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Abstract. We study propertiesof asynchronousommunicationindependentlyf any concreteconcurrentprocess
paradigmWe give ageneral-purposenathematicallyigorousdefinitionof severalnotionsof asynchrop in anatural
settingwhereanagentis asynchronous its inputand/oroutputis filtered througha buffer or a queue possiblywith
feedbackln a seriesof theoremsye give necessargndsuficient conditionsfor eachof thesenotionsin theform of
simplefirst-orderor second-ordeaxioms. We illustratethe formalismby applyingit to asynchronou€CSandthe
corejoin calculus.

Intr oduction

Thedistinctionbetweersyntironousandasynéironouscommunications a relevantissuein the designandanalysis
of distributedandconcurrennetworks. Intuitively, communications saidto be synchronou§ messagearesentand
receved simultaneouslyvia a 'handshak’ or 'rendez-wus’ of senderandrecever. It is asynchronousf messages
travel througha communicatiormediumwith possibledelay suchthat the sendercannotbe certainif or whena
messagdasheenreceved.

Asynchronougommunications oftenstudiedin theframework of concurrenprocesgparadigmsuchastheasyn-
chronousr-calculus whichwasoriginally introducedoy HondaandTokoro [9], andwasindependentlyliscoreredby
Boudol[6] asaresultof hiswork with Berry onchemicalabstractachineg5]. Anothersuchasynchronouparadigm
is thejoin calculuswhichwasrecentlyproposedy FournetandGonthierasa calculusof mobileagentsn distributed
networkswith locality andfailure[7, 8].

In this paper we study propertiesof asynchronousommunicatiorin general,not with regardto ary particular
procesgalculus.We give ageneral-purposenathematicallyigorousdefinitionof asynchrog, andwe thenshow that
this notioncanbe axiomatized We modelprocesseby labeledtransitionsystemswith inputandoutput,a frameavork
thatis sufficiently generalto fit concurrenfprocesgparadigmssuchasthe w-calculusor thejoin calculus,aswell as
dataflow modelsandothersuchformalisms. Thesetransitionsystemsaresimilar to Lynch and Stark’s input/output
automatd10], but our treatmenis morecateyory-theoreticahndclosein spirit to Abramsk/’s interactioncategories
[1, 2].

Variouspropertief asynchrog have beenexploitedin differentcontexts by mary authors.For instancelynch
and Stark [10] postulatea form of input receptivityfor their automata. Palamidessi{14] makes useof a certain
confluencepropertyto prove thatthe expressve power of the asynchronoug-calculusis strictly lessthanthat of the
synchronous-calculus.Axioms similarto ourshave beenpostulatedy [4] andby [15] for anotionof asynchronous
labeledtransitionsystemsbut without the input/outputdistinctionwhich is centralto the our approach.

The main novelty of this paperis that our axiomsare not postulateda priori, but derived from more primitive
notions. We defineasynchrog in elementaryterms: an agentis asynchronou§ its input and/oroutputis filtered
througha communicationmedium, suchas a buffer or a queue,possiblywith feedback. We then shav that our
first- and second-ordeaxiomspreciselycaptureeachof thesenotions. This characterizatiofjustifiesthe axiomsa
posteriori As atestbedandfor illustration,we applytheseaxiomsto anasynchronousersionof Milner’s CCS,and
to thecorejoin calculus.
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1 An Elementary Definition of Asynchrony

If Risabinaryrelation,wewrite R~! for theinverserelationand R* for thereflexive, transitive closureof R. We also
write «+— for —~1, etc. Thebinaryidentity relationon a setis denotedA. The compositionof two binary relations
R andq is written R o ) or simply RQ, i.e. zRQz if thereexistsy suchthatzRyQz. We write xR for the unary
relation{y|z Ry}, andsimilarly Ry for {z|zRy}. Thedisjointunionof setsX andY is denotecby X + Y.

1.1 LabeledTransition Systemsand Bisimulation

To keepthis paperself-containedwe summarizehe standardiefinitionsfor labeledtransitionsystemsandweakand
strongbisimulation.

Definition. A labeledtransition system(LTS) is atupleS = (S, A, —s, so), WwhereS is a setof states A is a setof
actions —g C S x A x S isatransitionrelation andsy € S is aninitial state We call A thetypeof S, andwe write
S: A.

We often omit the subscripton —s, andwe write |S| for the setof statesS. For a € A, we regard— asa binary
relationon S| via s = s’ iff (s,a, s') € —. Thedefinitionsof strongandweakbisimulationrely on the following
principle of co-inductie definition:

Principle 1.1. Let X bea setand P a propertyof subset®f X. If P(R) is definedby clausesof theform F;(R) C
G:(R), whee F; and G; are set-valuedmonotoneopeitors, and if F; preserveaunions,then P is closedunder
unions.In particular, thereis a maximalR, ;4 € X with P(Raz)-

Proof. SinceF; preseresunions,it hasaright adjoint 7. ThenP(R) < Vi.Fi(R) C Gi(R) < R C
N; FiGi(R). HenceP is the setof pre-fixpointsof a monotoneoperatorand thereforeclosedunderleastupper
boundslLet Ry,,; = U{R | P(R)}. O

Definition. LetS andT belLTSsof type A. A binaryrelationR C |S| x | T| is astrongbisimulationif for all o € A4,
R% C BRandR'% C B3R Indiagrams:

sRt s Rt sRt s Rt
le >3al o ad o) s3.a |
t' s Rt s’ s Rt

Next, we consider. TSswith a distinguishedactionr € A, calledthesilent or the unobservablection.Let = bethe
relation—*. Fora € A\ 7, let= betherelation-* = -*. A binaryrelationR C |S| x |T| is aweakbisimulation

if foralla € A, R C 2RandR~'% C 2R~L. In diagrams:

sRt s Rt sRt s Rt
¢a = 3s'. aﬂ ¢a and a¢ = 3t'. a¢ ﬂa
t s Rt s’ s Rt

By Principlel.1,it followsthatthereis a maximalstrongbisimulation,which we denoteby ~, anda maximalweak
bisimulationwhich we denoteby ~. We saythats € |S| andt € |T| arestrongly (weakly)bisimilar if s ~ ¢ (s ~ t).
Finally, S andT aresaidto bestrongly(weakly)bisimilarif s ~ tg (so ~ to).

Remark.Notethat R C |S| x |T| is a weakbisimulationif andonly if for all a € A, RS> C 2R andR~'3 C
2R

If S, T, U arelabeledtransitionsystemsandif R C |S| x |T| and@ C |T| x |U| areweak(respectiely, strong)
bisimulations thenso arethe identity relationA C S| x |S|, theinverseR~! C |T| x |S|, andthe composition
R o @ C |S| x |U|. Henceweakandstrongbisimilarity eachdefinea global equivalencerelationon the classof all
statesof all possibldabeledtransitionsystems.



In particular ~ and =, asbinary relationson an LTS S, are equivalencerelations. We denotethe respectie
equialenceclasse®f astates by [s].. and[s]x. OnthequotientS/~, we definetransitiongs]. = [t]~ iff s =~ t,
makingit into a well-definedtransitionsystem.Similarly, on S /~, we define[s]y, = [t]~ iff s >~ t. Forall s € S,
onehass ~ [s].. ands = [s]~, andhenceS ~ (S/~) andS =~ (S/~). We saythat$ is ~-reducedif S = S/~, and
~-reducedif S = S/=.

1.2 Input, Output and SequentialComposition

Sofarwe have distinguishednly oneaction:thesilentactionr. We will now addfurtherstructurgo thesetof actions
by distinguishinginput andoutputactions.Let in andout be constantsFor ary setsX andY’, definea setof input
actionsin X := {in} x X, anda setof outputactionsOutY := {out} x Y. NotethatIn X andOutY aredisjoint.
We will write input andoutputactionsasin z andoutz insteadof (in, z) and(out z), respectiely. Let B be a set
whoseelementsarenotof theformin z, outy or 7. Theelementof B + {7} arecalledinternal actions

Definition. We defineX —pY to bethesetin X 4+ OutY + B + {7}. A labeledtransitionsystens of type X —gY
is calledan LTS with input and output, or simplyanagent If B is empty we will omit thesubscripin X —gY.

The traditional CCS notationis “z” for input actionsand“z” for outputactions. We usein z andoutz insteadto
emphasiz¢hedistinctionbetweera messagén xz andits contentz.

Our labeledtransitionsystemswith input andoutputaresimilar to the input/outputautomataof Lynch and Stark
[10]. However, we considera notion of sequentiatompositionthatis morein the spirit of Abramsky’s interaction
catgories[1, 2]. Giventwo agentsS: X —gY andT: Y—pZ, we defineS; T: X— pZ by feedingthe outputof
S into theinputof T. Thisis a specialcaseof parallelcompositionandhiding. Notice thatthis notion of sequential
compositionis differentfrom theoneof CSPor ACR whereT cannotstartexecutionuntil S is finished.

Sequentiatompositiontogethewith certainotheragentconstructorshatwe will investigaten Section3.1,can
beusedto build arbitrarynetworksof agents.

Definition 1.2. Let S: X—gY andT: Y —gZ be agentswith respectie initial statessy andtg. The sequential
compositionS; T is of type X — g Z. It hasstatedS| x |T| andinitial state(sq, to). Thetransitionsaregivenby the
following rules:

s %s s’ anotoutput t %ot anotinput g U
(s:8) “sir (s'1) (5,1) Ssir (5,1) (5,8) D8z (5,8

Examplel.3. For ary setX, defineanagentZx of type X —X with statesX + {_L}, initial state L andtransitions
1L % zandz 2% 1, forallz € X. Tx actsasa buffer of capacityone: A possiblesequencef transitionss

in out in out in out
1551 "y =51 25, 251,

Let X = {z}. ThenZx andZx;Zx arethefollowing agents:

@ outz <J_,g;')

inx

IX = @j;x IX;IX = inz / linw
(an-> T (SL’,IL')

Heretheinitial stateof eachagentis circled. Whenrepresentingigentsn diagramdike these,t is often cornvenient
to omit the namef the statesandto identify weaklybisimilar states With thatconvention,we write:

inz inx inz

Lo=@C e IoIyn@C_Se T s

outz outz outz



NotethatZx; Zx is aqueueof capacity2. LetY = {y, z}. Thefollowing diagramsepresenfy andZy;Zy:

. [ )
ny outz
outz iny outz outz iny iny
e
. ~ °

~— ~—
inz outy inz inz outy outy

outy inz
.

Again,Zy; Zy is aqueueof capacity2. Noticethatit is first-in, first-out.
Two LTSsS andT of type A areisomorphicif thereis abijectionbetweer|S| and| T| preserving— andinitial states.

Lemmal.4. 1. SequentiaCompositiorof labeledtransitionsystemss associativaip to isomorphism.

2. Thefollowing hold for the compositiorS; T

s32gs  anotoutput t2r ¢  anotinput s MY g gy
(s,1) Zs;1 (', 1) (s,1) Zs;1 (s,1) (s,t) D7 (8, 1)

3. SequentiaCompositiorof agentsrespectbothweakandstrongbisimulation,i.e.

81NS2 T1%T2 and SlfVSz T1NT2
Sl;T1%S2;T2 Sl;TlNSQ;TQ

«, «,

Proof. 1. It is easyto checkthat{(s,t),u) — ({s',t'),u') if andonlyif (s, (¢t,u)) — (s',{t',u")).

2. Thefirst two statementsretrivial from Definition 1.2. For the third one,assumes —* s; outy, s 5* ¢ and
t 5t~ 1y DXt Then(s,t) 5% (s1,1) 5% (s1,t1) — (82, t2) =% (s',t2) D% (s', ).

3. LetSy,S2: X—»pY andT;, T2: Y—pZ. Supposé) C |S;|x|S2|andR C |T,| x | T2| areweakbisimulations.
We shav that@ x R = {({s1,%1), (s2,2)) | s1Qs2 andt; Rta} C |S1;T1| X |S2; T2 is a weakbisimulation. It
sufficesw.l.0.g.to shav oneof thetwo directions.Suppose

(s1,t1) @ X R (s2,12)
)
(s1,11)
for somea € X—gpZ. Therearethreecasesdependingon which of thethreerulesin Definition 1.2 wasusedto
derive (s1,t1) = (s}, t)):
Casel: s; — si,t; =t} anda is notoutput:By @ thereis s} suchthats, = sb ands)Qsh. Lett) = t».
Case2: t; — t}, s, = s} anda is notinput: By R thereis t!, suchthatt, = t, andt, Rt),. Let s, = s».

Case3: s, 2% gt t; 2% ¢ anda = 7: By Q andR, thereares), andt, suchthatsy 2% s, s/ Qsb, t» =% ¢,
andt| Rt}.

In eachcasepy 2.,
(s1,t1) @ X R (s2,12)

T¢ ﬂa
(s1,t1) @ x R (s3,13).
For strongbisimulation the proofis similar. O

Unfortunately agentsdo not form a cateyory undersequentiacomposition: thereare no identity morphisms. In
Sectionl.4,wewill introducetwo cateyoriesof agentspneof which hasunboundeduffersasits identity morphisms,
andtheotheronequeues.



1.3 Buffers and Queues

For any setX, let X* bethefree monoidand X** the free commutatve monoidgeneratedy X. The elementf
X* arefinite sequencesThe emptysequencés denotedby e. The elementsof X** arefinite multisets. The empty
multisetis denotedby (). We definethefollowing agentsof type X — 5 X :

1. Thebuffer Bx hasstatesX **, initial statef), andtransitionsw N2 e andzw 2% w, for allw € X** and
rz e X.

2. ThequeueQ x hasstatesX™*, initial statee, andtransitionsw 2 we andzw 2% w, forallw € X* and
rz e X.

The only differencebetweenthe definitionsof Bx and Qx is whetherthe statesare consideredas sequencesr
multisets.We will write B andQ withoutsubscripif X is clearfrom the context. B actsasaninfinite capacitybuffer
which doesnot presere the orderof messaged-or example,onepossiblesequencef transitionss

inz iny inz outz inw
022 p DYy gy D2 gy XYy gy 2T, DY 2.

Q actsasaninfinite capacityfirst-in, first-outqueue A possiblesequencef transitionds

inx outz, inz

e—)x—>wy—>y—>yz—>yzw—>zw
Lemmalb. 1. B;B~BandB;B# B.
2. 9;90~QandQ;Q # Q.
3. 9;B=BandQ;B +# B.
4. If |X| > 2,thenB; Q # BandB; Q # Q.

Proof. 1.-3.: Define{u,v)Rw iff vu = w, whereu, v andw aremultisetsor sequencessappropriateln eachcase,
R is aweakbisimulation.To seethatstrongbisimilarity doesnot hold, obserethatin eachcasethe compositeagent
hassilentactionswhile B andQ do not.

4.: Obsene that B; Q hasa transitionsg L@% s from its initial statesuchthat s; LYME g possible,but

S1 e MY s not. Thisis not the casefor either3 or Q. Suchpropertiesaarepreseredunderweakbisimulation. [

Theremaindeof this paperis devotedto examiningthe effect of composingarbitraryagentswith buffersandqueues.

1.4 Notions of Asynchrony

In the asynchronousnodel of communicationmessagesre assumedo travel througha communicatiormedium
or ether Sometimesthe mediumis assumedo be first-in, first-out (a queue);sometimesasin the asynchronous
w-calculus messagemightberecevedin ary order(abuffer).

Ourapproachs simple:we modelthemediumexplicitly. An asynchronouagents onewhoseoutputand/orinput
behaesasif filteredthrougheitherabuffer B or aqueueQ.

Definition 1.6. An agentS: X—gY is

out-huffered if S=~S;B out-queued if S=S§S;0Q
in-buffered if S=B;S in-queued if S= Q;S
buffered if S=B;S;B queued if S~ Q;S;Q

We usetheword asyntirony asa generictermto standfor any suchproperty Thereasorwe distinguishsix different
notionsis that,althoughit is probablymostcommonto think of asynchrog aspartof the outputbehaior of anagent,
it is equally sensibleto regardit as part of the input behaior, or both. Sinceinput and outputbehae someavhat
differently, we will studythemseparatelyYetanothemotionof asynchrog, incorporatingfeedbackwill be defined
in Section3.2.



Remark.Becausef Lemmal.5, the operationof pre-or post-composingn agentwith B or Q is idempotenup to
~. Consequentlyary agentof the form S; B is out-tuffered,any agentof theform B; S is in-buffered,an agentis
bufferediff it is in- andout-tuffered,andsoon. Also, eachof the six propertiess invariantunderweakbisimulation.
Noticethatit is almostnever the casethatan agentS is stronglybisimilarto S; B or to B; S. Thiswill beclear
from the examplesin Section1.5. Weak bisimulationappeardo be the finestequivalencerelationthatis sensible
for studyingasynchrog. It is alsopossibleto considercoarserquivalencesthe resultsof this papergeneralizeén a
straightforvardway to ary equivalenceon processethatcontainsveakbisimulation;seeRemark2.3.

Let B be aset. BufferedagentsS: X — Y form the morphismsof a categyory Buf 5, whoseobjectsaresetsX, Y,
etc.;theidentity morphismon X is givenby thebuffer Bx. Similarly, queuedagentsorm a category Queg. These
catgyorieshave asymmetricmonoidalstructurewhichwill be describedalongwith otherconstruction®n agentsin
Section3.1.

1.5 Examples

Examplel.7. The first exampleshows the effect of post-composinglifferentagentswith the buffer B. Notice that
althoughB hasinfinitely mary statesS; B mayhave only finitely mary statesup to weakbisimulation.

outy .
ﬁzmy \ \ outy R
S=1¢ S B{y} = t Q) outy outy . x inz linw
lm T l . l . l o —— 0
inz inz inz outy
u out out
(u, 0) <= (u, y) <—— (u, 1)
Examplel.8.

outy T e outy N
NZ S B - ‘
outz
o ——> 0

Examplel.9. Hereis anexampleon in-bufferednessNoticethataninputactionis possibleat every stateof B; S.

ine \fty %y
inz
0 B{z}, S~ @ |n z

utz outz

inx

2 First-Order Axioms for Asynchrony

In this section,we will give necessargndsufficient conditionsfor eachof the notionsof asynchrog from Defini-
tion 1.6. Theseconditionsarein theform of first-order axioms by whichwe meanaxiomsthatusequantificatioronly
over statesandactions,but not over subset®f statesor actions.The axioms,which areshavn in Tablesl through4,
characterizeeachof our notionsof asynchrog up to weakbisimulation this meansanLTS is asynchronousf it is
weaklybisimilar to onesatisfyingthe axioms.lt is possibleto lift the condition“up to weakbisimulation”atthe cost
of introducingsecond-ordeaxioms;this is the subjectof Section6.



Tablel: First-orderaxiomsfor out-tufferedagents

outy outy

s ——> g/ § —— 4
outy

t s t

!

outy outy
§ —— 4/ § —— g
= al la
outy
" gl —> ¢

wherea # outy

output-commutativityos1)

output-confluencéoB?2)

output-determinac{oB3)

Table2: First-orderaxiomsfor in-bufferedagents

>SI

3

t ”—>

input-commutativity{181)

AR

8” II >

-

S—>S

inz
s ——> g
e
g

input-confluenc€is2)

inx

s = s—t
input-receptivity(1B4

input-determinacyiB3)

Table3: First-orderaxiomsfor out-queuecgents

outy outy
S —— SI § —> Sl

e Lk

t s —1t
wherea notoutput

!

outy outy

s §——g

outy "

n n

S
wherea notoutput

outy
§ —> Sl

y==z
Outzl :> and
Sl — 8”

8”

output-commutativity(oQ1l)

output-confluence(0Q2)

output-determinacy(0Q3)

Table4: First-orderaxiomsfor in-queuedagents

ﬁsl

X

@ !
§—>g

S
linm = |nzl

t II >

wherea notmput

|-

5! s _mnz_

wherea notinput

~

S%S

input-commutativity{(1Q1)

input-confluence(1Q2)

s:>sm—z>t

input-receptivity(1Q4)

input-determinacyiQ3)



2.1 Out-Buffered Agents

Table1 lists threeaxiomsfor out-bufferedagents. We usethe corventionthat variablesareimplicitly existentially
guantifiedif they occuronly ontheright-hand-sidef animplication,andall othervariablesareimplicitly universally
guantified.Thustheaxiomsare:

(oB1) Output-commutativityoutputactionscanalwaysbedelayed.

(oB2) Output-confluencewhenanoutputactionandsomeotheractionarepossible thenthey canbe performedn
eitherorderwith thesameresult.In particular neitheractionprecludeghe other

(oB3) Output-determinacyfrom ary states, thereis atmostonetransitionouty for eachy € Y.

Eachof theseaxiomsis plausiblefor the behavior of a buffer. Output-determinacis maybethe leastintuitive of the
threeproperties;the ideais that oncean outputactionis storedin a buffer, thereis only oneway of retrieving it.
Togethertheseaxiomscharacterizeut-bufferednessip to weakbisimulation:

Theorem 2.1 (Characterization of out-buffered agents). An agentsS is out-tufferedif andonlyif S =~ T for some
T satisfying(os1)—(08B3).

Thisis adirectconsequencef thefollowing proposition:
Proposition2.2.
1. Everyagentof theform S; B satisfieq 0B1)—(0B3).
2. If S satisfiedoB1)—(0B3), thenS =~ S; B.

Proof. 1. Clearly, the buffer B satisfieq 0B1)—(0B3). Moreover, theseconditionsarepreseredby arbitrarysequen-
tial compositionfrom the left. We shaw this for (oB1); the othercasesaresimilar. SupposeB satisfies(os1). To
shaw thatS; B satisfieqoB1), consideitransitions

t
(4, 8) ——2> (u, ')

la
(', t).

Thens 2% s’ in B. By Definition 1.2, therearethreecasedor (u, s’y % (u', t):

Casel: s' =t,u - u', a notoutput.
Case2: u=u',s %t anotinput. Hence by hypothesighereis s suchthats 2 s" 224 ¢,

Case3: a=r1,u 2% o/, s % ¢ Henceby hypothesishereis s” suchthats % 5" 24% .

In eachof thethreecasesthediagramcanbe completed:

Casel: Case2: Case3:
(1, 5) —> (u, 1) (U, 8) — > (u, ') (U, 8) —> (u, ")
W8y~ ul sty (8" e, t) (U, 8") —— (1)

2. SupposeS: X —pgY satisfies(oB1)—(0oB3). For ary sequencer = yi1y2---yn, € Y*, we write s N
oulys, Olyz, ... Mmy 4 (n > 0). Notethatif w' € Y* is a permutationof w, thens 222 ¢ iff s 22 ¢ by




outw

(oBl1). ConsidettherelationR C |S| x |S; B| givenby sR(t,w) iff s —— ¢. Clearly R relatesinitial states.We
shaw that R is aweakbisimulation.In onedirection,suppose

s R (t,w)

°)
s'.

Two casesarise:

Casel: o = outy for somey € w. By thedefinitionof R, s outy, g outw’, t, wherew = yw'. By (0B3), we have

s' = s'". Therefores' R{t, w'), andalso(t,w) = (t,w').v

Case2: a # outyforally € w. Froms 2% t ands % s, we gets’' 2% ¢ andt % ' by repeatedpplication

of (0B2). Therefores' R(t',w) and(t,w) = (t',w) (noticethe useof = here,which is necessaryn casea is an
outputaction)v

In the otherdirection,suppose

s R (t,w)

le

', w').

We distinguishthreecasedor (t,w) = (', w'), dependingon which rule in Definition 1.2 wasused.

Casel: ¢t -3 ¢, w = w' anda notoutput. Thens 2% ¢ % ¢/, which impliess % s' X% ¢/ by repeated

applicationof (0B1), i.e. s = s'R(t',w).v
Case2: t=1t,w = w' anda notinput, Since3 hasonly input andoutputtransitionsa mustbe outy for some

y € Y withw = yw'. Thens Oy, g M e s s'R{t,w').v
Case3: ¢ 2% ¢/ w % o anda = 7. Inthiscasew’ = wy ands 222 ¢ 2% ¢/ hencesR(t', w').v O

Remark2.3. Theorem2.1 generalizeso othernotionsof equivalenceof processesaslong asthey arecoarseithan
weakbisimulation. Indeed,if 2 is anequialenceof processesuchthatx C 22, thenfor ary agentS, thereexists
someout-tufferedT with S = T iff thereexistsT’ satisfying(oB1)—(0B3) andS = T'. Thisis atrivial consequence
of Theorenm2.1. Similar remarksapplyto theotherresultsin this sectionandin Section3.

2.2 In-Buffered Agents

The axiomsfor in-bufferedagentsarelistedin Table2. The maindifferenceto the out-tufferedcaseis the property
input-receptivity anin-bufferedagentcanperformary inputactionat ary time. This wasillustratedin Examplel.9.
Theinput/outputautomataf LynchandStark[10] havethis property andsodoesHondaandTokoro’soriginalversion
of theasynchronous-calculug[9].

Remark.Somevhatsurprisingly the axiomsin Table2 arenotindependentln fact,(181) and(182) areequialentin
thepresencef (183) and(184). We presenagll four axiomsin orderto highlighttheanalogyto the outputcase.

Theorem 2.4 (Characterization of in-buffered agents). An agentS is in-bufferedif andonlyif S =~ T for someT
satisfying(181)—(184).

Thisis aconsequencef thefollowing proposition:
Proposition2.5.
1. Everyagentof theform B; S satisfie181)—(1B4).
2. If S satisfieq1B1)—(184), thenS ~ B;S.



Proof. The proofis muchlike the proof of Theorem2.2. We give the detailsof 2. to demonstratéow eachof the
propertieq181)—(1B4) is used.

2. SupposeS: X —gY satisfies(1B1)—(1B4). For ary sequencav = z1x---x, € X* we write s m—“’) t if
no, B2, .. I8 ¢ (n > 0). Again, noticethatif w' € X* is apermutatiorof w, thens —— ¢ iff s —— ¢ by

nw

(181). ConsidettherelationR C |B; S| x |S| givenby (w, s) Rt iff s — t. R relatesinitial statesandwe show that
it is aweakbisimulation.In onedirection,suppose

Thens 2% ¢, hence(w, s) = (0,£) = (0, ). Butclearly (0, ') Rt'.
In the otherdirection,suppose

(w,s) Rt

“

(w', s").
We distinguishthe usualthreecasedy Definition 1.2.

Casel: s =s',w — w' anda notoutput.In thiscasea = inz for somez € X with w’' = wz. By definition of
R, s 0% ¢ 0% ¢ hence(w', s)Rt'.v
Case2: s = s, w = w' ande notinput. Tos = s’ ands — ¢ repeatedlyapply (1B2) to gett = ¢’ and

s' =% ¢/, hence(w, s') Rt .v

Case3: w =% w', s N7, ¢ anda = 7. Thenw = zw' ands —% s 2% ¢ Butby (183), s' = s”, hence
s' =% t, therefore(w’, s'Y Rt.v O

2.3 Out-Queuedand In-Queued Agents

Theresultsfor buffers areeasilyadaptedo queues.Therelevantpropertiesaregivenin Tables3 and4. Noticethat
the conditionsfor commutativityandconfluencaliffer from therespectie rulesin the bufferedcaseonly in their side
conditions. Differentoutputs(respectiely, differentinputs)no longercommuteor conflon. Output-determinacys
strengthenedrom eachstate thereis at mostonepossibleoutputtransition.

Notethat (181)—(184) imply (191)—(1Q4). Thisis dueto thefactthateveryin-bufferedagentis alsoin-queuedas
aconsequencef Lemmal.5(3). Onthe otherhand,no implicationholdsbetween0Q1)—(0Q3) and(oB1)—(0B3),
sinceout-hufferednesandout-queuednesreincomparablenotionsdueto Lemmal.5(4).

Justlike in the bufferedcasethe axiomsfor input arenotindependentwe have (1Q1) <= (1Q2) in the presence
of theotheraxioms.

Theorem 2.6 (Characterization of in- and out-queuedagents). An agentS is out-queuedf andonlyif S ~ T for
someT satisfying(0Q1)—(0Q3). Moreover, S is in-queuedf andonlyif S ~ T for someT satisfying(1Q1)—(1Q4).

3 MoreAgent Constructors and Asynchrony with Feedback

3.1 SomeOperationson Agents

In this sectionwe will introducesomeoperation®n agentssuchasrenamingandhiding of actions parallelcompo-
sition andfeedback.

1. Domainextensionlf S isanLTS of type A, andif A C A’, thenS canalsoberegardedasanLTS of type A'.
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2. Domainrestriction(hiding). If S isanLTS of type 4, andif 7 € A’ C A, thenS| 4 is definedto betheLTS of
type A’ which hasthe samestatesasS, andwhosetransitionsarethoseof S restrictedo |S| x A’ x |S]|.

3. Compositiorwith functions.Let S: X—gY, andlet f: X' - X andg: Y — Y’ befunct|ons By f;S;g
We denotethe agentof type X ’—>BY’ with the samestatesass andW|th mputtransmons.s —>f Sig tif

PRRLELINS outputtransitionss —),csg tif s —)s t, andwith s —>f ;g tiffs 24 ¢t whena is an
internalaction.

Domain extension,domainrestrictionand compositionwith functionsare specialcasesof the following, general
renamingconstruct:

4. Geneal renamingand hiding. Let S beanLTS of type A andletr C A x A’ bearelationsuchthatrra’ iff
T = o/, DefineS,. to betheLTS of type A’ thathasthe samestatesandinitial stateasS andtransitionss s, t
iff s —g ¢ for someara’.

Let usnow turnto variousformsof parallelcomposition.

5. Parallel compositiorwithoutinteraction. Let S andT beLTSsof type A. ThenS||T is theLTS of type A with
stategS| x | T| andinitial state(so, to), andwhosetransitionsaregivenby therules

« ! a !
S —s § t—rt
(s,t) g (8', 1) (s,t) Sgpr (s,t)

6. Symmetrianonoidalstructue. Let X & X' bethedisjointunionof sets.ForS: X—gY andT: X'—»gY"’,
defineSeT: X®X'—»pY @Y’ tobetheagentS, || T,, wherer andg aretheinclusionsof X —gY’, respectrely
X'=»gY'into X & X'—»gY & Y'. Thend definesasymmetricmonoidalstructureon the categoriesBuf and
Que. Thetensorunitis givenby theagentI of type® — @ with onestateandnotransitions.

The constructorsve have consideredso far, including sequentiacomposition,are not sufficient to build arbitrary
networks. Whatis missingis the ability to construcioops. The next constructomallows the outputof anagentto be
connectedo its own input:

7. Self-compositiorffeedbak). Let S: X—pY. Let O C Y x X beasetof pairs. DefineS © O, the self-

compositionof S alongO, to bethelLTS of type X — pY whosestatesareidenticalwith thoseof S, andwhose
transitionsaregivenby therules

t
s st s MBIt (y,z) €O
S i)soo t S —>soo t

In thecommoncasewhereS: X —pX andO = {(z,z) | z € X}, wewill write S° insteadof S © O.

We canuseself-compositiorio defineboth sequentiahndparallelcomposition.

8. Sequentiatomposition. The sequentiatompositionof agentswas definedin Definition 1.2. Alternatiely,
one candefineit from the more primitive notionsof direct sum,feedbackand hiding: Let S: X—gY and
T:Y—>pZ. ThenS® T: X Y —>pY @ Z, andwith AY = {(y,y) | y € Y}, onegetsS; T = ((S® T) ©
AY)|x— 52z

9. Parallel composition(with interaction).Let S, T: X —pX. TheparallelcompositiorS|T is definedto bethe
agent(S||T)°.

Proposition3.1. All of the agentconstructos in this sectionrespectveakbisimulation. For instanceif S ~ S’ and
T ~ T', thenS, = S!. andS||T = S'||T’, etc.
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Table5: First-orderaxiomsfor out-tufferedagentswith feedback

outz outz ’ outz ’ outz ,
§ ——>g' > §——>3 §—>g35 outz

s s s PRI
= =
la ai la al al la outz = SI - S”
¢ " outz ¢ outz
S >

s g — == ¢ '
S

output-determinac{rB3)

wherea # outz anda # 7

output-commutativityFe1) output-confluencérs2)
s outz SI s outz sl s outz SI s outz Sl s outz SI
linz = \ inz Tl = Tl lT or Ti /
T nz
t t 5! s”%t s
feedbak (FB4) output-tau(FB5)

3.2 Asynchrony with Feedback

In concurrenprocessalculisuchasCCSor ther-calculuswe do notthink of channelsasedgesn adataflow graph,
but ratherwe think of a singleglobaletherthroughwhich all messagesavel. Thisideais mostvisiblein thechemical
semanticof thesecalculi [5]. Therethe etheris modeledasa “chemicalsolution”, which is a multisetof processes,
someof which aretransientmessagesAs a consequencenessagethatareemittedfrom a processareimmediately
availableasinputto all processesncludingthesendingprocesstself. In our setting thisis bestmodeledby requiring
thatall processeareof type X — X for onefixedset X, andby usingself-compositiorto feedthe outputbackto the
input.

In the presencef feedbackput-bufferednessakesa slightly differentform, which is expressedn the following
definition.

Definition. An agentS: X —gX is out-bufferedwith feedbak if S ~ R° for someout-tufferedagentR.
Example3.2. Thefollowing agentS is out-kbufferedwith feedbackbut not out-huffered:

outz outz
(:)\< ¢ — >
. T . T .
S = m:cl u& inz
° o — >

—_—
outz outz

o< o

Remark.Recently Amadio,CastellanandSangiogi [3] have givenadefinitionof asynchronoubisimulation,which
accountdor thefactthatanagentof type X —X mightreceve amessageandthenimmediatelysendit again,without
thisinteractionbeingobsenableon the outside.Feedbacks concernedvith the dualphenomenomamelya process
thatsendsamessagandthenimmediatelyrecevesit again.

Out-hufferednessvith feedbackis characterizedip to weakbisimulationby the first-orderaxiomsthat arelistedin
Tableb.

Theorem 3.3 (Characterization of out-buffered agentswith feedback). AnagentS: X —g X is out-tufferedwith
feedbak if andonlyif S ~ T for someagentT satisfying(FB1)—(FB5).

Before we prove this theorem,we needtwo lemmas. The first one gives a useful consequencef the axiomsfor
out-hufferednessvith or without feedback.
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Lemma 3.4. Supposen agentS satisfiesither(oB1)—(0B3) or (FB1)—(FB5). Thenit satisfieghe following prop-
erty, which we call badkwardsoutputdeterminacy

!

outz outz = s~ s

S~ <— W

s
~ t

outz, aoutx

Proof. Theproofis straightforvard. TherelationR := {{s,s') | s & s’ or (3t,t')s —> t & t' +—— s’} isweak
bisimulationthatrelatess ands’. O

The next lemmaestablishes technicalpropertyneededn the proof of Theorem3.3. Recallthatan agentT is
~-reducedf T = T/=.

Lemma 3.5. AssumeT is ~-reducedand satisfies(FB1)—(FB5). Definea subsetd C {(s,t) | s = t} asfollows:
(s, t) € Aliff for all sequences € X*,

outw outw
S§—>Uu §—=1u
outw
t t——=v.

Thenthefollowing hold:

1. Wheneers 5 ¢t 2% ¢ ands 2% s' T ¢/, then(s, t) € Aiff (', ') € A.

2. If s = tand(s,t) & A, thens 22% % 4 for somez € X.

Proof 1.=>: Assume(s,t) € A ands' 2X% u. Thentherearev andt” with u 5 v andt =12 ¢ 2% 4 By

(FB3), s' = s, hences’ 2% v andu 5 v. Thisshawvs (s', ') € A.

<: Corverselyassumds’,t') € A ands 2, . We shaw thatthereexistsv with u = v andt 222 .

Casel: z & w. Wegets' 2% o' andu 2% v/ by (FB2), andt’ 2% o' andu’ 5 v’ by theassumptiorthat
(s', ') € A, thenu 5 v; 2% o' andalsot 2% vy 2% of by (FB1). By Lemma3.4,v; ~ vs, hencesince

T is ~-reducedy; = vy. Wecantakev = v;.

Case2: =z € w. Letzw' beapermutatiorof w thatbar;ipswith z. By (FB1), s 2% s” outw', u, andby (FB3),
outw

s = s". Since(s',#') € A, onehasu = v andt’ 2% v for somev, hencet 222, 4 andagainby (FB3),
outw

t

2. Assumes = t and(s,t) ¢ A. By definitionof A, thereexistsw € X* with s 24, w suchthatthereexists no

v with 2% v andu = v. Choosesucha,w of minimallength,andlet w = w'z (notew cannotbe the empty

tw'’ t t . . t
sequence)Thens == s' =5 y, t = ¢/, ands’ — t', andthereis nowv with ¢ =% v andu — v. By
. ‘- inz outw’ ~, outz inz outz inz_ ,,, outw
(FB5), thereis atransitionu — t'. Froms —— s’ — u — t' and(FB1), onegetss —— t'' ——

#'. By Lemma3.4,#" ~ t, hencel” = ¢ sinceT is ~-reducedThis shovs s 2% 2, ¢, a

Proofof Theoem3.3: Considerthefollowing auxiliary operationronagentsFor R: X —g X, defineR* by

[ outz inz

s =Rt s —R—R T
(67 T

S —Re t S —Re t

In general(—)* doesnotrespectveakbisimulation.Noticethatif R satisfiegos1) or (1B1), thenR° ~ R*.

=: Supposes: X —pX is out-bufferedwith feedback.Thenthereis someR satisfying(oB1)—(oB3), suchthat
S =~ R°. It is straightforvardto verify thatR*® satisfieFB1)—(FB5), andwe cantake T = R* ~ R° = S.
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Table6: Transitionsfor asynchronou€CS

(act)

aP 5P (symeh) PSP Q3Q
o sync 7
(sum) G%p v PIQ 5 P
12 P p LUL
G+G 5P (res) LN aa? U
, G' % p P\L S P\ L
o) Gra 5P - PSP
PP " P[] L2 P/l
(comp) o= Plo PSP A%¥p
( 1y ﬂ (rec) AS P
PR S Pl

<: SupposeT: X —pX satisfies(FB1)—(FB5). We will shav T is out-tufferedwith feedback.NoticethatT /=~
alsosatisfiegFB1)—(FB5), hencewe canw.l.0.g.assumehat T is ~-reduced Definea subsetd C {(s,t) | s — t}
asin Lemma3.5.LetR: X — X betheagentobtainedrom T by removing all transitionsof theform s = ¢ where
(s,t) € A. Moreprecisely|R| = |T| ands g tiff « # 7 ands =1 t, ora = 7 and(s, t) € A. WeclaimthatR,
satisfieqoB1)—(0B3). Indeed,(0oB1) and(oB2) follow from therespectie propertieof T in thecasewherea # 7.
In thecasewherea = 7, (0B1) for R follows from (FB1) for T andLemma3.5(1=); whereagoB2) follows from
thedefinitionof A andLemma3.5(1~). Finally, (0B3) for R follows directly from (FB3) for T.

We now shaw thatT = R*. Thetwo agentshave the samestates.For transitions first notethat g C —, and
hence—gr. C —1. = —, With thelatterequalityholdingbecausef (FB4). For the corverseassume — t. If
a # 7o0r(s,t) € A, thens g t andwe aredone.Elsea = 7 and(s, t) ¢ A, andby Lemma3.5(2),s 22 1% ¢

holdsin T, hencen R. Thisshavss Dge t.

We have shavn that T = R®* = R° for someR satisfying(oB1)—(0oB3). Hence,T is out-tufferedwith feedback,
whichfinishesthe proof of Theoren3.3. a

4 Example: AsynchronousCCS

In thissectionwewill shav thatanasynchronousgersionof Milner’s Calculusof CommunicatingsystemgCCS)[11,
12] fits into theframework outlinedin the previoussectionof out-bufferedlabeledtransitionsystemswith feedback.

Let X = {a,b,c, ...} beaninfinite setof names andlet X = {a,b,¢, ...} beacorrespondingetof co-names
suchthat X and X aredisjointandin one-to-onecorrespondencda (). We alsowrite a = a. Namescorrespondo
input-actionsandco-namego output-actionsLet 7 ¢ X + X, andlet Act = X + X + {7} bethe setof actions
rangedover by the lettersa, 3, . ..; Let the letter L rangeover subsetof X, andwrite L for {a | a € L}. Let
the letter f rangeover relabeling functions, which arefunctionsf : X — X. Any relabelingfunction extendsto
f: Act = Act byletting fa = faandfr = 7.

Let 4, B, C, ... rangeover afixedsetof processonstants AsynchronousCCSprocesse®, (), . .. andguards
G, H,. .. aregivenby thefollowing grammars:

P:=a0|PP|P\L|Pf]|A|G
Gu=aP|7P|G+G|O

Noticethatthechoiceoperator- is restrictedo input-andr-guardegrocesseOutput-guardedhoiceis traditionally
disallovedin asynchronouprocessalculi. Thisis in accordancavith the resultsof this paper sinceoutput-guarded
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choiceviolatesthe two asynchronougrinciplesof output-determinacand output-confluence For the w-calculus,
NestmanrandPierce[13] have recentlyshovn thatinput-guardedchoicecanbe encodedrom the otherconstructs;
hencethey includeit in their versionof theasynchronous-calculus,andwe includeit herefor asynchronou€CSas
well.

Assumea setof defining equationsA ©'p onefor eachprocesonstantd. The operationasemanticof asyn-
chronousCCSis givenin termsof a labeledtransitionsystemSccs = (S, Act, —), whichis definedin Table6. The
statesareCCSprocessedNoticethatwe have not specifieda distinguishednitial state;thisis moreconvenientin this
contet, andno harmis done. Also noticethatthereis norule for 0. Thisis becausehe procesd is inert, i.e. there
arenotransitionsd = P.

Lemma4.1. If G = P foraguard G, thena ¢ X, i.e. a is notan outputaction.
Proof. By inductiononthederivationof G = P. a

To fit the labeledtransitionsystemSccs into our framawork of labeledtransitionsystemswith input and output,
we simply identify the set X of nameswith In X, andthe set X of co-nameswith OutX. ThenSccs is a labeled
transitionsystemof type X — X . Beforewe provethatthis systemis out-tufferedwith feedbackpbsere thatoutput-
determinag failsfor Sccs

a.0|a.0 —>> 0|a
alo,
ando|a # a|0. Thefollowing lemmahelpsto remedythesituation:

Lemmad4.2. An agentS is out-tuffered with feedbak if it satisfies(FB1), (FB2), (FB5), (FB4) and the following
property(WEAK-FB3), which we call weak output-determinacy

outy outy
! !
n
Outyl = Outyl outy =S8
outy

" g —
S

Proof. First noticethatif S satisfiesthe hypothesisthensodoesS/~, henceonecanw.l.0.g. assumehat$ is ~-

reducedNext, oneshavsbackwardsoutputdeterminag asin Lemma3.4. For a=-reducegrocessbackwardsoutput

determinag and(WEAK-FB3) alreadyimplies (FB3), andthereforeS is out-tufferedwith feedbackby Theoren3.3.
d

Theorem4.3. ThelabeledtransitionsystenSccs is out-tufferedwith feedbak.

Proof. By Lemma4.2,it sufficesto showv thatSccssatisfiesheaxioms(Fs1l), (FB2), (WEAK-FB3), (FB5), and(FB4).
Eachof thesds provedin asimilarfashion.(FB1), (FB2), (WEAK-FB3) and(FB4) canbeprovedindependentlywhile
(FB5) relieson (FB2) and(WEAK-FB3) ashypothesesSincethisis the mostinterestingcasewe shav only the proof
of (FB5). Supposehereforethat(FB2) and(WEAK-FB3) have alreadybeenproved. We wantto shov

Ppr-Q P1sQ P—2-Q

R
b

R R—'>5 R

We shaow this by induction on the derivation of P i) Q. We distinguishsix casesbasedon the lastrule in that
derivation. Remembethatthis lastrule cannothave been(sum)or (sum’)by Lemma4.1.
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(act: P = b.0 andQ = 0. Thisis impossiblesinceb.0 £ R.

(comp) P = P'|P" and@ = Q'|P", whereP’ LA Q'. ThenP = R musthave beeninferredby oneof therules
(comp) (comp’)or (synd). Therefore,R = R'|R"”, andoneof thefollowing holds:

T

Casel P' 5 R'andP"” = R". By inductionhypothesioon P’ = R’ andP’ LN Q', eitherthereis S’ with
R4 g and@’' = S, in which casewe canchooseS = S’|P"; or elseQ’ LNy andhence@ = Q'|P" — LN

R'|P"=R.

Case2: P'=R'andP" 5 R". ThenonecanchooseS = Q'|R".

Case3: P' % R'andP" 2 R". In casea # b, we canuse(FB2) togetR’ LN andQ’ % 8, andwe
let S = S'|R". In casea = b, we canuse(WEAK- FB3) to geteltherR’ LN and@’ 2 §', andwe let again
S = S'|R"; orelseR’ = @', andhence = Q'|P" 2=% Q'|R" =

(comp’) This cases symmetricto the previousone.

(resy P=P'\ Land@ = Q' \ L, WhereP’ RN Q' andb ¢ L. ThenR = R'\ LandP' = R'. By |nduct|on

hypothesiswe geteither@Q’' — S’ andR’ L, ' for someS’, andwe canlet S = S'\ L. Orelsewe get@’ Ny -
hence %R

(rely. P = P'[f] and@ = Q'[f], where P’ —c> Q' andb = fé. ThenR = R'[f] andP’ = R'. By induction

hypothesisye geteitherQ’ = S’ andR’' = S’ for someS’, andwe canlet S = S'[f]. Or elsewe getQ’ = R/,
hence® bR

(recy P=A where A%'P" and P’ 5 Q. SinceA & R, we mustalsohave P’ = R, andthe claim follows by
inductionhypothesis. |

5 Example: The Core Join Calculus

The join calculuswasintroducedby Fournetand Gonthierin [7] andfurther developedin [8]. It is a concurrent,
messagassingcalculuslike the w-calculus. However, the reactionrule is simplerand closerto the semanticof
a chemicalabstractmachine. Moreover, the scopingrules of the join calculusare suchthatlocality canbe easily
modeled. The full join calculusdealswith a distributed systemof locations,andit containsfeaturesthat dealwith
suchissuesasmigrationandfailure. Here, we will only beconcernedvith thecorejoin calculuswhichis thefragment
of thejoin calculusthatpertaingo a singlelocation.

Let z,y,... rangeover a countableset V' of names Let Z,,... rangeover sequencesf names. Corejoin
calculusprocesse®, @, ... andrules R, S, . .. aregivenby thefollowing grammars:

P:u=x(j) | P|IP| def Ry A...ARpin P  R:u=1(%1)|...|zn(0n) > P

A procesof theform z(?) is calleda message Intherule R = z(91)|...|zn(0,) > P, thenamesy, ... o, are
bound,andthey areassumedo bedistinct. Thenamese; . .. z,, arecalledthe definednamesof R, denoteddn(R).
Finally, all of the definednamesof R,... , R,, are boundin the processdef Ry A ... A R,, in P. For amore
comprehensietreatmentsee[7, 8].

The semantic®f the corejoin calculusis givenin the style of a chemicalabstracinachine A stateA Fy ITisa
multisetA of rulestogethemwith amultisetTI of processes) is asetof namessuchthatfn(A,ITI) C N. We identify
statesup to a-equivalence,i.e. up to renamingof boundvariables. The transitionsof this machinefollow a simple
idea: the processesn theright handsideevolve accordingto theruleson theleft-handside. Therearetwo kinds of
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transitions:structural transitionsdenoted—, andreactions denoted-:

(str1) AFNILP|Q — AFNILP,Q

(str2) AbrnyIO,def RiA...ARninP — AR;,...,Rpbtn ILP

whereN' = N + dn(R;,... ,Rp)

(join) AN ILzi(), .- sanlfn) = AFNIL[G1/01,. .. Yn/0n]P
where(z1(01)| - .. |z, (0,) > P) € A

Therule (join) is of courseonly applicableis the lengthof g; and; arethe same for all . Notethatin the rule
(str2), thesetsN and dn(R;,... , R,) mustbe disjoint; this may necessitateenamingsomeboundvariablesin
def Ri{A...ANR,, in P.

Remark.In the original formulationof the join-calculug[7, 8], the structuralrulesareassumedo bereversible. We
adoptadifferentcorventionhere.Especiallytheinverseof rule str2 causegproblemsn our setting,asit allows astate
undercertainconditionsto renameis freenames.

To make malke thejoin calculusinto a labeledtransitionsystemwith inputandoutput,let X = {x(j) | z € N,§ €
N*} bethesetof messagediVe addinput andoutputtransitions:

(in) AbyT 228 A FNU{z,g) IL 2(9)
(out) AbyILz(j) 220 ApyT
Furtherwelet - = —~Uw~s. With thesedefinitions thejoin calculusdefinesalabeledtransitionsystenSgin : X —X.

Theorem5.1. Thelabeledtransitionsysten8j,» definedoy the core join calculusis out-tufferedwith feedbak.

6 Other Characterizationsof Asynchrony

In Section? and3, we have characterizedotionsof asynchrow by first-orderaxiomsup to weakbisimulation It is
possibleto remove thewords*“up to weakbisimulation”,i.e. to characterizeasynchrow directly. This happensatthe
costof introducingsecond-ordeaxioms. The shift to second-ordeseemso be inevitable, sinceweakbisimulation
itself is a second-ordenaotion.

6.1 Out-Buffered Agents

Considetthetwo differentoutputtransitionsn

Thetransitions 2% hastheimplicit effect of disablingthe actionin z. Thetransitiont 2%, w hasno suchside
effect. Roughly out-hufferednesss characterizetdy thefactthatevery outputtransition% factorsinto asilentpart

out
= anda partm’;} without sideeffects.
The second-ordeaxiomsfor out-hufferedagentsaregivenin Table7. A states in anLTS S is reachableif there
existtransitionssy —» ... — s fromtheinitial statesy. If S ~ T, thenfor everyreachable € S, thereis reachable
t € T with s ~ t.
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Table7: Second-ordeaxiomsfor out-tufferedagents

outy outy outy outy
st s -t s>t s &t outy outy
= a\ﬂ/ ﬂ/a U, = \ﬂ/ M, s -t s At
a‘ﬂ outy outy outyU = outyﬂ/ UT
s s -t s -t f Do f
wherea # outy Wherea # outy 5 5 R
*
(oB1%) (oB2*) (083*)
out outy, 7 9y
S &’;—I t = s ggm t s—ot > sR-t
wheres reachable
*
(oB4*) (085%)
Table8: Second-ordeaxiomsfor in-bufferedagents
inz inz s'ip’it = 5% gt
st s &t inz ' inz y ~
a\ﬂ/ = a\“/ \M]a ) 5 A = 8 A (|B3*)
' , inz ) |nz\ﬂ Ina:\ﬂ/ \M]T inz
S 5 t s s o~ t s = s34
wherea # inz (57 wheres reachable
(1B1%) (1B4%)
Table9: Second-ordeaxiomsfor out-queueggents
outy ¢ outy " outy ¢ outy ‘ h h
S R s s RO s o outy outy
aﬂ, = H, H, \H = M, M, s>t S At
outy outy OUIZU’ ZYy=z and Outz\ﬂ/
s st s -t M o
wherea notoutput Wherea not output -
0Q3*
(0Q1*) (0Q2%) (003%)
outy, outy
outy out s—5Ht = sDr>t
smt s St wheres reachable
*
St (005
Table10: Second-ordeaxiomsfor in-queuedagents
. . inz in
s ér& . s ’I\r};_ . e ine st = s =St
aﬂ, = \“/ U s>t s >t (|Q3*)
f inz f in z\“] = in w\ﬂ/ UT inz
$ s' At s s o~ s = s~»s
wherea notinput (197 wheres reachable
(1Q1%) Q (1Q4*)
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t
Theorem6.1. AnagentS: X —gY is out-bufferedif andonly if there existsa binary relation as C |S| x S| for
eahy € Y, satisfying(oB1*)—(0B5*).
Proof. =: Suppose is out-buffered.By Theorem?2.1,S ~ T for someT satisfying(os1)—(0B3). For s,t € S|,
t t
defines ‘3§>’-’ t iff thereexists', ' € |T| with s ~ ' Uy 4t It S easyto verify that9-u>1-/ satisfie{oB1*)—(0B5*).

<! Suppose satisfieoB1* )—(0B5*). Noticethatif arelationgt;} satisfiegoB1*)—(0B5*), thensodoeszoggo
~. Henceassumew.l.0.g. that?\Nu’t;/ is invariantunderweakbisimulation. For ary sequencev = y1y2---y, € Y,
write s %;l-u tif s oizlog& Ogg-"m t. Notethatin the casen = 0 this meanss ~ t¢. Considerthe relation
R C |S| x |S; B| definedby R = {(s, (t,w)) | s N~ t andt reachablg. Clearly R relatesinitial states:soR(so, 0).
We show that R is aweakbisimulation.Suppose

s R (t,w)
|
s',

wherew = y1 - - - Y.

Casel: «isouty; for somel < ¢ < n. Taketheminimal suchi. Then

outyy outy;—1 outy; outy;+1 outy,
S RS> - R 6 RX> e > - > e =~ t
outy; ¢ outyiﬂ 'r\“/ TH Tﬂ,
, outy; outy;_1 outy; 41 outy,, f
S R s R e X e AR e R e Xt
by (0B1*) and(0B3*). With w' = y; - - - Yi_19it1 - - - Yn We hencehave s' R(#, w'), andalso(t, w) 2% (¢, w').v

t t
Case2: o # outy; for all i. Froms = s’ ands %;U t, by repeatedapplicationof (0oB3*), we get s’ ?f»—w t' and
t = t' for somet’, hences' R(t', w) and{t,w) = (t',w).v

Now suppose

s R (t,w)

le

(" w').
We distinguishthreecasedor (t,w) = (¢, w') by Definition 1.2:

t . . t . .
Casel: t =% ¢/, w = w' anda notoutput. Thens PN impliess = s’ PO by repeatedipplicationof
(0B2*),i.e.5 = s'R(t',w).v
Case2: t =1t', w — w' anda notinput. If w = y; ---y,, thena = outy; for somel < i < n. Leti bethe
minimal suchindex. Then

outyy outy; 1 outy; outy;4+1 outy,
S R - RS> e RX> e RS> - > e =~ ot
OUt’!J\u/ Outy\ﬂ/
) outyy outy; _1
s &~ - A> e X e
t
by (0B4*) and(0B2*), hences 2=¢ §'R(t,w').v

Case3: ¢t 2% ¢ w % ' anda = 7. Thenw' = wy. By (OB5*), sincet is reachablethereis ¢ with
out t L. . t out
t 5 "~ t'. Thens ~= ¢ andrepeatedpplicationof (0B2*) gives = '~ ¢~ t', hencesR(t',w').v O
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Remark.Notice that Principle 1.1 canbe appliedto obtaina uniquemaximalrelation g’ﬁ for every y, satisfying
(oB1*)—(0B4*). Thus,S is out-kufferedif thisuniquerelationalsosatisfie{oB5*). Noticein particularhow (0B1*)

out
and(oB2*) resemblehedefinitionof weakbisimulation;,onemaythink of therelationas asaweakbisimulationup
to asuspendedutput.

6.2 In-Buffered Agents

The second-ordeaxiomsfor in-bufferedagentsaregivenin Table8. This is similar to the axiomsfor out-huffered
agents,but notice that thereis no analogueto (0B2*). This reflectsthe fact that unlike output transitions,input
transitionscanenable but not disableothertransitions.

Theorem6.2. AnagentS: X—gY isin-bufferedif and only if there existsa binary relation ~ for each z € X,
satisfying(181* )—(184*).

Proof. =: Asin theproofof Theoren6.1.

<! Suppose satisfieq1B1*)—(184*). Again, Wecanwl 0.9. assumehat'v» is invariantunderweakbisimulation.
II"IJ}1II"I o

For ary sequencev = x1x3---z, € X* Wr|te s ~> tif s - - »z t (n > 0). Considerthe relation

R C |B;S|x|S| definedoy R = {{{w, s),t) | s A ¢ andt reachablg. NoticethatR relatednitial statesy0), so) Rso.
To seethat R is aweakbisimulation,suppose

(w,s) Rt
j(a
t,
|nw
wherew = 1 - - - x,,. Froms & t, with (183*) andweakbisimulationwe gets DY o t, hences’ = s for some

S
s" = t'. Consequentlyw, s) = (B, s') = (0, s")Rt'. Corversely suppose

(w,s) Rt

Again,we distinguishthreecases:

Casel: s =s',w — w' anda notoutput. Thena = inz andw’ = wz for somez € X. By (1B4*), t ~ 1" for
somet”, andby (1B3*), t 2% ¢ ~ t", hencealsot A ¢/, andwe gets ~e ¢ A ¢/, i.e. (w', s)Rt’ andt 2% ¢/ v

Case2: s = s',w = w' anda notinput. From s ~ t by repeatedapplicationof (1B1*), we gett = ¢’ and
in .

s et i€ (w, "Rt .v

Case3: w 2% w', s ™% s anda = 7. If w = z129 - - - T, thenz mustbez; for somel < i < n. Let suchi be

minimal andconstruct

inzy inz;_1 inz; inz;41 Nz,
S R - R 0 X e R - R e N
inz¢ . in w\ﬂ/ T\H/ . TH T\“]
) inzy nNw;_1 NT;y1 inz, )
s & - A e e R - A e &t
by (1B1*) and(1B2*). Thisshows (s, w') Rt'.v O
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6.3 Out-Queuedand In-Queued Agents

Thesecond-ordeaxiomsfor out-andin-queuedagentsaregivenin Tables9 and10, respectiely. Noticethattheonly
differenceto the bufferedcasearethe sideconditions.

Theorem6.3. AnagentS: X —gY is out-queuedf andonlyif there are relationsggﬁ satisfying(0Q1*)—(0Q5*).
S isin-queuedf andonlyif there are relationsgf» satisfying(1Q1* )—(1Q4*).

7 Conclusionsand Future Work

We have shavn how to abstractlycharacterizerariousnotionsof asynchrog in a general-purpos&amework, inde-

pendentlyof ary particularprocesgparadigm.This canbe doneby first-orderaxiomsup to weakbisimulation,or by

higherorderaxioms“on the nose”. The presentframenork of labeledtransitionsystemswith input and outputcan

be usedto modelasynchronousommunicatiorin CCS,aswell asthe join-calculus. To give an adequatéreatment
of calculiwith explicit, dynamicscopingoperatorssuchasthe n-calculus,oneshouldequiptheselabeledtransition
systemswith the ability to handledynamicallycreatednames. Work is in progresson a notion of fiberedlabeled
transitionsystenthatcanbe usedto modelthis moregenerakituation.
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