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Abstract. We studypropertiesof asynchronousommunicatiorindependentlyf
ary concreteconcurrenprocesgaradigm We give ageneral-purposenathemati-
cally rigorousdefinitionof severalnotionsof asynchrow in a naturalsettingwhere
an agentis asynchronous its input and/oroutputis filtered througha buffer or
a queue,possiblywith feedback.In a seriesof theoremswe give necessanand
sufficient conditionsfor eachof thesenotionsin the form of simplefirst-orderor
second-ordeaxioms. We illustratethe formalismby applyingit to asynchronous
CCsSandthecorejoin calculus.

Intr oduction

The distinction betweensyndironousand asynd&ironouscommunicationis a relevant
issuein the designand analysisof distributed and concurrentnetworks. Intuitively,
communicatioris saidto be synchronousf messagearesentandrecevedsimultane-
ously, via a’handshak’ or 'rendez-wus’ of senderandrecever. It is asynchronous
messagefravel througha communicatiormediumwith possibledelay suchthatthe
sendercannotbe certainif or whena messagéasbeenreceved.

Asynchronougommunications oftenstudiedin the framework of concurrenpro-
cessparadigmssuchasthe asynchronous-calculus,which wasoriginally introduced
by Hondaand Tokoro [9], andwasindependentlgiscoveredby Boudol [6] asaresult
of hiswork with Berry on chemicalabstractnachineg5]. Anothersuchasynchronous
paradigmis thejoin calculuswhichwasrecentlyproposedy FournetandGonthieras
a calculusof mobileagentsn distributednetworkswith locality andfailure[7, 8].

In this paper we studypropertiesof asynchronousommunicatiorin general,not
with regardto ary particularprocessalculus. We give a general-purposanathemat-
ically rigorousdefinition of asynchrog, andwe thenshaw thatthis notion canbe ax-
iomatized.We modelprocesseby labeledtransitionsystemswith inputandoutput,a
frameawork thatis suficiently generalto fit concurreniprocesaradigmssuchasthe
m-calculusor thejoin calculus aswell asdataflow modelsandothersuchformalisms.
Thesetransitionsystemsare similar to Lynch and Stark’s input/outputautomatg10],
but our treatmentis more category-theoreticahndclosein spirit to Abramsk/’s inter-
actioncategories[1, 2].

Variouspropertiesof asynchrog have beenexploitedin differentcontexts by mary
authors. For instance Lynch and Stark[10] postulatea form of input receptivityfor
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their automata.Palamidess[13] makesuseof a certainconfluencepropertyto prove
thatthe expressie power of theasynchronous-calculusis strictly lessthanthatof the
synchronoug-calculus.Axiomssimilarto ourshave beenpostulatedby [4] andby [14]
for a notion of asynchronousabeledtransitionsystemshut without the input/output
distinctionwhichis centralto the our approach.

The main novelty of this paperis that our axiomsare not postulateda priori, but
derived from more primitive notions. We defineasynchrog in elementaryterms: an
agentis asynchronoud its input and/oroutputis filtered througha communication
medium,suchasa buffer or a queue possiblywith feedback.We thenshav thatour
first- andsecond-ordeaxiomspreciselycaptureeachof thesenotions. This characteri-
zationjustifiestheaxiomsa posteriori As atestbecdandfor illustration,we applythese
axiomsto anasynchronousersionof Milner’'s CCS,andto the corejoin calculus.

Dueto limitations of spacemostproofsare omittedin this abbreviatedversionof
thepaper Only the proofof Theoren®.1is includedasatypical exampleof thetype of
reasoninghatis employedhere.A full versionof thepapelis availablefrom theauthor
andwill alsoappeamspartof hisPh.D.Thesis.

Acknowledgments. | would like to thank CatusciaPalamidessiDavide Sangiogi,
BenjaminPierce DaleMiller, Steve Brookes,lan Stark,andGlynn Winskel for discus-
sionsandhelpful commentsn this work.

1 An Elementary Definition of Asynchrony

If Risabinaryrelation,wewrite R~ for theinverserelationandR* for thereflexive,
transitive closureof R. We alsowrite < for — !, etc. Thebinaryidentity relationon
asetis denotedA. Thecompositionof two binaryrelationsR and@ is written R o )
or simply RQ, i.e. zRQz if thereexistsy suchthatzRyQz. Thedisjointunionof two
setsX andY isdenotecby X + Y.

1.1 LabeledTransition Systemsand Bisimulation

To keepthis paperself-containedwe summarizethe standarddefinitionsfor labeled
transitionsystemsandweakandstrongbisimulation.

Definition. A labeledtransition system(LTS) is atupleS = (S, A4, —sg, so), WwhereS
is a setof states A is asetof actions —s C S x A x S isatransition relation and
sg € Sisaninitial state We call A thetypeof S, andwewrite S: A.

We oftenomit thesubscripobn —g, andwe write |S| for thesetof statesS. Fora € A,
we regard->s asabinaryrelationon [S| vias = s’ iff (s, a, s') € —.

Definition. LetS andT beLTSsof type A. A binaryrelationR C |S| x |T| isastrong
bisimulationif foralla € A, R-% C BRandR~'% C SR, In diagrams:
sRt s Rt s Rt s Rt
ia = 3s'. a¢ ¢a and a¢ = 3t a¢ ¢a
t' s Rt s' s Rt



Next, we considerLTSs with a distinguishedactionT € A, calledthe silent or the
unobservableaction. Let = betherelation *. Fora € A\ 7, let % betherelation
T x @ T %

—*—=—=". A binaryrelationR C |S| x |T| is aweakbisimulationif for all a € A,
R%5 C 2RandR'3S C 2R, In diagrams:

sRt s Rt sRt s Rt
iaiﬂs’.aﬂ ia and a¢ :>3t’.a¢ ﬂa
t s Rt s' s’ Rt

It is well-known thatthereis a maximalstrongbisimulation,which we denoteby ~,
anda maximalweak bisimulation,which we denoteby . We saythats € |S| and
t € |'T| arestrongly (weakly)bisimilar if s ~ ¢ (s ~ t). Finally, S andT aresaidto be
strongly(weakly)bisimilarif so ~ tg (so & to).

Therelations~ and=~, asbinaryrelationsonanLTS S, areequivalencerelations.We
denotetherespectie equivalenceclasse®f astates by [s].. and[s]~. Onthequotient
S/~, we definetransitions[s].. = [t]. iff s <~ t, makingit into a well-defined
transitionsystem.Similarly, on S/~, we define[s] — [t]~ iff s s~ t. Forall s € S,
onehass ~ [s]. ands = [s], andhenceS ~ (S/~) andS ~ (S/=). We saythatS
is ~-reducedif S = S/~, andx-reducedif S = S/~.

1.2 Input, Output and SequentialComposition

So far we have distinguishedonly one action: the silentaction~. We will now add
further structureto the setof actionsby distinguishinginput and outputactions. Let
in andout be constants.For ary setsX andY’, definea setof input actionsin X :=
{in} x X, andasetof outputactionsOutY := {out} x Y. Notethatin X andOutY
aredisjoint. We will write inputandoutputactionsasinz andoutz insteadof (in, z)
and(out, z), respectiely. Let B bea setwhoseelementarenotof theformin z, outy
or 7. Theelementof B + {7} arecalledinternal actions

Definition. We define X —pgY to bethesetin X + OutY + B + {r}. A labeled
transitionsystemS of type X — Y is calledan LTS with input and output, or simply
anagent If B is empty we will omitthesubscripin X —gY.

Our labeledtransitionsystemswith input and output are similar to the input/output
automateof LynchandStark[10]. However, we considera notion of sequentiatom-
positionthatis morein thespirit of Abramsk/’sinteractioncategories[1, 2]. Giventwo

agentsS: X—gY andT: Y —pZ, wedefineS; T: X— pZ by feedingthe outputof

S into theinputof T. Thisis a specialcaseof parallelcompositionand hiding. No-

tice thatthis notionof sequentiatompositionis differentfrom theoneof CSPor ACR

whereT cannotstartexecutionuntil S is finished.

Definition 1.1. LetS: X—pgY andT: Y —pZ beagentswvith respectieinitial states
s¢ andtg. ThesequentialcompositionS; T is of type X —p Z. It hasstategS| x |T|
andinitial state(so, to). Thetransitionsaregivenby thefollowing rules:

. t H
s 5g s a notoutput t St a notinput s Mo o PN

(37t> i>S;T (S’,t) (37t> i>S;T (S,t’) (S,t) ;S;T (s’7tl)




Examplel.2. For ary setX, deflneanagentZX of typeX—>X with statesX + {1},
initial state | andtransitionsl "% z andz 2% 1,forallz € X. Tx actsasa

buffer of capacityone: A possiblesequencef transitionds
n inz outz, TN iny 9y, 2, Outy n E} outz 1.

Let X = {z}. ThenZx andZx;Zx arethefollowing agents:

@ outz

inz

L= ¢ TxiTx= i / l
outz

Herethe initial stateof eachagentis circled. Whenrepresentingagentsin diagrams
like thesejt is oftenconvenientto omit the namesof the statesandto identify weakly
bisimilar statesWith thatcorvention,we write:

inz inz inz
A
L =@ e IoIxm@L_el e
outz outz outz

NotethatZx; Zx is aqueueof capacity?. In generalfor ary setY, 7y ; Zy is afirst-in,
first-outqueueof capacity?2.

Two LTSsS andT of type A areisomorphicif thereis abijectionbetweenS| and|T|
preserving— andinitial states.

Lemmal.3. 1. SequentiaCompositiorof labeledtransitionsystemss associative
upto isomorphism.

2. SequentialCompositionof agentsrespectdoth weakand strong bisimulation,
ie
81%S2 T1%T2 and SlNS2 TlNTQ
Sl;Tl %SQ;TQ Sl;Tl NSZ;TZ

Unfortunately agentsdo not form a cateyory undersequentiatomposition:thereare
no identity morphisms.n Sectionl1.4,we will introducetwo catejoriesof agentspne
of which hasunboundeduffersasits identity morphismsandthe otheronequeues.

1.3 Buffers and Queues

For ary setX, let X* bethefreemonoidand X ** the free commutatve monoidgen-
eratedby X. Theelementof X * arefinite sequencesTheemptysequencés denoted
by e. Theelementof X** arefinite multisets. Theemptymultisetis denotecby (). We

definethefollowing agentsof type X —» g X:

1. The buffer Bx hasstatesX**, initial state(), and transitionsw 'n—z> wzx and
zw 222 w, forallw € X** andz € X.



2. The queueQX hasstatesX*, initial statee, andtransitionsw —> wz and
zw 282 w, forallw € X* andz € X.

The only differencebetweenthe definitionsof Bx and Qx is whetherthe statesare
considerecissequencesr multisets.We will write B and Q without subscriptf X is
clearfrom thecontext. B actsasaninfinite capacitybuffer whichdoesnot preserethe
orderof messaged-or example onepossiblesequencef transitionds

inz iny inz outz inw
012 g D8y gy D3 gy Xy g ST DY iz

Q actsasaninfinite capacityfirst-in, first-outqueue A possiblesequencef transitions
is

inz iny outz inz
e—)x—)my—)y—)yz—)yzw—)zw

Lemmald. 1. B;B~BandB;B# B.
2. 9;90~QandQ;Q 4 Q.
3. 9;Bx~BandQ;B # B.
4. If | X| > 2,thenB; Q % BandB; Q # Q.

Theremaindenf this paperis devotedto examiningthe effect of composingarbitrary
agentswith buffersandqueues.

1.4 Notions of Asynchrony

In theasynchronoumodelof communicationmnessageareassumedo travel through
a communicatiormediumor ether Sometimesthe mediumis assumedo befirst-in,
first-out (a queue);sometimesasin the asynchronous-calculus,messagemight be
recevedin ary order(a buffer).

Our approachs simple: we modelthe mediumexplicitly. An asynchronousgent
is onewhoseoutputand/orinput behaesasif filtered througheithera buffer B or a
queueQ.

Definition 1.5. An agentS: X —pgY is

out-buffered if S=S§S;B out-queued if S=~S;Q
in-buffered if S=B;S in-queued if S~ Q;S
buffered if S=B;S;B queued if S= Q;S;0

We usetheword asyndrony asa generictermto standfor any suchproperty Distin-
guishingthesesix differentnotionswill allow usto studythemseparatelyYetanother
notionof asynchrog, incorporatingfeedbackywill be definedin Section3.2.

Remark.Becauseof Lemmal.4, the operationof pre- or post-composingn agent
with B or Q is idempotentup to ~. Consequentlyarny agentof theform S; B is out-
buffered, ary agentof the form B;S is in-buffered, an agentis bufferediff it is in-
andout-tuffered,andso on. Also, eachof the six propertiess invariantunderweak
bisimulation.



Let B beaset. BufferedagentsS: X — Y form the morphismsof a cateyory Bufg,
whoseobjectsaresetsX, Y, etc.;theidentitymorphismon X is givenby thebuffer Bx .
Similarly, queuedagentsform a cateyory Queg. Thesecateyorieshave a symmetric
monoidalstructurewhichwill bedescribedn Section3.1.

1.5 Examples

Examplel.6. The first example shavs the effect of post-composinglifferentagents
with the buffer B. Notice thatalthoughB hasinfinitely mary statesS; B may have
only finitely mary stateStho weakbisimulation.

outy outy ‘
S=t S;Byy = (1,0) <21 (¢, y) <Y LR maﬂ?—\linz
l'nz |nml ins inzl * ouy *
! (s 0) < () < ()
Examplel.7

outy outy
—> 0 —> @
Nz S;B~ |
outz
e —> 0
Examplel.8. Hereis an exampleon in-bufferedness.Notice that an input actionis
possibleat every stateof B; S.

outy

inz \\Uty T
. B S~ @ inz inz L] inz
{z}>
UIZ T outz

2 First-Order Axioms for Asynchrony

In this sectionwe will give necessarandsufficient conditionsfor eachof thenotions
of asynchrog from Definition1.5. Theseconditiongake theform of first-orderaxioms
by which we meanaxiomsthat usequantificationonly over statesandactions,but not
over subsetof statesor actions. The axioms,which areshovn in Tablesl through2,
characterizeachof our notionsof asynchrog up to weakbisimulation thismeansan
LTSis asynchronouif it is weaklybisimilarto onesatisfyingtheaxioms.lt is possible
to lift the condition“up to weakbisimulation”at the costof introducingsecond-order
axioms;thisis the subjectof Section6.



Tablel: First-orderaxiomsfor out-tufferedagents

outy outy outy outy
s ——=g' s ——> g s s §——> ¢!
la :> al la al :> Otl la
outy outy
t g ——t s" g ——t
wherea # outy

output-commutativityos1) output-confluencéoB?2)
outyl =>s ="
S”

output-determinac{oB3)

2.1 Out-Buffered Agents

Tablel liststhreeaxiomsfor out-tufferedagents We usethe corventionthatvariables
areimplicitly existentiallyquantifiedf they occuronly ontheright-hand-sidef anim-
plication,andall othervariablesareimplicitly universallyquantified. Thustheaxioms
are:

(oB1) Output-commutativityoutputactionscanalwaysbedelayed.

(oB2) Output-confluencewhenan outputactionandsomeotheractionare possible,
thenthey canbe performedin eitherorderwith the sameresult. In particular
neitheractionprecludeshe other

(oB3) Output-determinacyfrom ary states, thereis at mostonetransitionouty for
eachy €Y.

Eachof theseaxiomsis plausiblefor the behaior of a buffer. Output-determinacis
maybethe leastintuitive of the threepropertiesthe ideais that oncean outputaction
is storedin a buffer, thereis only one way of retrieving it. Togethey theseaxioms
characterizeut-bufferednessip to weakbisimulation:

Theorem 2.1 (Characterization of out-buffered agents). An agentS is out-huffered
if andonlyif S ~ T for someT satisfying(oB1)—(0B3).

Thisis adirectconsequencef thefollowing proposition:
Proposition2.2. 1. Everyagentof theformS; B satisfieqos1)—(0B3).
2. If S satisfiegoB1)—(0B3), thenS ~ S; B.

Proof. 1. Clearly, thebuffer B satisfieqoB1)—(0B3). Moreover, theseconditionsare
preseredby arbitrarysequentiatompositionfrom theleft.



Table?2: First-orderaxiomsfor in-bufferedagents

8—)a SI Sle 8%‘3' S%Sl
inz = in :cl lin z al i l
t g —2 st s 5! L
input-commutativitf1s1) input-confluencéiB2)
inz
S —> 3'
inwl =>s' =4" s = 5%y
' input-receptivity(184)
S

input-determinacyi83)

2. Suppos&: X —pY satisfieqoB1)— (OB3) Forasequences = yyyo - yn eY”,
we write s 2% ¢ jf ¢ 2L, vz MMy 4 > (). Note that |f w € Y*
is a permutatiorof w, thens 0”“”, tiff s 0”“”, t by (oB1). Considertherelation
R C |S| x |S; B| givenby sR(t,w) iff s &“") t. Clearly, R relatesinitial states.We
shaw that R is aweakbisimulation.In onedirection,suppose

s R (t,w)

“

s'.

Two casesarise:

Casel: a = outy for somey € w. By the definitionof R, s 4% & U, 4
wherew = yw'. By (0B3), we have s' = s'’. Therefores' R(t,w'), andalso(t, w) =
(t,w").v

Case2: a # outy for ally € w. Froms 2% ¢ ands -2 s, we gets’ 2% ¢ and
t = t' by repeatedapplicationof (0B2). Therefores' R(t',w) and (t,w) = (t',w)
(noticethe useof = here,whichis necessarin casex is anoutputaction)~

In the otherdirection,suppose

s R (t,w)
', w').
We distinguishthreecasedor (t,w) — (t',w'), dependingon which rule in Defini-
tion 1.1wasused.

Casel: t =5 t', w = w' anda notoutput. Thens —> t = t', which implies

s 2 o 2 ¢ py repeatedippllcatlonof (0B1),i.e.s = s'R(t',w).v



Case2: t=t,w = w' anda notinput. SinceB hasonly |nput andoutPuttranS|-
tions, « mustbe outy for somey € Y with w = yw'. Thens Oy, g UL 4 e
s 5 s'R{t,w').v

outw outy,

Case3: ¢t 2% ¢/ w % ' anda = 7. In this casew' = wy ands —% ¢ =%
t', hencesR(t',w').v O

Remark2.3. Theorem2.1 generalizeso othernotionsof equivalenceof processesas
long asthey are coarserthanweak bisimulation. Indeed,if = is an equivalenceof
processesuchthat~ C =, thenfor ary agentS, thereexists someout-tuffered T
with S = T iff thereexists T' satisfying(oB1)—(0B3) andS = T'. Thisis atrivial
consequencef Theorem2.1. Similar remarksapplyto the otherresultsin this section
andin Section3.

2.2 In-Buffer ed Agentsand Queues

The axiomsfor in-buffered agentsare listed in Table2. The main differenceto the
out-tuffered caseis the propertyinput-receptivity an in-bufferedagentcanperform
ary input actionat ary time. This wasillustratedin Examplel1.8. The input/output
automataof LynchandStark[10] have this property andsodoesHondaand Tokoro’s
original versionof theasynchronous-calculus[9].

Remark.Somevhat surprisingly the axiomsin Table 2 arenot independent.In fact,
(181) and(182) areequialentin the presencef (183) and(184). We presengll four
axiomsin orderto highlighttheanalogyto the outputcase.

Theorem 2.4 (Characterization of in-buffered agents). An agent S is in-buffered if
andonlyif S ~ T for someT satisfying(181)—(184).

Theaxiomscanbe adjustedo accommodatgqueuegatherthanbuffers: In (0812 and
(oB2), Changdhe5|decond|t|onst0 a notoutput”. Change(oB3) to “if s —% s
ands 22 s theny = z ands’ = s"”. In (181) and(1B82), changethesideconditions
to “a notinput”. Thentheanalogf Theorems.1and2.4hold.

3 More Constructors and Asynchrony with Feedback

3.1 Agent Constructors

In this section,we will introducesomeoperationson agents,suchas renamingand
hiding of actions parallelcompositionrandfeedback.

1. Domainextension.If S isanLTS of type 4, andif A C A’, thenS canalsobe
regardedasanLTS of type A’.

2. Domainrestriction(hiding). If S is anLTS of type A4, andif 7 € A’ C A, then
S|4+ isdefinedto betheLTS of type A’ whichhasthesamestatesasS, andwhose
transitionsarethoseof S restrictedo [S| x A’ x [S|.



Domain extensionand domainrestrictionare specialcasesof the following, general
renamingconstruct:
3. Geneanl renamingandhiding. LetS beanLTSof type A andletr C A x A’ bea

relationsuchthatrra’ iff 7 = o'. DefineS, to betheLTS of type A’ thathasthe

samestatesandinitial stateasS andtransitionss g t iff s =g ¢ for some

ara’.

Let usnow turnto variousformsof parallelcomposition.

4. Parallel compositiorwithoutinteraction. Let S andT beLTSsof type A. Then
S||T istheLTS of type A with stategS| x | T| andinitial state(so, to), andwhose
transitionsaregivenby therules

s g s t St
(s,t) =g (s',1) (s:t) =gy (5,8)

5. Symmetrianonoidalstructue. Let X @ X' be the disjoint union of sets. For
S: X—gY andT: X'—=gY', defineS®T: X o X'—=gY &Y' tobetheagent
S, ||T,, wherer andg aretheinclusionsof X —gY’, respectiely X'— Y into
X & X'=»gY ®Y'. Then® definesa symmetricmonoidalstructureon the
catgoriesBuf andQue. Thetensorunit is given by the agentI of type ) — §
with onestateandno transitions.

The constructorsve have consideredsofar, including sequentiatompaositionare not
sufficientto build arbitrarynetworks. Whatis missingis the ability to constructoops.
Thenext constructorllows the outputof anagentto be connectedo its own input:

6. Self-compositiofffeedbak). LetS: X—»gY. LetO C Y x X beasetof pairs.
DefineS O O, theself-compositiorof S alongO, to betheLTS of type X -+gY
whosestatesareidenticalwith thoseof S, andwhosetransitionsaregivenby the

rules
" .
s st s =4S 000 ¢ (y,z) € O
S i>SQ() t S l)soo t '

In the commoncasewhereS: X—pX andO = {{z,z) | z € X}, we will
write S° insteadof S © O.

We canuseself-compositiorio defineboth sequentiahndparallelcomposition.

7. Sequentiacomposition. The sequentiakompositionof agentswas definedin
Definition 1.1. Alternatively, onecandefineit from the more primitive notions
of direct sum, feedbackand hiding: Let S: X—gY andT: Y—pgZ. Then
SeT: X Y—-gY & Z, andwith AY = {{y,y) | y € Y}, onegetsS; T ~
(88 T) OAY)|x—pz.

8. Parallel composition(with interaction). Let S, T: X —gX. The parallelcom-
positionS|T is definedto betheagent(S||T)°.

Proposition3.1. All oftheagentconstructosin thissectiorrespectveakbisimulation.
For instanceif S ~ S’ andT =~ T', thenS, ~ S/ andS||T ~ S'||T’, etc.



Table3: First-orderaxiomsfor out-tufferedagentswith feedback

out out out
g outz_ z_ s 2o s 2y

el L

g ——1t re s >t

wherea # outz anda # 7

Q

output-commutativityFe1) output-confluencérs2)
outz outz outz
§——4' s ——> 4 §— g
outzi = g =g" linz = \linz
s" t t
output-determinac{rs3) feedbak (FB4)
outz outz outz
S SI § — > SI s — > sl
TJ/ - Tl lr > Tl /
nz
s s _outz_ t s

output-tau(FB5)

3.2 Asynchrony with Feedback

In concurrenprocessalculisuchasCCSor the r-calculus messagethatareemitted
fromaprocesareimmediatelyavailableasinputto all processesncludingthesending
processtself. In our setting,this is bestmodeledby requiringthatall processeareof
type X —+ X for onefixedsetX, andby usingself-compositiorto feedthe outputback
to theinput.

In the presencef feedbackput-bufferednessakesa slightly differentform, which
is expressedn thefollowing definition.

Definition. An agentS: X —gX is out-bufferedwith feedba& if S ~ R° for some
out-tufferedagentR.

Example3.2. Thefollowingagents is out-kufferedwith feedbaclut notout-kuffered:

outz outz
———> 0 —> @
) T . T )
S = |n5f\\ llr& llnz

—_— ————>
outz outz

Remark.Recently Amadio, Castellaniand Sangiogi [3] have given a definition of
asynchronousbisimulation,which accountsor the factthat an agentof type X —X



Table4: Transitionsfor asynchronou€CS

(act)

aP %P (synch) PSP Q5
a sync 7
(sum) _G=r ' PlQ = PIQ"
G+G =P (res) P% P  ad¢LUL
(sum) G'> P P\L > P'\L
G+G =P (rel) P3P
a re o
(comp) —L 2P PLf] % P]
PIQ 3 P'|Q (rec) P3P AZP
Q% Q ree AL P

ont) PSP

might receive a messageandthenimmediatelysendit again,without this interaction
being obsenable on the outside. Feedbacks concernedwith the dual phenomenon,
namelya procesghatsendsa messagandthenimmediatelyrecevesit again.

Out-hufferednessvith feedbackis characterizedip to weakbisimulationby the first-
orderaxiomsthatarelistedin Table3.

Theorem 3.3 (Characterization of out-buffered agentswith feedback).
AnagentS: X —gX is out-tufferedwith feedbak if andonlyif S & T for someagent
T satisfying(FB1)—(FB5).

4 Example: AsynchronousCCS

In this section,we will shav that an asynchronousersionof Milner’s Calculusof
CommunicatingsystemgCCS)[11, 12] fitsinto theframawork outlinedin theprevious
sectionof out-kufferedlabeledtransitionsystemswith feedback.

Let X = {a,b,c,...} beaninfinite setof names andlet X = {a,b,¢,...} be
a correspondinget of co-names suchthat X and X aredisjoint andin one-to-one
correspondenceia (7). We alsowrite a = a. Namescorrespondo input-actionsand
co-namedo output-actions.Let 7 ¢ X + X, andlet Act = X + X + {r} bethe
setof actions rangedover by the lettersa, 3, .. . ; Let theletter L rangeover subsets
of X, andwrite L for {@ | a € L}. Lettheletter f rangeover relabelingfunctions,
which arefunctionsf : X — X. Any relabelingfunctionextendsto f : Act — Act
by letting fa = fa andfr = 7.

Let A, B,C,... rangeover a fixed setof processconstants AsynchronousCCS
processe®, @, ... andguardsG, H, ... aregivenby thefollowing grammars:

P:=a0|PP|P\L|P[f]|A|G

G::wP|rP|G+G|O



Assumea setof defining equationsAd:efP, onefor eachprocessconstantA. The
operationalsemanticf asynchronou€CSis givenin termsof a labeledtransition
systenmSccs = (S, Act, —), whichis definedn Table4. ThestatesareCCSprocesses.
Notice thatwe have not specifieda distinguishednitial state;this is morecorvenient
in this context, andno harmis done. Also noticethatthereis norule for 0. Thisis
becaus¢heprocesd is inert, i.e. therearenotransitionsd) = P.

Theorem4.1. ThelabeledtransitionsystenBccs is out-tufferedwith feedbak.

5 Example: The Core Join Calculus

Thejoin calculuswasintroducedby FournetandGonthierin [7] andfurtherdeveloped
in [8]. It is a concurrentmessag@assingcalculuslike the r-calculus. However, the
reactionrule is simplerand closerto the semanticsof a chemicalabstractmachine.
Here,wewill only beconcerneavith thecore join calculus.

Letz,y, ... rangeover a countableset V' of names Let %, 4, ... rangeover se-
guence®f namesCorejoin calculusprocesse®, @, ... andrulesR, S, ... aregiven
by thefollowing grammars:

Pu=x(j) | P|IP | def Ry A...ARnin P Ru=z1(%h)]...|zn(0s) > P

A proces®f theform z(?) is calledamessage In therule R = 21 (01)] . . . [2n(0n) >
P, the names;, ... o, arebound,andthey are assumedo be distinct. The names
x1 ...z, arecalledthedefinednamesof R, denotedin(R). Finally, all of thedefined
namef Ry, ... , R, areboundin theprocesslef R; A ... A R, in P. Foramore
comprehensietreatmentsee[7, 8].

The semantic®f the corejoin calculusis givenin the style of a chemicalabstract
machine. A state A +y II is a multiset A of rulestogetherwith a multisetII of
processes.N is a setof namessuchthat fn(A,II) C N. We identify statesup to
a-equialencej.e. up to renamingof boundvariables.Thetransitionsof this machine
follow a simpleidea:the processesntheright handsideevolve accordingo therules
ontheleft-handside. Therearetwo kindsof transitions:structural transitionsdenoted
—, andreactions denoted-:

(St?"l) A"NH,P|Q — A}_NH,P,Q

(Stf‘?) AI—NH,dele/‘\/\RminP - A,Rl,...,le—N/ H,P

whereN' = N + dn(Ry,... ,Rn)

(]O’L'I’l) A Fn H,$1<y~1),... ,.Z'n<y;1) = A Fn HJ [y~1/1~)17"' JyNR/ﬁn]P
where(z1(01)] ... |zn(0n) > P) € A

Therule (join) is of courseonly applicableis thelengthof ¢j; and®; arethe same for
all i. Notethatin therule (str2), thesetsN anddn(Ry,... , Ry,) mustbe disjoint;
this maynecessitateenamingsomeboundvariablesn def Ry A ... A R, in P.



Table5: Second-ordeaxiomsfor out-tufferedagents

outy ¢ outy " outy ¢ outy "
s ~Ro- s - s RO s R
(67 :> [0 (03 (63 :> [0 (63
\M; M; outy iJ; il; M; outy iJ;
S s - s -
wherea # outy wherea # outy
(oB1*) (oB2*)
outy out
outy outy s-t = s =St
s>t s &>t (0B4*)
outyu = outyﬂ/ ‘HT
outy " - Outy "
' s~ # § —— = 8§ =>R>
wheres reachable

(oB3*)

(oB5%)

Remark.In the original formulationof thejoin calculus[7, 8], the structuralrulesare
assumedo bereversible.We adopta differentcorventionhere.

To fit thejoin calculusinto our framework, we make it into a labeledtransitionsystem
with inputandoutput.Let X = {z(j) | z € N,§ € N*} bethesetof messagesiVe
addinputandoutputtransitions:

(in) Abym 220 A FNU{zgy 1L 2(9)
(out) AFnILaz(@g) 2220 ApyI

Furtherwelet = = — U —. With thesedefinitions thejoin calculusdefinesalabeled
transitionsystemSjpin: X —+X.

Theorem5.1. ThelabeledtransitionsystenS;qin definedby the core join calculusis
out-hufferedwith feedbak.

6 Other Characterizationsof Asynchrony

In Section® and3, we have characterizediotionsof asynchrow by first-orderaxioms
up to weakbisimulation It is possibleto remove thewords“up to weakbisimulation”,
i.e. to characterizasynchrog directly. This happenstthe costof introducingsecond-
orderaxioms.Theshiftto second-ordeseemdo beinevitable,sinceweakbisimulation
itself is a second-ordenotion.

The axiomsfor out-tufferedagentsare given in Tables5. It is possibleto give
correspondingxiomsfor in-bufferednessput-queuednesandin-queuedness.

Theorem6.1. AnagentS: X —gY is out-hufferedif andonlyif for eady € Y there
t
existsa binaryrelation9-u'>'1-/ C |S| x |S]| satisfying(oB1*)—(0B5*).



7 Conclusionsand Future Work

We have shavn how to abstractlycharacterizevarious notions of asynchrog in a
general-purpos&ramevork, independentlyof ary particularprocessparadigm. This
canbe doneby first-orderaxiomsup to weakbisimulation,or by higherorderaxioms
“on the nose”. The presentframenork of labeledtransitionsystemswith input and
outputcanbe usedto modelasynchronousommunicatiorin CCS,aswell asthejoin
calculus.To give anadequatereatmenof calculiwith explicit, dynamicscopingoper
ators,suchasther-calculus pneshouldequipthesdabeledtransitionsystemswith the
ability to handledynamicallycreatechamesWork is in progresson a notionof fibered
labeledtransitionsystenthatcanbe usedto modelthis moregenerakituation.
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