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Abstract. We studypropertiesof asynchronouscommunicationindependentlyof
any concreteconcurrentprocessparadigm.Wegiveageneral-purpose,mathemati-
cally rigorousdefinitionof severalnotionsof asynchrony in anaturalsettingwhere
an agentis asynchronousif its input and/oroutput is filtered througha buffer or
a queue,possiblywith feedback.In a seriesof theorems,we give necessaryand
sufficient conditionsfor eachof thesenotionsin the form of simplefirst-orderor
second-orderaxioms. We illustratethe formalismby applyingit to asynchronous
CCSandthecorejoin calculus.

Intr oduction

The distinctionbetweensynchronousandasynchronouscommunicationis a relevant
issuein the designandanalysisof distributed andconcurrentnetworks. Intuitively,
communicationis saidto besynchronousif messagesaresentandreceivedsimultane-
ously, via a ’handshake’ or ’rendez-vous’of senderandreceiver. It is asynchronousif
messagestravel througha communicationmediumwith possibledelay, suchthat the
sendercannotbecertainif or whena messagehasbeenreceived.

Asynchronouscommunicationis oftenstudiedin theframework of concurrentpro-
cessparadigmssuchastheasynchronous� -calculus,which wasoriginally introduced
by HondaandTokoro [9], andwasindependentlydiscoveredby Boudol[6] asa result
of hiswork with Berryonchemicalabstractmachines[5]. Anothersuchasynchronous
paradigmis thejoin calculus,whichwasrecentlyproposedby FournetandGonthieras
a calculusof mobileagentsin distributednetworkswith locality andfailure[7, 8].

In this paper, we studypropertiesof asynchronouscommunicationin general,not
with regardto any particularprocesscalculus.We give a general-purpose,mathemat-
ically rigorousdefinitionof asynchrony, andwe thenshow that this notioncanbeax-
iomatized.We modelprocessesby labeledtransitionsystemswith input andoutput,a
framework that is sufficiently generalto fit concurrentprocessparadigmssuchasthe� -calculusor thejoin calculus,aswell asdataflow modelsandothersuchformalisms.
Thesetransitionsystemsaresimilar to LynchandStark’s input/outputautomata[10],
but our treatmentis morecategory-theoreticalandclosein spirit to Abramsky’s inter-
actioncategories[1, 2].

Variouspropertiesof asynchrony havebeenexploitedin differentcontextsby many
authors. For instance,Lynch andStark [10] postulatea form of input receptivityfor�
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their automata.Palamidessi[13] makesuseof a certainconfluencepropertyto prove
thattheexpressivepowerof theasynchronous� -calculusis strictly lessthanthatof the
synchronous� -calculus.Axiomssimilartoourshavebeenpostulatedby [4] andby [14]
for a notion of asynchronouslabeledtransitionsystems,but without the input/output
distinctionwhich is centralto theourapproach.

Themain novelty of this paperis that our axiomsarenot postulateda priori , but
derived from moreprimitive notions. We defineasynchrony in elementaryterms: an
agentis asynchronousif its input and/oroutput is filtered througha communication
medium,suchasa buffer or a queue,possiblywith feedback.We thenshow thatour
first- andsecond-orderaxiomspreciselycaptureeachof thesenotions.Thischaracteri-
zationjustifiestheaxiomsa posteriori. As a testbedandfor illustration,weapplythese
axiomsto anasynchronousversionof Milner’sCCS,andto thecorejoin calculus.

Dueto limitationsof space,mostproofsareomittedin this abbreviatedversionof
thepaper. Only theproofof Theorem2.1is includedasatypicalexampleof thetypeof
reasoningthatis employedhere.A full versionof thepaperis availablefrom theauthor
andwill alsoappearaspartof hisPh.D.Thesis.

Acknowledgments. I would like to thank CatusciaPalamidessi,Davide Sangiorgi,
BenjaminPierce,DaleMiller, SteveBrookes,IanStark,andGlynnWinskel for discus-
sionsandhelpfulcommentson thiswork.

1 An Elementary Definition of Asynchrony

If
�

is a binaryrelation,wewrite
�����

for theinverserelationand
���

for thereflexive,
transitiveclosureof

�
. We alsowrite 	�
 for 
 � ��� , etc.Thebinaryidentity relationon

a setis denoted
 . Thecompositionof two binaryrelations
�

and � is written
��� �

or simply
� � , i.e. � � ��� if thereexists � suchthat � � ����� . Thedisjointunionof two

sets� and � is denotedby ����� .

1.1 LabeledTransition Systemsand Bisimulation

To keepthis paperself-contained,we summarizethe standarddefinitionsfor labeled
transitionsystemsandweakandstrongbisimulation.

Definition. A labeledtransition system(LTS) is a tuple �����! #"%$�"&
 ��'("%)+*-, , where  
is a setof states, $ is a setof actions, 
 ��'/.0 21�$31� is a transition relation and)+*�45 is an initial state. We call $ the typeof � , andwewrite �768$ .

Weoftenomit thesubscripton 
 �9' , andwewrite : �;: for thesetof states . For <=4>$ ,
we regard ?
 � asa binaryrelationon : �;: via )@?
 �A)-B if f �!)C"%<D"E)+BF,G4/
 � .

Definition. Let � and H beLTSsof type $ . A binaryrelation
� .I: �D:&1J: HK: is astrong

bisimulation if for all <=4>$ ,
� ?
 �L.M?
 � � and

����� ?
 �N.M?
 � ����� . In diagrams:

) �PO
?QRO B
SAT ) B!U )

�
? QR

O
?QR)-B �VO B

WYX[Z ) �
? QR

O

)-B
SAT O B!U )

�
? QR

O
?QR)-B �\O B



Next, we considerLTSs with a distinguishedaction ]�4^$ , called the silent or the
unobservableaction.Let _S betherelation _
 � � . For `54/$2ab] , let cS betherelation_
 � � c
 �d_
 � � . A binaryrelation

� .e: �;:[1�: HJ: is a weakbisimulation if for all <V4=$ ,� ?
 �N. ?S � and
� �f� ?
 �L. ?S � ��� . In diagrams:

) �PO
?QRO B
SAT ) B!U )

�
?hgi

O
?QR)-B �VO B

WYX[Z ) �
? QR

O

)-B
SAT O B!U )

�
? QR

O
?gi)-B �\O B

It is well-known that thereis a maximalstrongbisimulation,which we denoteby j ,
anda maximalweakbisimulation,which we denoteby k . We saythat )�4�: �D: andO 4l: HJ: arestrongly(weakly)bisimilar if )mj O ( )nk O ). Finally, � and H aresaidto be
strongly(weakly)bisimilar if )+*mj O * ( )+*mk O * ).
Therelationsj and k , asbinaryrelationson anLTS � , areequivalencerelations.We
denotetherespectiveequivalenceclassesof a state) by o )&pFq and o )rpts . On thequotient�vuYj , we definetransitions o )&pFq c
 � o O pFq if f ) c
 �wj O

, making it into a well-defined
transitionsystem.Similarly, on �xuCk , wedefine o )rp s c
 �Lo O p s if f )3c
 �wk O . For all )�45� ,
onehas )�jyo )&p q and )�kPo )rp s , andhence�/jPz{�vuYjh| and �}kPz~�xuCkh| . We saythat �
is � -reducedif �}�V�vuYj , and � -reducedif �5�\�vuYk .

1.2 Input, Output and SequentialComposition

So far we have distinguishedonly oneaction: the silent action ] . We will now add
further structureto the setof actionsby distinguishinginput andoutputactions. Let
in andout beconstants.For any sets� and � , definea setof input actionsIn ��6���
in ��1�� , anda setof outputactionsOut �e6�� � out��1�� . Notethat In � andOut �

aredisjoint. We will write input andoutputactionsasin � andout � insteadof � in "��(,
and � out"��(, , respectively. Let � bea setwhoseelementsarenotof theform in � , out �
or ] . Theelementsof �V� � ](� arecalledinternal actions.

Definition. We define �l�=�D� to be the set In ��� Out �e�0�e� � ](� . A labeled
transitionsystem� of type �/� � � is calledanLTS with input and output, or simply
anagent. If � is empty, wewill omit thesubscriptin �l� � � .

Our labeledtransitionsystemswith input and output are similar to the input/output
automataof LynchandStark[10]. However, we considera notionof sequentialcom-
positionthatis morein thespirit of Abramsky’sinteractioncategories[1, 2]. Giventwo
agents�76��/�9�D� and Hl6[���9�b� , wedefine ���%Hl6[�/�9�G� by feedingtheoutputof� into the input of H . This is a specialcaseof parallelcompositionandhiding. No-
tice thatthisnotionof sequentialcompositionis differentfrom theoneof CSPor ACP,
whereH cannotstartexecutionuntil � is finished.

Definition 1.1. Let ��6��/� � � and Hl6[��� � � beagentswith respectiveinitial states) * and
O * . Thesequentialcomposition����H is of type �/� � � . It hasstates: �;:�1=: HK:

andinitial state �!)+*C" O *-, . Thetransitionsaregivenby thefollowing rules:���� �}� �E� � not output� �-�~��� �� � � � ¡ � �E�¢�{���
�}�� �>¡ �~� � not input� �-�~��� �� � � � ¡ � �-�~�~�£�

� out ¤� � �}� �E� � in ¤�~�!�>¡ �~�� �-�~���/¥� � � � ¡ � �E�¢�{�~�£�



Example1.2. For any set � , defineanagent¦�§ of type �l�=� with states�¨� �ª© � ,
initial state

©
andtransitions

© in «
E
��¬� and � out «
­
[� ©
, for all �®42� . ¦ § actsasa

buffer of capacityone:A possiblesequenceof transitionsis© in «
%
��¯� out «
8
[� © in °
%
��¯� out °
­
±� © in ²
�
~��� out ²
8
³� © U&U+U
Let �´� � �f� . Then¦ § and¦ § �!¦ § arethefollowing agents:

¦�§I�Iµ ¶E·¹¸º »E¼¹½© in «;¾¿ �
out «ÀÁ ¦�§Â�!¦�§V�

ÃEÄwÅ�ÆÇEÈwÉ�Ê� © " © ,
in « QR

� © "��(,out «ËÌ
in «QR

�¢�Í" © , _
Î ÏÐÐÐÐÐÐÐÐÐÐ �¢�Í"��(,

out «ËÌ
Herethe initial stateof eachagentis circled. Whenrepresentingagentsin diagrams
like these,it is oftenconvenientto omit thenamesof thestates,andto identify weakly
bisimilarstates.With thatconvention,wewrite:

¦ § ��Ñ Ò�Ó~ÔÕ Ö�×~ØÙ in «x¾¿ Ù
out «ÀÁ ¦ § �!¦ § k2Ñ Ò�Ó~ÔÕ Ö�×~ØÙ in «x¾¿ Ù

out «ÀÁ in «x¾¿ Ù
out «ÀÁ

Notethat ¦�§��{¦�§ is aqueueof capacity2. In general,for any set � , ¦fÚn�!¦fÚ is afirst-in,
first-outqueueof capacity2.

Two LTSs � and H of type $ areisomorphicif thereis abijectionbetween: �;: and : HK:
preserving
 � andinitial states.

Lemma 1.3. 1. SequentialCompositionof labeledtransitionsystemsis associative
up to isomorphism.

2. SequentialCompositionof agentsrespectsboth weakand strong bisimulation,
i.e.

� � kV�ÍÛ H � k®H�Û� � �%H � kI� Û ��H Û W X[Z � � j\�ÍÛ H � j®H�Û� � �%H � j\� Û �%H Û
Unfortunately, agentsdo not form a category undersequentialcomposition:thereare
no identitymorphisms.In Section1.4,we will introducetwo categoriesof agents,one
of whichhasunboundedbuffersasits identitymorphisms,andtheotheronequeues.

1.3 Buffers and Queues

For any set � , let � � bethefreemonoidand � �E� thefreecommutativemonoidgen-
eratedby � . Theelementsof � � arefinite sequences.Theemptysequenceis denoted
by Ü . Theelementsof � �E� arefinite multisets.Theemptymultisetis denotedby Ý . We
definethefollowing agentsof type �/�=�D� :

1. The buffer Þ�§ hasstates� �E� , initial state Ý , and transitionsß in «
%
��àßá� and�[ß out «
­
���ß , for all ß@4�� �E� and �54�� .



2. The queue âm§ hasstates� � , initial state Ü , and transitions ß in «
¹
��ãßá� and�[ß out «
­
���ß , for all ß@4�� � and �54�� .

The only differencebetweenthe definitionsof Þ § and â § is whetherthe statesare
consideredassequencesor multisets.We will write Þ and â withoutsubscriptif � is
clearfrom thecontext. Þ actsasaninfinite capacitybuffer whichdoesnotpreservethe
orderof messages.For example,onepossiblesequenceof transitionsis

Ý in «
%
��¯� in °
�
��¯�[� in ²
�
��¯�[�ä� out °
8
ä�¯�­� out «
­
ä�å� in æ
ª
+�¯ßn� U+U&U
â actsasaninfinite capacityfirst-in, first-outqueue.A possiblesequenceof transitions
is

Ü in «
%
��¯� in °
�
��¯�[� out «
(
ä�¯� in ²
�
��¯�ä� in æ
ª
+�¯�ä�Yß out °
[
����Cß U&U+U
Lemma 1.4. 1. Þh��Þ�k®Þ and Þh��ÞIçj®Þ .

2. â��èâ®kyâ and â��-â�çj�â .

3. â���Þ9k®Þ and â���Þ0çj�Þ .

4. If : �w:±éwê , then Þm�èâ�çk2Þ and Þm�èâ�çkyâ .

Theremainderof this paperis devotedto examiningtheeffect of composingarbitrary
agentswith buffersandqueues.

1.4 Notionsof Asynchrony

In theasynchronousmodelof communication,messagesareassumedto travel through
a communicationmediumor ether. Sometimes,themediumis assumedto befirst-in,
first-out (a queue);sometimes,asin theasynchronous� -calculus,messagesmight be
receivedin any order(a buffer).

Our approachis simple: we modelthemediumexplicitly. An asynchronousagent
is onewhoseoutputand/orinput behavesasif filtered througheithera buffer Þ or a
queueâ .

Definition 1.5. An agent�76[�/� � � is

out-buffered if ��k\����Þ
in-buffered if ��k2Þh�E�

buffered if ��k2Þh�E����Þ
out-queued if �5kI���èâ
in-queued if �5k�â��¹�

queued if �5k�â��¹���èâ
We usetheword asynchrony asa generictermto standfor any suchproperty. Distin-
guishingthesesix differentnotionswill allow usto studythemseparately. Yet another
notionof asynchrony, incorporatingfeedback,will bedefinedin Section3.2.

Remark.Becauseof Lemma1.4, the operationof pre- or post-composingan agent
with Þ or â is idempotentup to k . Consequently, any agentof the form ����Þ is out-
buffered,any agentof the form Þh�E� is in-buffered,an agentis buffered iff it is in-
andout-buffered,andso on. Also, eachof the six propertiesis invariantunderweak
bisimulation.



Let � bea set. Bufferedagents�768�/�9�;� form themorphismsof a category Buf � ,
whoseobjectsaresets� , � , etc.;theidentitymorphismon � is givenby thebuffer Þ § .
Similarly, queuedagentsform a category Que� . Thesecategorieshave a symmetric
monoidalstructure,whichwill bedescribedin Section3.1.

1.5 Examples

Example1.6. The first exampleshows the effect of post-composingdifferentagents
with the buffer Þ . Notice that although Þ hasinfinitely many states,����Þ may have
only finitely many statesup to weakbisimulation.

�}�

Ñ Ò�Ó~ÔÕ Ö�×~Ø)
out °QR O
in «QRë

����Þ;ì °+í �

î~ïñðñòó~ôñõñö�{)C"%ÝY,
_^÷ø ùùùùù
ùùùù

�!)C"���,out °ËÌ
_ ÷ø ùùùùù

ùùùù
�{)Y"�� Û ,out °ËÌ ú&ú&ú

� O "%ÝC,
in « QR

� O "���,out °ËÌ
in « QR

� O "�� Û ,out °ËÌ ú&ú&ú
in « QR

� ë "%ÝY, � ë "���,out °ËÌ � ë "�� Û ,out °ËÌ ú&ú&ú

k
Ñ Ò�Ó~ÔÕ Ö�×~ØÙ

in « QR
out °{ûü Ù

in «QRÙ
out ° ûü Ù

Example1.7.

�}�
Ñ Ò~Ó~ÔÕ Ö~×~ØÙ

in « QR
out °!ûü

out ²ýþ ÿÿÿÿÿ
ÿÿÿ Ù

Ù Ù
����Þ�k

Ñ Ò~Ó{ÔÕ Ö~×{ØÙ
in « QR

_ ûü
_ ýþ ÿÿÿÿÿ

ÿÿÿ Ù out °{ûü Ù
Ù Ù out ² ûü Ù

Example1.8. Here is an exampleon in-bufferedness.Notice that an input action is
possibleateverystateof Þm�¹� .

�}�2Ñ Ò�Ó~ÔÕ Ö�×~ØÙ
in « ýþ �����
�

in « � �������
Ù

out °ýþ �����

Ù out ²
� ������
Ù Þ;ì «ªí �¹�5k

Ù
out °ýþ ÿÿÿÿÿ

ÿÿ in «��

Ñ Ò~Ó{ÔÕ Ö~×{ØÙ in « ûü Ù _
� ��������

_ ýþ ÿÿÿÿÿ
ÿÿ in «�� Ù

in «��
Ù out ²

� ��������
in «��

2 First-Order Axioms for Asynchrony

In this section,we will give necessaryandsufficient conditionsfor eachof thenotions
of asynchrony fromDefinition1.5.Theseconditionstaketheformof first-orderaxioms,
by which we meanaxiomsthatusequantificationonly over statesandactions,but not
over subsetsof statesor actions.Theaxioms,which areshown in Tables1 through2,
characterizeeachof ournotionsof asynchrony up to weakbisimulation; thismeans,an
LTS is asynchronousiff it is weaklybisimilarto onesatisfyingtheaxioms.It is possible
to lift thecondition“up to weakbisimulation”at thecostof introducingsecond-order
axioms;this is thesubjectof Section6.



Table1: First-orderaxiomsfor out-bufferedagents

) out °{ûü )-B
?QR O
S ) out ° ûü
? QR

)-B
?QR

)-B B out ° ûü O
output-commutativity(OB1)

) out ° ûü
? QR

)+B

)+B B
S ) out ° ûü
? QR

)-B
?QR

)-B B out ° ûü O
where<®ç� out �

output-confluence(OB2)

) out ° ûü
out ° QR

)-B

)-B B
S )-B(�®)-B B

output-determinacy(OB3)

2.1 Out-Buffered Agents

Table1 lists threeaxiomsfor out-bufferedagents.We usetheconventionthatvariables
areimplicitly existentiallyquantifiedif they occuronly ontheright-hand-sideof anim-
plication,andall othervariablesareimplicitly universallyquantified.Thustheaxioms
are:

(OB1) Output-commutativity: outputactionscanalwaysbedelayed.

(OB2) Output-confluence: whenanoutputactionandsomeotheractionarepossible,
thenthey canbe performedin eitherorderwith the sameresult. In particular,
neitheractionprecludestheother.

(OB3) Output-determinacy: from any state) , thereis at mostonetransitionout � for
each�J4>� .

Eachof theseaxiomsis plausiblefor thebehavior of a buffer. Output-determinacy is
maybethe leastintuitive of the threeproperties;the ideais thatonceanoutputaction
is storedin a buffer, thereis only one way of retrieving it. Together, theseaxioms
characterizeout-bufferednessup to weakbisimulation:

Theorem2.1(Characterization of out-bufferedagents). An agent � is out-buffered
if andonly if �5k®H for someH satisfying(OB1)–(OB3).

This is a directconsequenceof thefollowing proposition:

Proposition2.2. 1. Everyagentof theform ����Þ satisfies(OB1)–(OB3).

2. If � satisfies(OB1)–(OB3), then �5k\����Þ .

Proof. 1. Clearly, thebuffer Þ satisfies(OB1)–(OB3). Moreover, theseconditionsare
preservedby arbitrarysequentialcompositionfrom theleft.



Table2: First-orderaxiomsfor in-bufferedagents

) ? ûü ) B
in «QR O

S ) ? ûü
in « QR

)-B
in «QR

)-B B ? ûü O
input-commutativity(IB1)

) in « ûü
? QR

)-B

)-B B
S ) in « ûü
? QR

)-B
?QR

)+B B in « ûü O
input-confluence(IB2)

) in « ûü
in « QR

)-B

) B B
S )-B8�V)-B B

input-determinacy(IB3)

) S ) in «
E
�� O
input-receptivity(IB4)

2. Suppose��6��/� � � satisfies(OB1)–(OB3). For asequenceß\��� � � Û ú+ú&ú ���J4 � � ,
we write ) out æ
�
8
{� O

if ) out °	�
ª
[
r� out °�

ª
�
&� ú&ú&ú out °��
±
�
Y� O
( 
eé �

). Note that if ßmB�43� �
is a permutationof ß , then ) out æ��
C
[
è� O

if f ) out æ
�
8
{� O
by (OB1). Considerthe relation� .^: �;:81�: ����Þ�: givenby ) � � O "�ßm, if f ) out æ
�
�
{� O

. Clearly,
�

relatesinitial states.We
show that

�
is aweakbisimulation.In onedirection,suppose

) �
? QR

� O "�ßm,
)+B U

Two casesarise:

Case1: <�� out � for some �®4Iß . By the definition of
�

, ) out °
­
±� )-B B out æ��
C
[
ª� O
,

whereßV���±ßnB . By (OB3), wehave )-B­�V)-B B . Therefore)-B � � O "�ßnBF, , andalso � O "�ßm,�?
 �� O "�ßnBF, . �
Case2: <Vç� out � for all ��45ß . From ) out æ
�
�
{� O

and ) ?
 � )-B , we get )+B out æ
�
[
{� O B andO ?
 � O B by repeatedapplicationof (OB2). Therefore)-B � � O B!"�ßh, and � O "�ßh, ?S � O B{"�ßm,
(noticetheuseof S here,which is necessaryin case< is anoutputaction).�
In theotherdirection,suppose

) � � O "�ßm,
?QR� O B¢"�ßnBF, U

We distinguishthreecasesfor � O "�ßm,e?
 � � O B¢"�ßnBF, , dependingon which rule in Defini-
tion 1.1wasused.

Case1:
O ?
 � O B , ß � ßnB and < not output. Then ) out æ
�
�
{� O ?
 � O B , which implies)@?
 �A)-B out æ
�
[
{� O B by repeatedapplicationof (OB1), i.e. )@?
 �å)-B � � O B!"�ßm, . �



Case2:
O � O B , ß ?
 ��ßnB and < not input. Since Þ hasonly input andoutputtransi-

tions, < mustbeout � for some�=4�� with ße�^�³ßmB . Then ) out °
8
ä� )-B out æ��
C
[
ª� O
, i.e.)@?
 �A)-B � � O "�ßnBF, . �

Case3:
O out °
­
±� O B , ß in °
%
�� ßnB and <��V] . In this case,ßnBÍ�Ißá� and ) out æ
�
�
�� O out °
8
ä�O B , hence) � � O B "�ß B , . � �

Remark2.3. Theorem2.1 generalizesto othernotionsof equivalenceof processes,as
long as they are coarserthan weak bisimulation. Indeed,if j� is an equivalenceof
processessuchthat kå. j� , thenfor any agent � , thereexists someout-buffered H
with � j� H if f thereexists H�B satisfying(OB1)–(OB3) and � j� H�B . This is a trivial
consequenceof Theorem2.1. Similar remarksapplyto theotherresultsin this section
andin Section3.

2.2 In-Buffer ed Agentsand Queues

The axiomsfor in-bufferedagentsare listed in Table2. The main differenceto the
out-bufferedcaseis the propertyinput-receptivity: an in-bufferedagentcanperform
any input actionat any time. This was illustratedin Example1.8. The input/output
automataof LynchandStark[10] have this property, andsodoesHondaandTokoro’s
originalversionof theasynchronous� -calculus[9].

Remark.Somewhat surprisingly, the axiomsin Table2 arenot independent.In fact,
(IB1) and(IB2) areequivalentin thepresenceof (IB3) and(IB4). We presentall four
axiomsin orderto highlight theanalogyto theoutputcase.

Theorem2.4(Characterization of in-bufferedagents). An agent � is in-buffered if
andonly if �5k\H for someH satisfying(IB1)–(IB4).

Theaxiomscanbeadjustedto accommodatequeuesratherthanbuffers: In (OB1) and
(OB2), changethesideconditionsto “ < not output”. Change(OB3) to “if ) out °
­
±�¬) B
and ) out ²
8
³�A)-B B then ����� and )-B(�®)-B B ”. In (IB1) and(IB2), changethesideconditions
to “ < not input”. Thentheanalogsof Theorems2.1and2.4hold.

3 Mor eConstructors and Asynchrony with Feedback

3.1 Agent Constructors

In this section,we will introducesomeoperationson agents,suchas renamingand
hidingof actions,parallelcompositionandfeedback.

1. Domainextension.If � is anLTS of type $ , andif $e.@$nB , then � canalsobe
regardedasanLTS of type $mB .

2. Domainrestriction(hiding). If � is anLTS of type $ , andif ]=4=$nB;.I$ , then�D: � � is definedto betheLTSof type $mB whichhasthesamestatesas � , andwhose
transitionsarethoseof � restrictedto : �D:�1�$mBf1=: �;: .



Domainextensionanddomainrestrictionarespecialcasesof the following, general
renamingconstruct:

3. General renamingandhiding. Let � beanLTSof type $ andlet ��.2$�1�$nB bea
relationsuchthat ]��ª< B if f ] �\< B . Define ��� to betheLTS of type $ B thathasthe
samestatesandinitial stateas � andtransitions) ?
 � '�� O if f ) ? �
&� ' O for some<��ª<vB .

Let usnow turn to variousformsof parallelcomposition.

4. Parallel compositionwithout interaction. Let � and H beLTSsof type $ . Then���&H is theLTSof type $ with states: �;:E1ñ: HK: andinitial state�!) * " O * , , andwhose
transitionsaregivenby therules

)@?
 � ' )-B�{)C" O , ?
 � '�� � �!)-B!" O ,
O ?
 � � O B�!)C" O , ?
 � '!�"� �{)Y" O B£, U

5. Symmetricmonoidalstructure. Let �$#®�}B be the disjoint union of sets. For�76��/�9�D� and Hl6��}BF���D��B , define�%# Hl6ä�&# �}B£���D�'# ��B to betheagent� � �&H)( , where� and * aretheinclusionsof �/�9�D� , respectively �}B ���D��B into�+#V� B �9�;�,#I� B . Then # definesa symmetricmonoidalstructureon the
categoriesBuf andQue. The tensorunit is givenby theagent- of type Ý7��Ý
with onestateandno transitions.

Theconstructorswe have consideredsofar, includingsequentialcomposition,arenot
sufficient to build arbitrarynetworks. Whatis missingis theability to constructloops.
Thenext constructorallowstheoutputof anagentto beconnectedto its own input:

6. Self-composition(feedback). Let ��6[�/�9�D� . Let .y.��e1 � bea setof pairs.
Define �0/1. , theself-compositionof � along . , to betheLTS of type �/�9�D�
whosestatesareidenticalwith thoseof � , andwhosetransitionsaregivenby the
rules

) ?
 � ' O) ?
 � '�2�3 O ) out °
8
ä� _S in «
E
�� ' O �t�("��­,G40.) _
 � '�2�3 O U
In the commoncasewhere �76(�/� � � and .å� � �¢�Í"��(,�:±�y4@�9� , we will
write ��4 insteadof �5/6. .

We canuseself-compositionto definebothsequentialandparallelcomposition.

7. Sequentialcomposition. The sequentialcompositionof agentswas definedin
Definition 1.1. Alternatively, onecandefineit from themoreprimitive notions
of direct sum, feedbackand hiding: Let ��6f�/� � � and Hl6Í��� � � . Then�7#wHl6[�8#w�Â� � �&#2� , andwith 
Â�^� � �t�("���,7:±�>4/�ñ� , onegets ���%H^kz�z{�9#9H�|:/\
Â��|+: § �<;>= .

8. Parallel composition(with interaction). Let ��"%Hl68�/� � � . Theparallelcom-
position �;: H is definedto betheagent z{�?�rH�| 4 .

Proposition3.1. All of theagentconstructorsin thissectionrespectweakbisimulation.
For instance, if �5kI�ÍB and H3k\H�B , then � � kI�ÍB� and �?�rH3kV�ÍB �rH�B , etc.



Table3: First-orderaxiomsfor out-bufferedagentswith feedback

) out « ûü )-B
?QR O
S ) out « ûü
? QR

)-B
?QR

)-B B out « ûü O
output-commutativity(FB1)

) out « ûü
? QR

)+B

)+B B
S ) out « ûü
? QR

)-B
?QR

)-B B out « ûü O
where<2ç� out � and <�ç��]

output-confluence(FB2)

) out « ûü
out « QR

)-B

)+B B
S ) B �V) B B

output-determinacy(FB3)

) out « ûü )-B
in «QR O

S ) out « ûü
_ ýþ @@@@@
@@@ )-B

in «QR O
feedback (FB4)

) out « ûü
_ QR

) B

)-B B
S ) out « ûü
_ QR

) B
_QR

)-B B out « ûü O
or

) out « ûü
_ QR

) B
in «ABC C C C
C C C

)-B B
output-tau(FB5)

3.2 Asynchrony with Feedback

In concurrentprocesscalculi suchasCCSor the � -calculus,messagesthatareemitted
fromaprocessareimmediatelyavailableasinputto all processes,includingthesending
processitself. In our setting,this is bestmodeledby requiringthatall processesareof
type �/�l� for onefixedset � , andby usingself-compositionto feedtheoutputback
to theinput.

In thepresenceof feedback,out-bufferednesstakesa slightly differentform, which
is expressedin thefollowing definition.

Definition. An agent�76[�l�=��� is out-bufferedwith feedback if ��kEDF4 for some
out-bufferedagentD .

Example3.2. Thefollowingagent� is out-bufferedwith feedbackbutnotout-buffered:

�5�
Ñ Ò~Ó~ÔÕ Ö~×~ØÙ

in « QR
out « ûü
_ ýþ ÿÿÿÿÿ

ÿÿÿ Ù
in «QR

out « ûü
_�GH IIII

III
Ù

in «QRÙ
out « ûü Ù out « ûü Ù U

Remark.Recently, Amadio, Castellaniand Sangiorgi [3] have given a definition of
asynchronousbisimulation,which accountsfor the fact that an agentof type �/�=�



Table4: Transitionsfor asynchronousCCS

zKJ�LNM�| < U O ?
 � O
zQP�R�S |

T ?
 � OT � T B ?
 � O
zUPVR�SñB£|

T B5?
 � OT � T B5?
 � O
zWL�XYS[Z�| O ?
 � O B

O : � ?
 � O B~: �
zKL�XYS[Z(Bt| � ?
 �A��B

O : � ?
 � O : ��B

zUPV\Y]>LW^8| O ?
 � O B �`_?
 �å��B
O : � _
 � O B~: ��B

zQaKb	P-| O ?
 � O B <�ç4dc0e6fc
O agcN?
 � O BCagc

zQaKbNh¢| O ?
 � O B
O o i8p0j ?
!
t� O B{o i8p

zQaWbWL-| O ?
 � O B $ def� O
$ ?
 � O B

might receive a message,andthenimmediatelysendit again,without this interaction
beingobservableon the outside. Feedbackis concernedwith the dual phenomenon,
namelya processthatsendsa messageandthenimmediatelyreceivesit again.

Out-bufferednesswith feedbackis characterizedup to weakbisimulationby thefirst-
orderaxiomsthatarelistedin Table3.

Theorem3.3(Characterization of out-bufferedagentswith feedback).
Anagent �76��/� � � is out-bufferedwith feedback if andonlyif �5k\H for someagentH satisfying(FB1)–(FB5).

4 Example: AsynchronousCCS

In this section,we will show that an asynchronousversionof Milner’s Calculusof
CommunicatingSystems(CCS)[11, 12] fits into theframeworkoutlinedin theprevious
sectionof out-bufferedlabeledtransitionsystemswith feedback.

Let � � � `­"�kè"Klª" U&U+U � be an infinite setof names, andlet f� � � f`[" f kè" flª" U&U+U � be
a correspondingsetof co-names, suchthat � and f� aredisjoint and in one-to-one
correspondencevia z f | . We alsowrite ff`K�3` . Namescorrespondto input-actions,and
co-namesto output-actions.Let ]�ç4I� �mf� , andlet noL	Mñ� �´�pf�´� � ](� be the
setof actions, rangedover by the letters <;"rq�" U&U&U ; Let the letter c rangeover subsets
of � , andwrite fc for

� f`}:�`=4scá� . Let the letter i rangeover relabeling functions,
which arefunctions i�6[� �L� . Any relabelingfunctionextendsto i96�n[LNMn�tnoL	M
by letting i f`Â� i(` and i­] ��] .

Let $�"��J"Wuh" U+U&U rangeover a fixedsetof processconstants. AsynchronousCCS
processesO "%��" U&U+U andguards

T "Wv>" U+U&U aregivenby thefollowing grammars:

O 6£6�� f` U � O : O O agc O o i8p $ T
T 6£6��\` U O ] U O T � T w



Assumea set of defining equations $ def� O , one for eachprocessconstant$ . The
operationalsemanticsof asynchronousCCSis given in termsof a labeledtransition
system� CCS �3�{ #"�noL	M¹"+
 �9, , whichis definedin Table4. ThestatesareCCSprocesses.
Notice thatwe have not specifieda distinguishedinitial state;this is moreconvenient
in this context, andno harmis done. Also noticethat thereis no rule for

w
. This is

becausetheprocess
w

is inert, i.e. thereareno transitions
w ?
 � O .

Theorem4.1. Thelabeledtransitionsystem� CCS is out-bufferedwith feedback.

5 Example: The CoreJoin Calculus

Thejoin calculuswasintroducedby FournetandGonthierin [7] andfurtherdeveloped
in [8]. It is a concurrent,messagepassingcalculuslike the � -calculus.However, the
reactionrule is simplerand closerto the semanticsof a chemicalabstractmachine.
Here,wewill only beconcernedwith thecore join calculus.

Let �x"��(" U+U&U rangeover a countableset x of names. Let y�x"�y�(" U+U&U rangeover se-
quencesof names.Corejoin calculusprocessesO "E��" U+U&U andrules

� "% #" U&U+U aregiven
by thefollowing grammars:

O 6 6 �2�v�Ny�[, O : O z|{~} � ��� U+U&U � ������� O � 6£6��®� � z�y� � |&: U&U&U : � � z�y� � |�� O
A processof theform �v��y� , is calledamessage. In therule

� ��� � z�y� � |&: U&U+U : ���fz�y� �[|��
O , the names y� � U+U&U y� � arebound,and they are assumedto be distinct. The names� � U&U+U ��� arecalledthedefinednamesof

�
, denoted�Y]�z��7| . Finally, all of thedefined

namesof
� � " U&U&U " � �

areboundin theprocessz�{~} � � � U&U+U � � � ��� O . For a more
comprehensivetreatment,see[7, 8].

Thesemanticsof thecorejoin calculusis givenin thestyleof a chemicalabstract
machine. A state 
p�>��� is a multiset 
 of rules togetherwith a multiset � of
processes.� is a setof names,suchthat ��]#z!
K"K�h|>.�� . We identify statesup to< -equivalence,i.e. up to renamingof boundvariables.Thetransitionsof this machine
follow a simpleidea:theprocesseson theright handsideevolveaccordingto therules
ontheleft-handside.Therearetwo kindsof transitions:structural transitions,denoted� , andreactions, denoted�� :

zUPVM"aN�8| 
��>����" O : � � 
����6��" O "%�
zUPVM"aV�(| 
�� � ��" z�{~} � � � U&U+U � � � ��� O � 
K" � � " U&U&U " � � � � � ��" O

where�5B8��������]vz"����" U&U&U "��[�7|
z �NX�¡¢](| 
�� � ��"�� � �>y� � ,r" U+U&U "��£�f��y����,¤�� 
�� � ��"-oYy� � u�y� � " U&U+U "¥y���[u�y� �³p O

where zt� � z�y� � |+: U+U&U : ���Íz�y� ��|�� O |G45

Therule z �NXY¡¢]�| is of courseonly applicableis thelengthof y��¦ and y� ¦ arethesame,for
all § . Note that in the rule zQPVM�aV��| , thesets � and ��]vz"� � " U&U&U "�� � | mustbe disjoint;
thismaynecessitaterenamingsomeboundvariablesin z�{~} � �¨� U+U&U � ���<��� O .



Table5: Second-orderaxiomsfor out-bufferedagents

) out °k�©
?ngi

O

)-B
S ) out °k�©
? gi

O
?gi) B out °k�© O B

where<2ç� out �
(OB1* )

) out °k�© O
?gi O B
S ) out °k�©
? gi

O
?gi) B out °k�© O B

where<�ç� out �
(OB2* )

) out °k�©
out ° gi

O

)-B
S ) out °k�©

out ° gi
O
_gi)-B�k O B

(OB3* )

) out °k�© O S ) out °� S k O
(OB4* )

) out °
8
ä� O S )2_S out °k�© O
where) reachable

(OB5* )

Remark.In theoriginal formulationof the join calculus[7, 8], thestructuralrulesare
assumedto bereversible.We adopta differentconventionhere.

To fit thejoin calculusinto our framework, we make it into a labeledtransitionsystem
with input andoutput.Let �¯� � �v�Ny��,�:±�/49x0"ªy�>49x � � bethesetof messages.We
addinputandoutputtransitions:

zQ¡¢]�| 
�� � � in «�«U¬°	­
�
�
[
~� 
E� �¯® ì «�°±¬°rí ��"��x�²y��,
zWXYR�M�| 
,� � ��"��x�²y�[, out «�« ¬°²­
8
�
[
±� 
E� � �

Further, we let _
 � � � e7�� . With thesedefinitions,thejoin calculusdefinesa labeled
transitionsystem� join 6ä�/�=� .

Theorem5.1. Thelabeledtransitionsystem� join definedby thecore join calculusis
out-bufferedwith feedback.

6 Other Characterizationsof Asynchrony

In Sections2 and3, wehavecharacterizednotionsof asynchrony by first-orderaxioms
up to weakbisimulation. It is possibleto removethewords“up to weakbisimulation”,
i.e. to characterizeasynchrony directly. Thishappensat thecostof introducingsecond-
orderaxioms.Theshift to second-orderseemsto beinevitable,sinceweakbisimulation
itself is a second-ordernotion.

The axiomsfor out-bufferedagentsare given in Tables5. It is possibleto give
correspondingaxiomsfor in-bufferedness,out-queuednessandin-queuedness.

Theorem6.1. Anagent �76[�/� � � is out-bufferedif andonly if for each �K4 � there

existsa binary relation
out °k�©@.0: �D:�1l: �;: satisfying(OB1* )–(OB5* ).



7 Conclusionsand FutureWork

We have shown how to abstractlycharacterizevarious notions of asynchrony in a
general-purposeframework, independentlyof any particularprocessparadigm. This
canbedoneby first-orderaxiomsup to weakbisimulation,or by higher-orderaxioms
“on the nose”. The presentframework of labeledtransitionsystemswith input and
outputcanbeusedto modelasynchronouscommunicationin CCS,aswell asthejoin
calculus.To giveanadequatetreatmentof calculiwith explicit, dynamicscopingoper-
ators,suchasthe � -calculus,oneshouldequiptheselabeledtransitionsystemswith the
ability to handledynamicallycreatednames.Work is in progressonanotionof fibered
labeledtransitionsystemthatcanbeusedto modelthismoregeneralsituation.
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