeledtransitionsystemwith input andoutput,let �¹#o�I�Ù%�¢��3��y��<T¡C)�¢��<¡ � � bethesetof messages.We addinputandoutputtransitions:

P$ÀÁ� R 
�²]³2´ in ·UÅ�Æ±�Ç
L
�
�
²� 
�² ³ÉÈ þ ·&ÊËÆ±�ÿ ´�),�Ù%�¢�­3
P�~"z#w R 
-²]³s´�),�Ù%�¢��3 out ·UÅ�Æ±�Ç
�
�
�
­� 
�²/³2´

Further, welet |
 �¹#Ì·Í��¸� . With thesedefinitions,thejoin calculusdefinesalabeledtransitionsystem" join =������ .

Theorem5.1. Thelabeledtransitionsystem" join definedby thecore join calculusis out-bufferedwith feedback.

6 Other Characterizationsof Asynchrony

In Sections2 and3, wehave characterizednotionsof asynchrony by first-orderaxiomsup to weakbisimulation. It is
possibleto removethewords“up to weakbisimulation”,i.e. to characterizeasynchrony directly. Thishappensat the
costof introducingsecond-orderaxioms. Theshift to second-orderseemsto be inevitable,sinceweakbisimulation
itself is a second-ordernotion.

6.1 Out-Buffered Agents

Considerthetwo differentoutputtransitionsin

"9# Ú ÛÑÜÑÝÞ ßÑàÑá/
in · pq |

�� out ± ÎÏn
out ± �� î b

ý
Thetransition / out ±
�
y�ðî hastheimplicit effect of disablingtheactionin � . Thetransition

n out ±
�
­�ðî hasno suchside
effect. Roughly, out-bufferednessis characterizedby thefactthateveryoutputtransition

out ±
?
­� factorsinto asilentpart

|_ anda part
out ±�FÐ withoutsideeffects.

Thesecond-orderaxiomsfor out-bufferedagentsaregivenin Table7. A state/ in anLTS " is reachable if there
exist transitions/21 E '
�� b�b2b E *
Ñ
Ô�s/ from theinitial state/�1 . If "9��i , thenfor everyreachable/�<9" , thereis reachablen <ki with /�� n .
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Table7: Second-orderaxiomsfor out-bufferedagents

/ out ±�FÐ
Eù��

n

/IH
_ / out ±�FÐ
E ��

n
E��/ H out ±�FÐ n H

whereB7ú# out �
(OB1* )

/ out ±�FÐ n
E�� n H
_ / out ±�FÐ
E ��

n
E��/ H out ±�FÐ n H

whereB;ú# out �
(OB2* )

/ out ±�FÐ
out ± ��

n

/IH
_ / out ±�FÐ

out ± ��
n
|��/�H$� n H

(OB3* )

/ out ±�¨Ð n _ / out ±# _ � n
(OB4* )

/ out ±
�
y� n _ / |_ out ±�FÐ n
where / reachable

(OB5* )

Table8: Second-orderaxiomsfor in-bufferedagents

/ in ·�FÐ
E ��

n

/IH
_ / in ·�FÐ
E���

n
E��/�H in ·�FÐ n H

whereB;ú# in �
(IB1* )

/ in ·�FÐ
in · ��

n

/IH
_ / in ·�FÐ

in · ��
n
|��/IH�� n H

(IB2* )

/ in ·�FÐ n _ / in ·# _ /IH?� n
(IB3* )

/ _ / in ·�FÐD/IH
where/ reachable

(IB4* )

Table9: Second-orderaxiomsfor out-queuedagents

/ out ±�FÐËÐ
E ��

n

/�H
_ / out ±�FÐËÐ
E���

n
E��/IH out ±�FÐËÐ n H

whereB notoutput

(OQ1* )

/ out ±�FÐËÐ n
E�� n H
_ / out ±�FÐËÐ
E���

n
E��/IH out ±�FÐËÐ n H

whereB notoutput

(OQ2* )

/ out ±�FÐËÐ
out º ��

n

/IH
_ �:#�� and

/ out ±�¨ÐÑÐ
out º ��

n
|��/IH�� n H

(OQ3* )

/ out ±�FÐÑÐ n _ / out ±# _ � n
(OQ4* )

/ out ±
?
­� n _ /;|_ out ±�FÐËÐ n
where / reachable

(OQ5* )

Table10: Second-orderaxiomsfor in-queuedagents

/ in ·�¨ÐÑÐ
E ��

n

/IH
_ / in ·�FÐËÐ
E���

n
E��/IH in ·�FÐËÐ n H

whereB not input

(IQ1* )

/ in ·�FÐÑÐ
in · ��

n

/IH
_ / in ·�¨ÐÑÐ

in · ��
n
|��/IH�� n H

(IQ2* )

/ in ·�FÐÑÐ n _ / in ·# _ � n
(IQ3* )

/ _ / in ·�FÐËÐD/IH
where/ reachable

(IQ4* )
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Theorem6.1. An agent ">=?��� § � is out-bufferedif andonly if there existsa binary relation
out ±�FÐ�5 � "A��8;� "F� for

each �6<k� , satisfying(OB1* )–(OB5* ).

Proof.
_

: Suppose" is out-buffered.By Theorem2.1, "���i for somei satisfying(OB1)–(OB3). For /K) n <!� "A� ,
define/ out ±�FÐ n if f thereexist /IHÔ) n H�<�� i~� with /��t/IH out ±
�
y� n H?� n . It is easyto verify that

out ±�FÐ satisfies(OB1* )–(OB5* ).

]
: Suppose" satisfies(OB1* )–(OB5* ). Noticethatif arelation

out ±�FÐ satisfies(OB1* )–(OB5* ), thensodoes� � out ±�FÐ �
� . Henceassumew.l.o.g. that

out ±�FÐ is invariantunderweakbisimulation.For any sequenceô #¨� � � í ����� �U%$<@� � ,
write / out ø�¨Ð n if / out ±�'�FÐ out ±)(�FÐ ����� out ±)*�FÐD� n . Note that in the case+ #Ò, this means/�� n . Considerthe relation� 5�� "F�­8�� "�¬¤ó�� definedby

� #��³%J/K)�% n ),ô�3¤3��­/ out ø�FÐ n and
n

reachable� . Clearly,
�

relatesinitial states:/ 1 � %(/ 1 )LòK3 .
We show that

�
is a weakbisimulation.Suppose

/ �
E pq

% n )¤ô�3
/IH()

whereô�#7� � ����� �&% .

Case1: B is out ��T for someÓÃÔ a Ô[+ . Take theminimalsuch
a
. Then

/ out ±{'�FÐ
out ±)Õ pq

����� out ± ÕÁÖ�'�FÐ â out ±uÕ�FÐ
out ±)Õ ��

â out ± ÕÑ×¦'�FÐ
| ��

����� out ±)*�FÐ â �
| ��

n
| ��/ H out ± '�¨Ð ����� out ± ÕÁÖ�'�FÐ â � â out ± ÕÑ×¦'�FÐ ����� out ± *�FÐ â � n H

by (OB1* ) and(OB3* ). With ô H #7� � ����� � T ��� � TÑØ � ����� �&% wehencehave / H � % n H )¤ô H 3 , andalso % n ),ô�3 out ± Õ# _ % n H )¤ô H 3 . 0
Case2: B¨ú# out ��T for all

a
. From / E
 �l/ H and / out ø�FÐ n , by repeatedapplicationof (OB3* ), we get / H out ø�FÐ n H andn E_¸n H for some

n H , hence/IH � % n HÔ),ô�3 and % n ),ô�39E_ % n HÔ),ô�3 . 0
Now suppose

/ � % n ),ô�3
Epq% n H()¤ô�Hì3 b

We distinguishthreecasesfor % n ),ô�3;E
 �^% n H()¤ôùHM3 by Definition1.2:

Case1:
n E
 � n H , ô&# ôùH and B not output. Then / out ø�FÐ n E
 � n H implies /tE_ /IH out ø�FÐ n H by repeatedapplicationof

(OB2* ), i.e. /@E_ /IH � % n HÔ),ô�3 . 0
Case2:

n # n H , ô E
 � ôùH and B not input. If ô�# � � ����� �U% , then B�# out � T for some ÓWÔ a Ô-+ . Let
a

be the
minimalsuchindex. Then

/ out ±{'�FÐ
out ± ��

����� out ± ÕÙÖ�'�FÐ â out ±uÕ�¨Ð
out ± ��

â out ± ÕÑ×¦'�FÐ ����� out ±)*�FÐ â � n

/�H out ± '�FÐ ����� out ± ÕÙÖ�'�FÐ â � â
by (OB4* ) and(OB2* ), hence/ out ±# _ /IH � % n )¤ôùHM3 . 0
Case3:

n out ±
?
­� n H , ô in ±
L
�� ô�H and B #�z . Then ôùH�#�ôU� . By (OB5* ), since
n

is reachable,thereis
n H H withn |_¸n H H out ±�FÐ n H . Then / out ø�¨Ð n andrepeatedapplicationof (OB2* ) give /;|_ /�H out ø�FÐ n H£H out ±�FÐ n H , hence/ � % n HJ)¤ôùHM3 . 0 h
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Remark.Notice that Principle1.1 canbe appliedto obtaina uniquemaximal relation
out ±�FÐ , for every � , satisfying

(OB1* )–(OB4* ). Thus, " is out-bufferedif thisuniquerelationalsosatisfies(OB5* ). Noticein particularhow (OB1* )

and(OB2* ) resemblethedefinitionof weakbisimulation;onemaythink of therelation
out ±�¨Ð asaweakbisimulationup

to a suspendedoutput.

6.2 In-Buffer ed Agents

Thesecond-orderaxiomsfor in-bufferedagentsaregiven in Table8. This is similar to the axiomsfor out-buffered
agents,but notice that thereis no analogueto (OB2* ). This reflectsthe fact that unlike output transitions,input
transitionscanenable, but notdisableothertransitions.

Theorem6.2. An agent ">=����!§A� is in-buffered if and only if there existsa binary relation
in ·�FÐ for each �7<D� ,

satisfying(IB1* )–(IB4* ).

Proof.
_

: As in theproofof Theorem6.1.

]
: Suppose" satisfies(IB1* )–(IB4* ). Again,wecanw.l.o.g.assumethat

in ·�¨Ð is invariantunderweakbisimulation.

For any sequenceô�# � � � í ����� �1%7<7� � , write / in ø�¨Ð n if / in · '�FÐ in ·�(�FÐ ����� in ·�*�¨Ðg� n PÙ+�ûY, R . Considerthe relation� 5C� ó�¬0"F�J8�� "F� definedby
� #C�y%¤%Ôô�)L/43¿) n 3���/ in ø�¨Ð n and

n
reachable� . Noticethat

�
relatesinitial states:%(ò�)L/�1I3 � /21 .

To seethat
�

is a weakbisimulation,suppose

%�ô�)0/43 ��n
Epqn H )

whereô�#�� � ����� �1% . From / in ø�FÐ n , with (IB3* ) andweakbisimulationweget / in ø# _ /�H�� n , hence/IH�E_ /IH H for some/IH H?� n H . Consequently%�ô�)0/43 |_ %(ò�)L/IHì39E_ %(ò�)L/IH Hì3 ��n H . Conversely, suppose

%Ôô�)L/43 �
E pq

n

%ÔôùHÑ)L/IHì3 b
Again,wedistinguishthreecases:

Case1: /�#�/IH , ô E
 �õôùH and B not output.Then B@# in � and ôùHÙ#tôU� for some�$<�� . By (IB4* ),
n in ·�¨Ð n H H for

some
n H H , andby (IB3* ),

n in ·# _¸n H�� n H H , hencealso
n in ·�FÐ n H , andweget / in ø�FÐ n in ·�¨Ð n H , i.e. %ÔôùHJ)L/43 ��n H and

n in ·# _¸n H . 0
Case2: /»E
 � /IH , ôï#�ôùH and B not input. From / in ø�FÐ n by repeatedapplicationof (IB1* ), we get

n E_ n H and

/IH in ø�FÐ n H , i.e. %�ô�)0/IHì3 ��n H . 0
Case3: ô out ·
�
��¸ôùH , / in ·
0
��¹/�H and B�#�z . If ôt#�� � � í ����� ��% , then � mustbe � T for someÓ½Ô a Ô[+ . Let such

a
be

minimalandconstruct

/ in · '�FÐ
in · pq

����� in ·�ÕÙÖ�'�¨Ð â in · Õ�FÐ
in · ��

â in ·�ÕÑ×¦'�¨Ð
| ��

����� in · *�FÐ â �
| ��

n
| ��/�H in · '�FÐ ����� in ·�ÕÙÖ�'�¨Ð â � â in ·�ÕÑ×¦'�¨Ð ����� in · *�FÐ â � n H

by (IB1* ) and(IB2* ). Thisshows %(/IHJ)¤ô�Hì3 ��n H . 0 h
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6.3 Out-Queuedand In-QueuedAgents

Thesecond-orderaxiomsfor out-andin-queuedagentsaregivenin Tables9 and10,respectively. Noticethattheonly
differenceto thebufferedcasearethesideconditions.

Theorem6.3. An agent ">=?����§F� is out-queuedif andonly if there are relations
out ±�FÐËÐ satisfying(OQ1* )–(OQ5* ).

" is in-queuedif andonly if thereare relations
in ·�FÐËÐ satisfying(IQ1* )–(IQ4* ).

7 Conclusionsand FutureWork

We have shown how to abstractlycharacterizevariousnotionsof asynchrony in a general-purposeframework, inde-
pendentlyof any particularprocessparadigm.This canbedoneby first-orderaxiomsup to weakbisimulation,or by
higher-orderaxioms“on thenose”. Thepresentframework of labeledtransitionsystemswith input andoutputcan
beusedto modelasynchronouscommunicationin CCS,aswell asthe join-calculus.To give anadequatetreatment
of calculi with explicit, dynamicscopingoperators,suchasthe � -calculus,oneshouldequiptheselabeledtransition
systemswith the ability to handledynamicallycreatednames.Work is in progresson a notion of fiberedlabeled
transitionsystemthatcanbeusedto modelthismoregeneralsituation.

References
[1] S. Abramsky. Interactioncategoriesandcommunicatingsequentialprocesses.In A. W. Roscoe,editor, A ClassicalMind:

Essaysin honourof C. A. R.Hoare, pages1–16.PrenticeHall International,1994.

[2] S. Abramsky, S. Gay, andR. Nagarajan.Interactioncategoriesandtypedconcurrentprogramming.In Proceedingsof the
1994Marktoberdorf SummerSchool. Springer, 1994.

[3] R. M. Amadio,I. Castellani,andD. Sangiorgi. Onbisimulationsfor theasynchronousÚ -calculus.In CONCUR’96, Springer
LNCS1119,pages147–162,1996.

[4] M. A. Bednarczyk.Categoriesof asynchronoussystems. PhDthesis,Universityof Sussex, 1988.

[5] G. BerryandG. Boudol. Thechemicalabstractmachine.TheoreticalComputerScience, 96:217–248,1992.

[6] G. Boudol. Asynchrony andthe Ú -calculus.TechnicalReport1702,INRIA, Sophia-Antipolis,1992.

[7] C. FournetandG. Gonthier. Thereflexivechamandthejoin-calculus.In POPL’96, 1996.

[8] C. Fournet,G. Gonthier, J.-J.Levy, L. Maranget,andD. Remy. A calculusof mobile agents. In CONCUR’96, Springer
LNCS1119,pages406–421,1996.

[9] K. HondaandM. Tokoro. An objectcalculusfor asynchronouscommunication.In Proc.ECOOP91,Geneve, 1991.

[10] N. A. Lynch andE. W. Stark. A proof of the Kahn principle for input/outputautomata. Informationand Computation,
82:81–92,1989.

[11] R. Milner. A Calculusof CommunicationgSystems. SpringerLNCS92.1980.

[12] R. Milner. Operationalandalgebraicsemanticsof concurrentprocesses.Technicalreport,University of Edinburgh, Nov.
1987.Chapterfor theHandbookof TheoreticalComputerScience.

[13] U. NestmannandB. C. Pierce.Decodingchoiceencodings.In CONCUR’96, SpringerLNCS1119,pages179–194,1996.

[14] C. Palamidessi.Comparingtheexpressive power of thesynchronousandtheasynchronousÚ -calculus.In POPL’97 (Paris),
1997.

[15] M. W. Shields.Concurrentmachines.Theoretical ComputerScience, 28:449–465,1985.

21


