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Abstract

Thisarticleis intendedasareferenceguideto variousnotionsof monoidalcat-
egoriesandtheirassociatedstringdiagrams.It is hopedthatthiswill beusefulnot
just to mathematicians,but alsoto physicists,computerscientists,andotherswho
usediagrammaticreasoning.Wehave optedfor asomewhatinformal treatmentof
topologicalnotions,andhave omittedmostproofs. Nevertheless,the exposition
is suf�ciently detailedto make it clearwhat is presentlyknown, andto serve as
a startingplacefor morein-depthstudy. Wherepossible,we provide pointersto
morerigoroustreatmentsin theliterature.Wherewe includeresultsthathaveonly
beenprovedin specialcases,we indicatethis in theform of caveats.

Contents

1 Intr oduction 2

2 Categories 5

3 Monoidal categories 8
3.1 (Planar)monoidalcategories . . . . . . . . . . . . . . . . . . . . . . 9
3.2 Spacialmonoidalcategories . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Braidedmonoidalcategories . . . . . . . . . . . . . . . . . . . . . . 14
3.4 Balancedmonoidalcategories . . . . . . . . . . . . . . . . . . . . . 16
3.5 Symmetricmonoidalcategories . . . . . . . . . . . . . . . . . . . . 17

4 Autonomouscategories 18
4.1 (Planar)autonomouscategories. . . . . . . . . . . . . . . . . . . . . 18
4.2 (Planar)pivotal categories . . . . . . . . . . . . . . . . . . . . . . . 22
4.3 Sphericalpivotalcategories . . . . . . . . . . . . . . . . . . . . . . . 25
4.4 Spacialpivotal categories . . . . . . . . . . . . . . . . . . . . . . . . 25
4.5 Braidedautonomouscategories. . . . . . . . . . . . . . . . . . . . . 26
4.6 Braidedpivotalcategories. . . . . . . . . . . . . . . . . . . . . . . . 27
4.7 Tortile categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.8 Compactclosedcategories . . . . . . . . . . . . . . . . . . . . . . . 30

1

5 Traced categories 32
5.1 Right tracedcategories . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2 Planartracedcategories . . . . . . . . . . . . . . . . . . . . . . . . . 34
5.3 Sphericaltracedcategories . . . . . . . . . . . . . . . . . . . . . . . 35
5.4 Spacialtracedcategories . . . . . . . . . . . . . . . . . . . . . . . . 36
5.5 Braidedtracedcategories . . . . . . . . . . . . . . . . . . . . . . . . 36
5.6 Balancedtracedcategories . . . . . . . . . . . . . . . . . . . . . . . 39
5.7 Symmetrictracedcategories . . . . . . . . . . . . . . . . . . . . . . 40

6 Products,coproducts,and bipr oducts 41
6.1 Products. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
6.2 Coproducts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
6.3 Biproducts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
6.4 Tracedproduct,coproduct,andbiproductcategories. . . . . . . . . . 45
6.5 Uniformity andregulartrees . . . . . . . . . . . . . . . . . . . . . . 47
6.6 Cartesiancenter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

7 Daggercategories 48
7.1 Daggermonoidalcategories . . . . . . . . . . . . . . . . . . . . . . 50
7.2 Otherprogressivedaggermonoidalnotions . . . . . . . . . . . . . . 50
7.3 Daggerpivotal categories . . . . . . . . . . . . . . . . . . . . . . . . 51
7.4 Otherdaggerpivotalnotions . . . . . . . . . . . . . . . . . . . . . . 54
7.5 Daggertracedcategories . . . . . . . . . . . . . . . . . . . . . . . . 55
7.6 Daggerbiproducts. . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

8 Bicategories 57

9 Beyond a singletensorproduct 58

10 Summary 59

1 Intr oduction

Thereare many kinds of monoidalcategorieswith additionalstructure— braided,
rigid, pivotal,balanced,tortile, ribbon,autonomous,sovereign,spherical,traced,com-
pactclosed,*-autonomous,to namea few. Many of themhaveanassociatedgraphical
languageof “string diagrams”.Theproliferationof differentnotionsis oftenconfusing
to non-experts,andoccasionallyto expertsaswell. To addto theconfusion,onecon-
ceptoften appearsin the literatureundermultiple names(for example,“rigid” is the
sameas“autonomous”,“sovereign”is thesameas“pivotal”, and“ribbon” is thesame
as“tortile”).

In thissurvey, I attemptto giveasystematicoverview of themainnotionsandtheir
associatedgraphicallanguages.My initial intentionwasto summarize,without proof,
only themainde�nitions andcoherenceresultsthatappearin theliterature.However,
it quickly becameapparentthat, in the interestof beingsystematic,I hadto include
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someadditionalnotions.This led to thesectionson spacialcategories,andplanarand
braidedtracedcategories.

Historically, theterminologywasoften�x edfor specialcasesbeforemoregeneral
caseswere considered.As a result, someconceptshave a commonname(suchas
“compactclosedcategory”) whereanothernamewould have beenmore systematic
(e.g.“symmetricautonomouscategory”). I haveresistedthetemptationto makemajor
changesto the establishedterminology. However, I proposesomeminor tweaksthat
will hopefully not be disruptive. For example,I prefer“tracedcategory”, which can
becombinedwith variousqualifying adjectives,to thelongerandless�e xible “traced
monoidalcategory”.

Many of thecoherenceresultsarewidely known,or atleastpresumedto betrue,but
someof themarenotexplicitly foundin theliterature.For thosethatcanbeattributed,
I have attemptedto do so, sometimeswith a caveat if only specialcaseshave been
provedin the literature.For someeasyresults,I have providedproof sketches.Some
unprovenresultshavebeenincludedasconjectures.

While the resultssurveyed hereare mathematicallyrigorous,I have shiedaway
from giving the full technicaldetailsof thede�nitions of thegraphicallanguagesand
theirrespectivenotionsof equivalenceof diagrams.Instead,I presentthegraphicallan-
guagessomewhatinformally, but in a way thatwill besuf�cient for mostapplications.
Whereappropriate,full mathematicaldetailscanbefoundin thereferences.

Readerswhowantaquickoverview of thedifferentnotionsareencouragedto �rst
consultthesummarychartat theendof this article.

An updatedversionof this articlewill bemaintainedon theArXi v, soI encourage
readersto contactmewith corrections,literaturereferences,andupdates.

Graphical languages:an evolution of notation. Theuseof graphicalnotationsfor
operatordiagramsin physicsgoesbackto Penrose[30]. Initially, suchnotationsap-
pliedto multiplicationsandtensorproductsof linearoperators,but it becamegradually
understoodthatthey areapplicablein moregeneralsituations.

To seehow graphicallanguagesarisefrom matrix multiplication,considerthefol-
lowing example.Let M : A ! B , N : B 
 C ! D , andP : D ! E belinearmaps
between�nite dimensionalvectorspacesA; B ; C; D ; E . Thesemapscanbecombined
in anobviousway to obtaina linearmapF : A 
 C ! E . In functionalnotation,the
mapF canbewritten

F = P � N � (M 
 idC ): (1.1)

Thesamecanbeexpressedasasummationovermatrix indices,relativeto somechosen
basisof eachspace.In mathematicalnotation,supposeM = (mj;i ), N = (nl;j k ),
P = (pm;l ), and F = (f m;ik ), where i; j; k; l ; m rangeover basisvectorsof the
respectivespaces.Then

f m;ik =
X

j

X

l

pm;l nl;j k mj;i : (1.2)

In physics,it is morecommonto write columnindicesassuperscriptsandrow indices
as subscripts. Moreover, one can drop the summationsymbolsby using Einstein's
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summationconvention.
F ik

m = P l
m N j k

l M i
j : (1.3)

In (1.2)and(1.3),theorderof thefactorsin themultiplicationis not relevant,asall the
informationis containedin theindices.Also notethat,while thenotationmentionsthe
chosenbases,the resultis of coursebasisindependent.This is becauseindicesoccur
in pairsof oppositevariance(if on thesamesideof theequation)or equalvariance(if
on oppositesidesof theequation).It wasPenrose[30] who �rst pointedout that the
notationis valid in many situationswherethe indicesarepurely formal symbols,and
themapsmaynotevenbebetweenvectorspaces.

Sincethe only non-trivial information in (1.3) is in the pairing of indices, it is
naturalto representthesepairingsgraphicallybydrawingaline betweenpairedindices.
Penrose[30] proposedto representthemapsM ; N ; P asboxes,eachsuperscriptasan
incomingwire, andeachsubscriptasan outgoingwire. Wires correspondingto the
sameindex areconnected.Thus,weobtainthegraphicalnotation:

k

F
m

i =

k

N l
P

m
i

M
j (1.4)

Finally, sincetheindicesnolongerserveany purpose,onemayomit themfrom theno-
tation. Instead,it is moreusefulto labeleachwire with thenameof thecorresponding
space.

C

F
E

A =

C

N D
P

E
A

M
B (1.5)

In thenotationof monoidalcategories,(1.5) canbe expressedasa commutative dia-
gram

A 
 C
F

M 
 idC

E

B 
 C
N D;

P

(1.6)

or simply:
F = P � N � (M 
 idC ): (1.7)

Thus,we have completeda full circle andarrived backat the notation(1.1) that we
startedwith.

Organization of the paper. In eachof theremainingsectionsof this paper, we will
consideraparticularclassof categoriesandits associatedgraphicallanguage.

Acknowledgments. I would like to thankGheorgheŞtef�anescuandRossStreetfor
their help in locatinghard-to-obtainreferences,and for providing somebackground
information.Thanksto FabioGadducci,ChrisHeunen,andMicahMcCurdyfor useful
commentsonanearlierdraft.
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2 Categories

Weonly givethemostbasicde�nitions of categories,functors,andnaturaltransforma-
tions. For a gentlerintroduction,with moredetailsandexamples,seee.g.Mac Lane
[29].

De�nition. A categoryC consistsof:

� a classjCj of objects, denotedA, B , C, . . . ;

� for eachpair of objectsA; B , a sethomC (A; B ) of morphisms, which arede-
notedf : A ! B ;

� identitymorphismsidA : A ! A andtheoperationof composition: if f : A !
B andg : B ! C, then

g � f : A ! C;

subjectto thethreeequations

idB � f = f ; f � idA = f ; (h � g) � f = h � (g � f )

for all f : A ! B , g : B ! C, andh : C ! D .

Theterms“map” or “arrow” areoftenusedinterchangeablywith “morphism”.

Examples. Someexamplesof categoriesare: thecategory Setof sets(with functions
as the morphisms);the category Rel of sets(with relationsas the morphisms);the
categoryVectof vectorspaces(with linearmaps);thecategoryHilb of Hilbert spaces
(with boundedlinearmaps);thecategoryUHilb of Hilbert spaces(with unitarymaps);
thecategory Top of topologicalspaces(with continuousmaps);the category Cob of
n-dimensionalorientedmanifolds(with orientedcobordisms).Notethat in eachcase,
we needto specifynot only the objects,but alsothe morphisms(andtechnicallythe
compositionandidentities,althoughthey areoftenclearfrom thecontext).

Categoriesalsoarisein othersciences,for examplein logic (wheretheobjectsare
propositionsandthemorphismsareproofs),andin computing(wheretheobjectsare
datatypesandthemorphismsareprograms).

Many conceptsassociatedwith setsandfunctions,suchasinverse, monomorphism
(injective map),idempotent, cartesianproduct, etc.,arede�nable in anarbitrarycate-
gory.

Graphical language. In thegraphicallanguageof categories,objectsarerepresented
aswires(alsocallededges) andmorphismsarerepresentedasboxes(alsocallednodes).
An identity morphismsis representedasa continuingwire, andcompositionis repre-
sentedby connectingtheoutgoingwire of onediagramto theincomingwire of another.
This is shown in Table1.
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Object A A

Morphism f : A ! B A f B

Identity idA : A ! A A

Composition t � s A s B
t

C

Table1: Thegraphicallanguageof categories

Coherence. Note that the threede�ning axiomsof categories(e.g., idB � f = f )
areautomaticallysatis�ed“up isomorphism”in thegraphicallanguage.This property
is known assoundness. A converseof this statementis alsotrue: every equationthat
holdsin thegraphicallanguageis aconsequenceof theaxioms.Thispropertyis called
completeness. We referto a soundnessandcompletenesstheoremasa coherencethe-
orem.

Theorem2.1(Coherencefor categories).A well-formedequationbetweentwo mor-
phismtermsin thelanguageof categoriesfollowsfromtheaxiomsof categoriesif and
only if it holdsin thegraphicallanguageup to isomorphismof diagrams.

Hopefully it is obviouswhat is meantby isomorphismof diagrams: two diagrams
areisomorphicif theboxesandwiresof the �rst arein bijective correspondencewith
theboxesandwiresof thesecond,preservingtheconnectionsbetweenboxesandwires.

Admittedly, the above coherencetheoremfor categoriesis a triviality, andis not
usuallystatedin this way. However, we have includedit for sake of uniformity, and
for comparisonwith thelesstrivial coherencetheoremsfor monoidalcategoriesin the
following sections.The proof is straightforward, sinceby the associativity andunit
axioms,eachmorphismtermis uniquelyequivalentto a termof theform (( f n � : : :) �
f 2) � f 1 for n � 0, with correspondingdiagram

f 1 f 2 � � � f n :

Remark2.2. Wehaveequippedwireswith aleft-to-rightarrow, andboxeswith amark-
ing in the upperleft corner. Thesemarkingsareof no useat the moment,but will
becomeimportantaswe extendthelanguagein thefollowing sections.

Technicalities

Signatures,variables, terms, and equations. Sofar, wehavenotbeenveryprecise
aboutwhat thewiresandboxesof a diagramarelabeledwith. We have alsoglossed
overwhatwasmeantby “a well-formedequationbetweenmorphismtermsin thelan-
guageof categories”. We now brie�y explain thesenotions,without giving all the
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formal details. For a moreprecisemathematicaltreatment,seee.g.Joyal andStreet
[22].

The wires of a diagramare labeledwith object variables, and the boxesare la-
beled with morphismvariables. To understandwhat this means,considerthe fa-
miliar languageof arithmeticexpressions.This languagedealswith terms, suchas
(x + y + 2)(x + 3), which arebuilt up from variables, suchasx andy, constants,
suchas2 and3, by meansof operations, suchasadditionandmultiplication.Variables
canbe viewed in threedifferentways: �rst, they canbe viewed assymbolsthat can
becompared(e.g.thevariablex occurstwice in thegiventerm,andis differentfrom
the variabley). They canalsobe viewed asplaceholdersfor arbitrarynumbers, for
examplex = 5 andy = 15. Herex andy areallowedto representdifferentnumbers
or thesamenumber;however, thetwo occurrencesof x mustdenotethesamenumber.
Finally, variablescanbeviewedasplaceholdersfor arbitraryterms, suchasx = a + b
andy = z2.

Theformal languageof category theoryis similar, exceptthatwe requiretwo sets
of variables:objectvariables(for labelingwires) andmorphismvariables(for label-
ing boxes). We mustalsoequipeachmorphismvariablewith a speci�ed domainand
codomain.Thefollowing de�nition makesthis moreprecise.

De�nition. A simple(categorical) signature� consistsof aset� 0 of objectvariables,
a set � 1 of morphismvariables, anda pair of functionsdom; cod : � 1 ! � 0. Ob-
ject variablesareusuallywritten A; B ; C; : : :, morphismvariablesareusuallywritten
f ; g; h; : : :, andwewrite f : A ! B if dom(f ) = A andcod(f ) = B .

Givenasimplesignature,wecanthenbuild morphismterms, suchasf � (g � idA ),
which arebuilt from morphismvariables(suchasf andg) andmorphismconstants
(suchasidA ), via operations(i.e.,composition).Eachtermis recursivelyequippedwith
adomainandacodomain,andwemustrequirecompositionsto respectthedomainand
codomaininformation. A term that obeys theserules is calledwell-formed. Finally,
an equationbetweentermsis calleda well-formedequationif the left-handsideand
right-handside are well-formed termsthat moreover have equaldomainsandequal
codomains.

Thegraphicallanguageis alsorelativeto agivensignature.Thewiresandboxesare
labeled,respectively, with objectvariablesandmorphismvariablesfrom thesignature,
andthelabelingmustrespectthedomainandcodomaininformation.This meansthat
thewire entering(respectively, exiting) abox labeledf mustbelabeledby thedomain
(respectively, codomain)of f .

Theaboveremarkaboutthedifferentrolesof variablesin arithmeticalsoholdsfor
thediagrammaticlanguageof categories. On theonehand,the labelscanbe viewed
asformal symbols.This is theview usedin thecoherencetheorem,wheretheformal
labelsarepartof thede�nition of equivalence(in thiscase,isomorphism)of diagrams.

The labelscanalsobeviewedasplaceholdersfor speci�c objectsandmorphisms
in anactualcategory. Suchanassignmentof objectsandmorphismsis calledaninter-
pretationof thegivensignature.More precisely, aninterpretationi of a signature� in
a category C consistsof a function i 0 : � 0 ! jC j, andfor any f 2 � 1 a morphism
i 1(f ) : i 0(domf ) ! i 0(codf ). By a slight abuseof notation,we write i : � ! C for
suchaninterpretation.
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Finally, a morphismvariablecanbeviewedasa placeholderfor anarbitrary(pos-
sibly composite)diagram.We occasionallyusethis latterview in schematicdrawings,
suchasthe schematicrepresentationof t � s in Table1. We thenlabel a box with a
morphismterm,ratherthana formal variable,andunderstandthebox asa short-hand
notationfor a possiblycompositediagramcorrespondingto thatterm.

Functors and natural transformations.

De�nition. Let C andD be categories. A functor F : C ! D consistsof a func-
tion F : jCj ! jD j, and for eachpair of objectsA; B 2 jCj, a function F :
homC (A; B ) ! homD (F A; F B ), satisfyingF (g � f ) = F (g) � F (f ) andF (idA ) =
idF A .

De�nition. Let C andD becategories,andlet F; G : C ! D befunctors.A natural
transformation� : F ! G consistsof afamily of morphisms� A : F A ! GA, onefor
eachobjectA 2 jCj, suchthatthefollowing diagramcommutesfor all f : A ! B :

F A
� A

F f

GA

Gf

F B
� B

GB :

Coherenceand fr eecategories. Most coherencetheoremsareprovedby character-
izing thefreecategoriesof acertainkind.

De�nition. WesaythatacategoryC is freeoverasignature� if it is equippedwith an
interpretationi : � ! C, suchthatfor any categoryD andinterpretationj : � ! D ,
thereexistsa uniquefunctorF : C ! D suchthatj = F � i .

Theorem2.3. Thegraphicallanguageof categoriesovera signature� , with identities
andcompositionasde�ned in Table1, andup to isomorphismof diagrams,formsthe
freecategoryover � .

Theorem2.1 is indeeda consequenceof this theorem:by de�nition of freeness,
an equationholdsin all categoriesif andonly if it holdsin the freecategory. By the
characterizationof thefreecategory, anequationholdsin thefreecategory if andonly
if it holdsin thegraphicallanguage.

3 Monoidal categories

In this section,we considervariousnotionsof monoidalcategories. We sometimes
refer to thesenotionsas “progressive”, which meansthey have graphicallanguages
whereall arrowspointleft-to-right. Thisservesto distinguishthemfrom“autonomous”
notions,which will be discussedin Section4, and “traced” notions,which will be
discussedin Section5.
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3.1 (Planar) monoidal categories

A monoidalcategory (also sometimescalled tensorcategory) is a category with an
associativeunital tensorproduct.More speci�cally:

De�nition ([29, 23]). A monoidalcategory is acategorywith thefollowing additional
structure:

� a new operationA 
 B onobjectsanda new objectconstantI ;

� a new operationonmorphisms:if f : A ! C andg : B ! D , then

f 
 g : A 
 B ! C 
 D ;

� andisomorphisms

� A;B ;C : (A 
 B ) 
 C
�=�! A 
 (B 
 C);

� A : I 
 A
�=�! A;

� A : A 
 I
�=�! A;

subjectto a numberof equations:

� 
 is a bifunctor, which meansidA 
 idB = idA 
 B and(k 
 h) � (g 
 f ) =
(k � g) 
 (h � f );

� � , � , and� arenaturaltransformations,i.e.,(f 
 (g
 h)) � � A;B ;C = � A 0;B 0;C 0 �
(( f 
 g) 
 h), f � � A = � A 0 � (idI 
 f ), andf � � A = � A 0 � (f 
 idI );

� plus the following two coherenceaxioms,calledthe“pentagonaxiom” andthe
“triangle axiom”:

(A 
 (B 
 C)) 
 D
� A;B 
 C;D

A 
 ((B 
 C) 
 D )
A 
 � B ;C;D

((A 
 B ) 
 C) 
 D

� A;B ;C 
 D

� A 
 B ;C;D

A 
 (B 
 (C 
 D))

(A 
 B ) 
 (C 
 D)
� A;B ;C 
 D

(A 
 I ) 
 B

� A 
 idB

� A;I ;B
A 
 (I 
 B )

idA 
 � B
A 
 B

Whenwe speci�cally want to emphasizethata monoidalcategory is not assumed
to be braided,symmetric,etc., we sometimesalso refer to it as a planar monoidal
category.
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Tensorproduct S 
 T
T

S

Unit object I (empty)

Morphism f : A1 
 : : : 
 An ! B1 
 : : : 
 Bm
An Bm

A1
... f B1

...

Tensorproduct s 
 t

C
t

D

A s B

Table2: Thegraphicallanguageof monoidalcategories

Examples. Examplesof monoidalcategoriesinclude: the category Set (of setsand
functions),togetherwith the cartesianproduct� ; the category Set togetherwith the
disjointunionoperation+ ; thecategoryRel with either� or + ; thecategory Vect (of
vectorsspacesandlinear functions)with either� or 
 ; thecategory Hilb of Hilbert
spaceswith either� or 
 ; the categoriesTop andCob with disjoint union + . Note
that in eachcase,we needto specifya category anda tensorproduct(in generalthere
aremultiple choices).Technically, we shouldalsospecifyassociativity mapsetc.,but
they areusuallyclearfrom thecontext.

Graphical language. We extendthegraphicallanguageof categoriesasfollows. A
tensorproductof objectsis representedby writing thecorrespondingwiresin parallel.
Theunit objectis representedby zerowires.A morphismvariablef : A1 
 : : :
 An !
B1 
 : : : 
 Bm is representedasaboxwith n inputwiresandm outputwires.A tensor
productof morphismsis representedby stackingthecorrespondingdiagrams.This is
shown in Table2.

Note that it is our conventionto write tensorproductsin the bottom-to-toporder.
Similar conventionsapply to objectsasto morphisms:thus,a singlewire is labeled
by an objectvariable suchasA, while a moregeneralobjectsuchasA 
 B or I is
representedby zeroor morewires.For moredetails,see“Monoidal signatures”below.

Coherence. It is easyto checkthat the graphicallanguagefor monoidalcategories
is sound,up to deformationof diagramsin the plane. As an example,considerthe
following law, which is aconsequenceof bifunctoriality:

(idC 
 g) � (f 
 idB ) = (f 
 idD ) � (idA 
 g):
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Translatedinto thegraphicallanguage,this becomes

B g D

A
f

C
=

B g D

A
f

C;

which obviously holdsup to deformationof diagrams.We have the following coher-
encetheorem:

Theorem3.1(Coherencefor planar monoidal categories[21, Thm. 1.5],[22, Thm. 1.2]).
A well-formedequationbetweenmorphismtermsin the language of monoidalcate-
gories follows from the axiomsof monoidalcategories if and only if it holds,up to
planar isotopy, in thegraphicallanguage.

Here,by “planarisotopy”, we meanthattwo diagrams,drawn in a rectanglein the
planewith incomingandoutgoingwires attachedto the boundariesof the rectangle,
areequivalentif it is possibleto transformoneto the otherby continuouslymoving
aroundboxesin therectangle,without allowing boxesor wires to crosseachotheror
to bedetachedfrom theboundaryof therectangleduringthemoving. To make these
notionsmathematicallyprecise,it is usuallyeasierto representmorphismaspoints,
ratherthanboxes. For precisede�nitions anda proof of the coherencetheorem,see
Joyal andStreet[21, 22].

Caveat 3.2. Technically, Joyal andStreet's proof in [21, 22] only appliesto planar
isotopieswhereeachintermediatediagramduring the deformationremainsprogres-
sive, i.e., with all arrows orientedleft-to-right. Joyal andStreetcall suchan isotopy
“recumbent”.We conjecturethat theresultremainstrueif oneallows arbitraryplanar
deformations.Similar caveatsalsoapply to the coherencetheoremsfor braidedand
balancedmonoidalcategoriesbelow.

Thefollowing is anexampleof two diagramsthatarenot isomorphicin theplanar
embeddedsense:

B

f h g

A

6=

B

f A
g

h

(3.1)

wheref : I ! A 
 B , g : A 
 B ! I , andh : I ! I . And indeed,thecorresponding
equationg� (( � A � (idA 
 h) � � � 1

A ) 
 idB ) � f = g� (( � A � (h 
 idA ) � � � 1
A ) 
 idB ) � f

doesnot follow from theaxiomsof monoidalcategories.This is aneasyconsequence
of soundness.

Notethatbecauseof thecoherencetheorem,it is not actuallynecessaryto memo-
rize theaxiomsof monoidalcategories:indeed,onecouldusethecoherencetheorem
asthede�nition of monoidalcategory! For practicalpurposes,reasoningin thegraph-
ical languageis almostalwayseasierthanreasoningfrom the axioms. On the other
hand,thegraphicalde�nition is notveryusefulwhenonehasto checkwhetheragiven
category is monoidal;in this case,checking�nitely many axiomsis easier.
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Relationship to traditional coherencetheorems. Many category theoristsare fa-
miliar with coherencetheoremsof theform “all diagramsof a certaintypecommute”.
MacLane's traditionalcoherencetheoremfor monoidalcategories[28] is of this form.
It statesthatall diagramsbuilt from only � , � , � , id, � , and
 commute.

The coherenceresultsin this paperare of a more generalform (cf. Kelly [26,
p.107]). Here,theobjectis to characterizeall formalequationsthatfollow fromagiven
setof axioms.Wenotethatthetraditionalcoherencetheoremis aneasyconsequenceof
thegeneralcoherenceresultof Theorem3.1: namely, if a givenwell-formedequation
is built only from � , � , � , id, � , and
 , thenboththeleft-handsideandright-handside
denoteidentity diagramsin the graphicallanguage.Therefore,by Theorem3.1, the
equationfollowsfrom theaxiomsof monoidalcategories.Analogousremarkshold for
all thecoherencetheoremsof this article.

Technicalities

Monoidal signatures. To bepreciseaboutthelabelson diagramsof monoidalcate-
gories,andaboutthemeaningof “well-formedequation”in thecoherencetheorem,we
introducetheconceptof a monoidalsignature.This generalizesthesimplesignatures
introducedin Section2. Monoidalsignatureswereintroducedunderthenametensor
schemesby Joyal andStreet[21, 22]. We givea non-strictversionof thede�nition.

De�nition ([22, Def. 1.4], [21, Def. 1.6]). Given a set � 0 of object variables, let
Mon(� 0) denotethe free(
 ; I )-algebrageneratedby � 0, i.e., thesetof objectterms
built from objectvariablesandI via theoperation
 . For example,if A; B 2 � 0, then
theterm(A 
 B ) 
 (I 
 A) is anelementof Mon(� 0).

A monoidalsignatureconsistsof aset� 0 of objectvariables,aset� 1 of morphism
variables, anda pairof functionsdom; cod: � 1 ! Mon(� 0).

The conceptof well-formed morphismtermsand equations(in the languageof
monoidalcategories)is de�ned relativeto agivenmonoidalsignature.In thegraphical
language,wiresandboxesarelabeledby objectvariablesandmorphismvariablesas
before.An objecttermexpandsto zeroor moreparallelwires,by therulesof Table2.
As before,the labellingsmustrespectthe domainandcodomaininformation,which
now involvespossiblymultiple wiresconnectedto a box. Justaswe sometimeslabel
a box by a morphismtermin schematicdrawingsto denotea possiblycompositedia-
gram,wesometimeslabelawire by anobjectterm,suchasS andT in Table2. In this
case,it is a short-handnotationfor zeroor moreparallelwires.

Given a monoidalsignature� anda monoidalcategory C, an interpretation i :
� ! C consistsof anobjectfunctioni 0 : � 0 ! jC j, which thenextendsin a unique
wayto î 0 : Mon(� 0) ! jC j suchthatî 0(A 
 B ) = î 0(A) 
 î 0(B ) andî 0(I ) = I , and
for any f 2 � 1 amorphismi 1(f ) : i 0(domf ) ! i 0(codf ).

The remaininggraphicallanguagesin this Section3 are all given relative to a
monoidalsignature.

Monoidal functors and natural transformations.
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De�nition. A strong monoidalfunctor (alsosometimescalleda tensorfunctor) be-
tweenmonoidalcategoriesC andD is a functorF : C ! D , togetherwith natural
isomorphisms� 2 : F A 
 F B ! F (A 
 B ) and� 0 : I ! F I , suchthatthefollowing
diagramscommute:

(F A 
 F B ) 
 F C
� 2 
 id

�

F (A 
 B ) 
 F C
� 2

F ((A 
 B ) 
 C)

F ( � )

F A 
 (F B 
 F C)
id
 � 2

F A 
 F (B 
 C)
� 2

F (A 
 (B 
 C))

F A 
 I
�

id
 � 0

F A

F (� )

F A 
 F I
� 2

F (A 
 I )

I 
 F A
�

� 0 
 id

F A

F (� )

F I 
 F A
� 2

F (I 
 A)

De�nition. Let C andD be monoidalcategories,andlet F; G : C ! D be strong
monoidalfunctors.A naturaltransformation� : F ! G is calledmonoidal(oratensor
transformation) if thefollowing two diagramscommutefor all A; B :

F A 
 F B
� 2

� A 
 � B

F (A 
 B )

� A 
 B

GA 
 GB
� 2

G(A 
 B )

Coherenceand fr ee monoidal categories. Similarly to what we statedfor cate-
gories,thecoherencetheoremfor monoidalcategoriesis aconsequenceof acharacter-
izationof thefreemonoidalcategory. However, dueto theextra coherenceconditions
in thede�nition of astrongmonoidalfunctor, thede�nition of freenessis slightly more
complicated.

De�nition. A monoidalcategory C is a freemonoidalcategory over a monoidalsig-
nature� if it is equippedwith aninterpretationi : � ! C suchthatfor any monoidal
category D and interpretationj : � ! D , thereexists a strongmonoidalfunctor
F : C ! D suchthat j = F � i , andF is uniqueup to a uniquemonoidalnatural
isomorphism.

As before,thecoherencetheoremcanbere-formulatedasa freenesstheorem.

Theorem3.3. Thegraphicallanguageof monoidalcategoriesovera monoidalsigna-
ture � , with identities,composition,andtensorasde�nedin Tables1 and2, andup to
planar isotopyof diagrams,formsa freemonoidalcategoryover � .

Most of the coherencetheorems(andconjectures)of this article canbe similarly
formulatedin termsof freeness.An exceptionto this arethetracedcategorieswithout
braidingsin Sections5.1–5.4and7.5,asexplainedin Remark5.4. Fromnow on, we
will only mentionfreenesswhenit is notentirelyautomatic,suchasin Section4.1.
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3.2 Spacialmonoidal categories

De�nition. A monoidalcategory is spacialif it satis�estheadditionalaxiom

� A � (idA 
 h) � � � 1
A = � A � (h 
 idA ) � � � 1

A ; (3.2)

for all h : I ! I .

In thegraphicallanguage,this meansthat

h

A

=

A

h
;

so in particular, it implies that the two termsin (3.1) areequal. The authordoesnot
know whethertheconceptof a spacialmonoidalcategory appearsin the literature,or
if it does,underwhatname.

Graphical language. Thegraphicallanguagefor spacialmonoidalcategoriesis the
sameasthatfor monoidalcategories,exceptthatplanarityis droppedfrom thenotion
of diagramequivalence,i.e., diagramsareconsideredup to isomorphism.Obviously
theaxiomsaresound;weconjecturethatthey arealsocomplete.

Conjecture 3.4 (Coherencefor spacialmonoidal categories). A well-formedequa-
tion betweenmorphismtermsin the language of spacialmonoidalcategoriesfollows
from the axiomsof spacialmonoidalcategoriesif and only if it holds,up to isomor-
phismof diagrams,in thegraphicallanguage.

Note that, in thecaseof planardiagrams,thenotion of isomorphismof diagrams
coincideswith ambientisotopy in 3 dimensions.This explainstheterm“spacial”.

3.3 Braided monoidal categories

De�nition ([23]). A braiding on a monoidalcategory is a naturalfamily of isomor-
phismscA;B : A 
 B ! B 
 A, satisfyingthefollowing two “hexagonaxioms”:

(B 
 A) 
 C
� B ;A;C

B 
 (A 
 C)
idB 
 cA;C

(A 
 B ) 
 C

cA;B 
 idC

� A;B ;C

B 
 (C 
 A):

A 
 (B 
 C)
cA;B 
 C

(B 
 C) 
 A
� B ;C;A
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(B 
 A) 
 C
� B ;A;C

B 
 (A 
 C)
idB 
 c� 1

C;A

(A 
 B ) 
 C

c� 1
B ;A 
 idC

� A;B ;C

B 
 (C 
 A):

A 
 (B 
 C)
c� 1

B 
 C;A
(B 
 C) 
 A

� B ;C;A

Notethateverybraidedmonoidalcategoryis spacial;this followsfrom thenatural-
ity (in I ) of cA;I : A 
 I ! I 
 A.

A braidedmonoidalfunctor betweenbraidedmonoidalcategoriesis a monoidal
functorthatis compatiblewith thebraidingin thefollowing sense:

F A 
 F B
� 2

cF A;F B

F (A 
 B )

F cA;B

F B 
 F A
� 2

F (B 
 A):

Graphical language. One extendsthe graphicallanguageof monoidalcategories
with thebraiding:

Braiding cA;B

B A

A B

In general,if A andB arecompositeobjectterms,thebraidingcA;B is represented
astheappropriatenumberof wirescrossingeachother.

Notethatthebraidingsatis�escA;B � c� 1
A;B = idA 
 B , but notcA;B � cB ;A = idA 
 B .

Graphically:

B A B

A B A

= idA 
 B ;

B A B

A B A

6= idA 
 B :

Example3.5. The hexagonaxiom translatesinto the following in the graphicallan-
guage:

(idB 
 cA;C ) � � B ;A;C � (cA;B 
 idC ) = � B ;C;A � (cB ;C 
 A ) � � A;B ;C
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C C A

B A C

A B B

=

C A

B C

A B

Example3.6. TheYang-Baxterequationis the following equation,which is a conse-
quenceof thehexagonaxiomandnaturality:

(cB ;C 
 idA ) � (idB 
 cA;C ) � (cA;B 
 idC ) = (idC 
 cA;B ) � (cA;C 
 idB ) � (idA 
 cB ;C ):

In thegraphicallanguage,it becomes:

C C A A

B A C B

A B B C

=

C B B A

B C A B

A A C C

Theorem3.7(Coherencefor braided monoidal categories[22, Thm. 3.7]). A well-
formedequationbetweenmorphismsin the language of braidedmonoidalcategories
follows from the axiomsof braidedmonoidalcategoriesif and only if it holdsin the
graphicallanguageup to isotopyin 3 dimensions.

Here, by “isotopy in 3 dimensions”,we meanthat two diagrams,drawn in a 3-
dimensionalbox with incomingandoutgoingwiresattachedto theboundariesof the
box,areisotopicif it is possibleto transformoneto theotherby moving aroundnodes
in thebox,without allowing nodesor edgesto crosseachotheror to bedetachedfrom
theboundaryduringthemoving. Also, thelinearorderof theedgesenteringandexiting
eachnodemustberespected.This is mademoreprecisein Joyal andStreet[22].

Caveat 3.8. The proof by Joyal and Street[22] is subjectto someminor technical
assumptions:graphsareassumedto besmooth, andtheisotopiesareprogressive,with
continuouslychangingtangentvectors.

3.4 Balancedmonoidal categories

De�nition ([23]). A twist on a braidedmonoidalcategory is a naturalfamily of iso-
morphisms� A : A ! A, satisfying� I = idI andsuchthat the following diagram
commutesfor all A; B :

A 
 B

� A 
 B

cA;B
B 
 A

� B 
 � A

A 
 B B 
 A:cB ;A

(3.3)

A balancedmonoidalcategory is a braidedmonoidalcategorywith twist.

A balancedmonoidalfunctor betweenbalancedmonoidalcategoriesis a braided
monoidalfunctor that is alsocompatiblewith the twist, i.e., suchthatF (� A ) = � F A

for all A.
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Graphical language. The graphicallanguageof balancedmonoidalcategories is
similar to thatof braidedmonoidalcategories,exceptthatmorphismsarerepresented
by �at ribbons,ratherthan1-dimensionalwires.A ribboncanbethoughtof asapairof
parallelwiresthatarein�nitesimally closeto eachother, or asa wire that is equipped
with a framing[22]. For example,thebraidinglookslike this:

cA;B = :

The twist map� A is representedasa 360-degreetwist in a ribbon, or in several rib-
bonstogether, if A is a compositeobject term. This is easiestseenin the following
illustration.

� A = ; � A 
 B = :

Themeaningof (3.3)shouldthenbeobvious.

Theorem3.9(Coherencefor balancedmonoidal categories[22, Thm. 4.5]). A well-
formedequationbetweenmorphismsin thelanguageof balancedmonoidalcategories
followsfromtheaxiomsof balancedmonoidalcategoriesif andonly if it holdsin the
graphicallanguageup to framedisotopyin 3 dimensions.

3.5 Symmetric monoidal categories

De�nition. A symmetricmonoidalcategory is abraidedmonoidalcategorywherethe
braidingis self-inverse,i.e.:

cA;B = c� 1
B ;A

In thiscase,thebraidingis calledasymmetry.

Remark3.10. Becauseof equation(3.3),asymmetricmonoidalcategorycanbeequiv-
alentlyde�ned asabalancedmonoidalcategory in which � A = idA for all A.

Remark3.11. The previousremarknotwithstanding,thereexist symmetricmonoidal
categoriesthat possessa non-trivial twist (in additionto the trivial twist � A = idA ).
Thus, in a balancedmonoidalcategory, the symmetryconditioncA;B = c� 1

B ;A does
not in generalimply � A = idA . In otherwords,a balancedmonoidalcategory that is
symmetricasa braidedmonoidalcategory is not necessarilysymmetricasa balanced
monoidalcategory. An exampleis thecategoryof �nite dimensionalvectorspacesand
linearbijections,with � A (x) = nx, wheren = dim(A).

Examples. On themonoidalcategory (Set; � ) of setswith cartesianproduct,a sym-
metry is given by c(x; y) = (y; x). On the category (Vect; 
 ) of vectorspaceswith
tensorproduct,asymmetryis givenby c(x 
 y) = y 
 x.
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Graphical language. Thesymmetryis graphicallyrepresentedby acrossing:

Symmetry cA;B

B A

A B

Theorem 3.12(Coherencefor symmetric monoidal categories[22, Thm. 2.3]). A
well-formedequationbetweenmorphismsin thelanguageof symmetricmonoidalcate-
goriesfollowsfromtheaxiomsof symmetricmonoidalcategoriesif andonly if it holds,
up to isomorphismof diagrams,in thegraphicallanguage.

Note that the graphicallanguagefor symmetricmonoidalcategoriesis up to iso-
morphismof diagrams,without any referenceto 2- or 3-dimensionalstructure.How-
ever, isomorphismof diagramsis equivalentto ambientisotopy in 4 dimensions,sowe
canstill regardit asa geometricnotion.

4 Autonomouscategories

Autonomouscategoriesaremonoidalcategoriesin which the objectshave duals. In
termsof graphicallanguage,this meansthatsomewiresareallowedto run from right
to left.

4.1 (Planar) autonomouscategories

De�nition ([23]). In a (without lossof generalitystrict) monoidalcategory, anexact
pairing betweentwo objectsA andB is givenby a pair of morphisms� : I ! B 
 A
and� : A 
 B ! I , suchthatthefollowing two adjunctiontrianglescommute:

A
idA 
 �

idA

A 
 B 
 A

� 
 idA

A;

B
� 
 idB

idB

B 
 A 
 B

idB 
 �

B :

(4.1)

In suchanexactpairing,B is calledtheright dualof A andA is calledtheleft dualof
B .

Remark4.1. Themaps� and� determineeachotheruniquely, andthey arerespectively
called the unit and the counit of the adjunction. Moreover, the triple (B ; � ; � ), if it
exists, is uniquely determinedby A up to isomorphism. The existenceof duals is
thereforea propertyof a monoidalcategory, ratherthanan additionalstructureon it.
Moreover, everystrongmonoidalfunctorautomaticallypreservesexistingduals.

De�nition ([20, 21, 23]). A monoidalcategory is right autonomousif everyobjectA
hasa right dual,which we thendenoteA� . It is left autonomousif everyobjectA has
a left dual,which we thendenote�A. Finally, thecategory is autonomousif it is both
right andleft autonomous.
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Remark4.2(Terminology). A [right, left, –] autonomouscategory is alsocalled[right,
left, –] rigid, seee.g.[32, p.78]. Also, theterm“autonomous”is sometimesusedin the
weakersenseof “monoidalclosed”.Althoughthis latterusageis no longercommon,it
still livesonin theterminology“*-autonomouscategory” (Barr [4], seealsoSection9).

If wewish to emphasizethatanautonomouscategory is notnecessarilysymmetric
or braided,we sometimescall it a planarautonomouscategory.

Graphical language. If A is anobjectvariable,theobjectsA� and�A arebothrep-
resentedin thesameway: by a wire labeledA runningfrom right to left. Theunit and
counitarerepresentedashalf turns:

Dual A� ; � A A

Unit � A : I ! A� 
 A
A

A
� 0

A : I ! A 
 �A
A

A

Counit � A : A 
 A� ! I
A

A
� 0

A : � A 
 A ! I
A

A

More generally, if A is a compositeobjectrepresentedby a numberof wires,then
A� and� A arerepresentedby thesamesetof wiresrunningbackward(rotatedby 180
degrees),andtheunitsandcounitsarerepresentedasmultiplewiresturning.

Example4.3. Thetwo diagramsin (4.1),whereB = A� , translateinto thegraphical
languageasfollows:

A

A

A

= A ;

A

A

A

= A :

Example4.4. For any morphismf : A ! B , it is possibleto de�ne morphisms
f � : B � ! A� and� f : �B ! �A, calledtheadjointmatesof f , asfollows:

f � =

B

A f B

A

� f =

A

A f B

B

With thesede�nitions, (� )� and� (� ) becomecontravariantfunctors.

Theorem 4.5 (Coherencefor planar autonomouscategories[21, Thm. 2.7]). A
well-formedequationbetweenmorphismsin the language of autonomouscategories
followsfromtheaxiomsof autonomouscategoriesif andonly if it holdsin thegraphi-
cal languageup to planar isotopy.
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Here,thenotionof planarisotopy is thesameasbefore,exceptthat thewiresare
of courseno longer restrictedto beingorientedleft-to-right during the deformation.
However, the ability to turn wires upsidedown doesnot extendto boxes: the notion
of isotopy for this theoremdoesnot includetheability to rotateboxes. SeeJoyal and
Street[21] for amoreprecisestatement.

Caveat4.6. TheproofbyJoyalandStreet[21] assumesthatthediagramsarepiecewise
linear.

Note that thesametheoremappliesto left autonomous,right autonomous,or au-
tonomouscategories. Indeed,eachindividual term in the languageof autonomous
categoriesinvolvesonly �nitely many duals,andthusmaybetranslatedinto a termof
(say)left autonomouscategoriesby replacingeachobjectvariableA by A��� ::: � , for a
suf�ciently large,evennumberof � 's. Theresultingtermmapsto thesamediagram.

Thesamecoherencetheoremalsoholdsfor categoriesthatareonly right (or left)
autonomous.This is aconsequenceof thefollowing proposition.

Proposition 4.7. Each right (or left) autonomouscategory can be fully embeddedin
anautonomouscategory.

Proof. LetC bearightautonomouscategory, andconsiderthestrongmonoidalfunctor
F : C ! C givenby F (A) = A�� . This functor is full andfaithful, andeveryobject
in the imageof F hasa left dual. Now let Ĉ be thecolimit (in the largecategory of
right autonomouscategoriesandstrongmonoidalfunctors)of thesequence

C F�! C F�! C F�! : : :

ThenĈ is autonomous,andC is fully andfaithfully embeddedin Ĉ . The proof for
left autonomouscategoriesis analogous. 2

Corollary 4.8 (Coherencefor right (left) autonomouscategories). A well-formed
equationbetweenmorphismsin the language of right (left) autonomouscategories
followsfromtheaxiomsof right (left) autonomouscategoriesif andonly if it holdsin
thegraphicallanguageup to planar isotopy.

Proof. It suf�ces to show thatan equation(in the languageof right autonomouscat-
egories)holds in all right autonomouscategories if and only if it holds in all au-
tonomouscategories. The “only if ” direction is trivial, sinceevery autonomouscat-
egory is right autonomous.For theoppositedirection,supposesomeequationholdsin
all autonomouscategories,andlet C bea right autonomouscategory. ThenC canbe
faithfully embeddedin anautonomouscategory Ĉ . By assumption,theequationholds
in Ĉ , andthereforealsoin C, sincetheembeddingis faithful. 2

Technicalities

Autonomoussignatures. Thediagramsof autonomouscategories,andtheconcept
of well-formedequationin thecoherencetheorem,arede�ned relative to thenotionof
anautonomoussignature.Thesewerecalledautonomoustensorschemesby Joyal and
Street[21]. We giveanon-strictversionof thede�nition.
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De�nition. [21, Def. 2.5] Givena set� 0 of objectvariables, let Aut(� 0) denotethe
free(
 ; I ; � (� ); (� )� )-algebrageneratedby � 0, i.e., thesetof objecttermsbuilt from
objectvariablesandI via theoperations
 , � (� ), and(� )� ). For example,if A; B 2
� 0, thenthetermB � 
 (�� I 
 A)� is anelementof Aut(� 0).

An autonomoussignatureconsistsof a set� 0 of objectvariables,a set� 1 of mor-
phismvariables, anda pairof functionsdom; cod: � 1 ! Aut(� 0).

The conceptof a right autonomoussignature and left autonomoussignature are
de�ned analogously. Theremaininggraphicallanguagesin this Section4 areall given
relative to anautonomoussignature.

Functorsandnatural transformationsof autonomouscategories. Any strongmonoidal
functorpreservesexactpairings:if � : I ! B 
 A and� : A 
 B ! I de�ne anexact
pairing,thensodo

F̂ � : I
� 0

� ! F I
F �
� � ! F (B 
 A)

( � 2 ) � 1

� � � � ! F B 
 F A

and

F̂ � : F A 
 F B
� 2

� ! F (A 
 B ) F ���! F I
( � 0 ) � 1

� � � � ! I :

In particular, if C andD areautonomouscategoriesandF : C ! D is a monoidal
functor, by uniquenessof duals,therewill be a uniqueinducednaturalisomorphism
F (A� ) �= (F A)� suchthat

I

� F A

F̂ � A
F (A� ) 
 F A

�= 
 id

(F A)� 
 F A

and

F A 
 F (A� )

id
 �=

F̂ � A I ;

F A 
 (F A)�

� F A

andsimilarly for F (�A) �= � (F A).
For naturaltransformations,we havethefollowing lemma:

Lemma 4.9 (Saavedra Rivano [32, Prop. 5.2.3],seealso [23, Prop. 7.1]). Suppose
� : F ! G is a monoidalnatural transformationbetweenstrong monoidalfunctors
F; G : C ! D . If A hasa right dualA� in C, then� A � and(� A )� aremutuallyinverse
in D (up to theabovecanonicalisomorphism),or moreprecisely:

F (A� )
� A �

�=

G(A� )

�=

(F A)� (GA)�
( � A ) �

In particular, if C is autonomous,thenany such monoidalnatural transformationis
invertible.
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Coherenceand fr eeautonomouscategories. The graphicallanguage,aswe have
de�ned it above for autonomouscategories, is suf�cient for the purposesof Theo-
rem4.5. However, it doesnot characterizethe freeautonomouscategory over anau-
tonomoussignatureasstated. For example,considera signaturewith a singlemor-
phismvariablef : A ! A. Theproblemis thatthereareclearlysomediagrams,such
as

A
f

A (4.2)

whicharenot translationsof any well-formedtermof autonomouscategories.Indeed,
for this diagramto correspondto a well-formedterm,we would have to have e.g.f :
A�� ! A or f : A ! �� A.

Joyal andStreet[21] characterizethefreeautonomouscategoryby equippingeach
edgewith a windingnumber. Effectively, thehorizontalsegmentsof edgesarelabeled
with pairs(A; n), whereA is anobjectvariablesandn is an integerwinding number.
Left-to-right segmentshave even winding numbers,right-to-left segmentshave odd
winding numbers,andwinding numbersincreaseby oneon counterclockwiseturns,
anddecreaseby oneonclockwiseturns.Thewindingnumbersontheinputandoutput
of eachbox, andon theglobal inputsandoutputs,arerestrictedto beconsistentwith
thedomainandcodomaininformation,wheree.g.A �� correspondsto (A; 2), and��� B
to (B ; � 3). See[21] for precisedetails.Hereis anexampleof a well-formeddiagram
of typeI ! B �� 
 A, whereg : I ! A 
 B :

(   ,1)B

(   ,0)B

A(   ,0)

(   ,2) B

g

Theorem 4.10. Thegraphicallanguage(with windingnumbers)of autonomouscate-
goriesoveranautonomoussignature� , upto planar isotopyof diagrams,formsa free
autonomouscategoryover � .

We remarkthat if a diagramof planarautonomouscategoriescanbe labeledwith
winding numbers,thenthis labelingis necessarilyunique. In particular, for the pur-
posesof Theorem4.5, thereis no harmin droppingthewinding numbers,becauseby
hypothesis,thetheoremonly considersdiagramsthatarethetranslationof well-formed
terms,whosewindingnumberscanthereforeuniquelyreconstructed.

4.2 (Planar) pivotal categories

A pivotal category is anautonomouscategorywith a suitableisomorphismA �= A�� .

De�nition ([15, 16, 19]). A pivotal category is a right autonomouscategoryequipped
with a monoidalnaturalisomorphismi A : A ! A�� .

22



Notethatany pivotalcategoryis immediatelyleft autonomous,thereforeautonomous.
Therequirementthati A is a monoidalnaturaltransformationheremeansthati I is the
canonicalisomorphismI �= I �� , andthatthefollowing diagramcommutes,wherethe
horizontalarrow is thecanonicalisomorphismderivedfrom theautonomousstructure:

A 
 B
i A 
 i B i A 
 B

A�� 
 B ��
�= (A 
 B )�� :

(4.3)

Thefollowing property, which is sometimestakenaspartof thede�nition of piv-
otal categories[19, Def. 3.1.1], is a directconsequenceof SaavedraRivano's Lemma
(Lemma4.9).

Lemma 4.11. In anypivotal category, thefollowing diagramcommutes:

A�
i A �

idA �

A���

i �
A

A� :

Remark4.12. Onecanequivalentlyde�ne a pivotal category asanautonomouscate-
gory equippedwith a monoidalnaturalisomorphism(of contravariantmonoidalfunc-
tors) � : A� �=�! � A. This wasdoneby Freyd andYetter[16]. Condition(S) of [16,
Def. 4.1] is alsoa consequenceof SaavedraRivano's Lemma,andis thereforeredun-
dant.

Remark4.13(Terminology). Freyd andYetter[16] alsointroducedthetermsovereign
category for a pivotalcategory.

A pivotal functorbetweenpivotalcategoriesis amonoidalfunctorthatalsosatis�es

F A
F ( i A )

i F A

F (A�� )

�=

(F A)�� :

Graphical language. The graphicallanguagefor pivotal categoriesis the sameas
thatfor autonomouscategories,wherethe isomorphismi A : A ! A�� is represented
likeanidentitymap.Of course,therearenow additionaldiagramsthatarethetransla-
tion of well-formedterms.For example,whenf : A ! A, then(4.2) is a well-formed
diagramof pivotal categories,but notof autonomouscategories.Indeed,in thecaseof
pivotal categories,theproblemof winding numbers(discussedbeforeTheorem4.10)
disappears,aswinding numbersaretaken modulo2, andhenceaddnothingbeyond
orientation.

23

Theorem 4.14(Coherencefor pivotal categories). A well-formedequationbetween
morphismsin thelanguageof pivotalcategoriesfollowsfromtheaxiomsof pivotalcat-
egoriesif andonly if it holdsin thegraphicallanguageup to planar isotopy, including
rotationof boxes.

Caveat 4.15. Only specialcasesof this theoremhave beenproved in the literature.
Freyd andYetter[16, Thm.4.4] consideredthecaseof thefreepivotal categorygener-
atedby a category. In our terminology, this meansthatthey only considereddiagrams
for pivotal categoriesover simplesignatures, ratherthanover autonomoussignatures.
In otherwords,they only consideredboxesof theform

A f B ;

with exactly oneinput andoneoutput. Joyal andStreet's draft report[19] claimsthe
generalresultbut containsnoproof.

The notion of planarisotopy for pivotal categoriesincludesthe ability to rotate
boxesin theplaneof thediagram.Forexample,thefollowing twodiagramsareisotopic
in this sense:

f = f (4.4)

Thisalsoexplainswhy wehavemarkedacornerof eachbox. With theability to rotate
boxes,we needto keeptrackof their “natural” orientation,so that thediagramsfrom
(4.4)canalsoberepresentedlike this:

f

Moregenerally, theadjointmateof f : A ! B canberepresentedby a rotatedbox:

f � =

B

A
f

B

A

= B f A (4.5)

Also notethat is f is a compositediagram,thenthewholediagrammayberotatedto
obtainf � .
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4.3 Sphericalpivotal categories

De�nition (Barr ett and Westbury [5]). A pivotal category is sphericalif for all ob-
jectsA andmorphismsf : A ! A,

A f A =
A f A

(4.6)

The intuition behindthe“spherical”axiomsis thatdiagramsshouldbeembedded
in a 2-sphere,ratherthantheplane. It is thenobvious that the left-handsideof (4.6)
canbecontinuouslytransformedinto theright-handside,namelyby moving theloop
acrossthebackof the2-sphere.

Failur e of coherence. Thesphericalaxiom is not soundfor thegraphicallanguage
of diagramsembeddedin the 2-sphere.The problemis that the notion of “diagram
embeddedin the2-sphere”is notcompatiblewith compositionor tensor. Thefollowing
is aconsequenceof thesphericalaxiom,but doesnotholdupto isotopy in the2-sphere.

g

A
f

A

=

g

A
f

A =

g

A f A

Notethat this counterexampleis similar to thespacialaxiom(3.2),but doesnot quite
imply it. If one addsthe spacialaxiom, aswe are aboutto do, thenany notion of
isotopy is lost andequivalenceof diagramscollapsesto isomorphism.

4.4 Spacialpivotal categories

De�nition. A pivotal category is spacialif it satis�esthespacialaxiom(3.2)andthe
sphericalaxiom(4.6).

Graphical languageand coherence. Thegraphicallanguagefor spacialpivotalcat-
egoriesis thesameasthatfor planarpivotal categories,exceptthatequivalenceof dia-
gramsis now takenupto isomorphism.Clearly, theaxiomsaresoundfor thegraphical
language.We conjecturethatthey arealsocomplete.

Conjecture4.16(Coherencefor spacialpivotal categories).A well-formedequation
betweenmorphismsin thelanguage of spacialpivotal categoriesfollowsfromtheax-
iomsof spacialpivotal categoriesif andonly if it holdsin thegraphical language up
to isomorphism.
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4.5 Braided autonomouscategories

An braidedautonomouscategory is anautonomouscategory that is alsobraided(asa
monoidalcategory).Thenotionof braidedautonomouscategoriesis notextremelynat-
ural,asthegraphicallanguageis only soundfor arestrictedform of isotopy calledreg-
ular isotopy. Nevertheless,it is usefulto collectsomefactsaboutbraidedautonomous
categories.

Lemma 4.17 ([23, Prop. 7.2]). A braidedmonoidalcategory is autonomousif and
only if it is right autonomous.

Proof. If � : I ! B 
 A and � : A 
 B ! I form an exact pairing, thenso do
c� 1

A;B � � : I ! A 
 B and� � cB ;A : B 
 A ! I . Thereforeany right dualof A is
alsoa left dualof A. 2

In any braidedautonomouscategory C, we cande�ne a naturalisomorphismbA :
A�� ! A. This follows from theproofof Lemma4.17,usingthefactthatbothA and
A�� areright dualsof A� . More concretely, bA andits inversearede�ned by:

bA = A�� � A 
 id
� � � � ! A� 
 A 
 A�� id
 cA;A ��

� � � � � � ! A� 
 A�� 
 A
� A � 
 id
� � � � ! A;

b� 1
A = A

id
 � A �
� � � � ! A 
 A�� 
 A�

c� 1
A �� ;A 
 id

� � � � � � ! A�� 
 A 
 A� id
 � A�� � �! A�� :

Herewehavewritten,without lossof generality, asif C werestrictmonoidal.Graphi-
cally, bA andits inverselook like this:

bA =

A�� A

A�

b� 1
A =

A�

A A��

WemustnotethatalthoughbA is anaturalisomorphism,it is notcanonical.In general,
thereexist in�nitely many naturalisomorphismsA �= A�� . Also, b is not a monoidal
naturaltransformation,andthereforedoesnot de�ne a pivotal structureon C. A gen-
eralbraidedautonomouscategory is notpivotal.

Graphical languageand coherence. The graphicallanguagebraidedautonomous
categoriesis obtainedsimplyby addingbraidsto thegraphicallanguageof autonomous
categories. However, the correctnotion of equivalenceof diagramsis neitherplanar
isotopy (like for autonomouscategories),nor 3-dimensionalisotopy (like for braided
monoidalcategories),but anin-betweennotioncalledregular isotopy[25].

It is well-known that 3-dimensionalisotopy of links and tanglesis equivalentto
planarisotopy of their (non-degenerate)projectionsonto a 2-dimensionalplane,plus
the threeReidemeistermoves[31] shown as(R1)–(R3)in Figure3. To extendthis to
diagramswith nodes,onealsohasto addthemoves(� 1) and(� 2).

Regular isotopyis de�nedto betheequivalenceobtainedby droppingReidemeister
move(R1). Notethatregularisotopy is anequivalenceon2-dimensionalrepresentation
of 3-dimensionaldiagrams(andnotof 3-dimensionaldiagramsthemselves).
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(R1) = =

(R2) =

(R3) =

(� 1) =
... ...

... ...

(� 2) =
... ...

... ...

Table3: Reidemeistermovesand� -moves

Theorem4.18(Coherencefor braided autonomouscategories).A well-formedequa-
tion betweenmorphismsin the language of braided autonomouscategories follows
fromtheaxiomsof braidedautonomouscategoriesif andonly if it holdsin thegraphi-
cal languageup to regular isotopy.

Caveat 4.19. Only specialcasesof this theoremhave beenproved in the literature.
Freyd andYetter[16, Thm.3.8] provedthis only for diagramsoverasimplesignature.

4.6 Braided pivotal categories

Lemma 4.20(Deligne,see[43, Prop. 2.11]). Let C be a braidedautonomouscate-
gory. Thengiving a twist � A : A ! A on C (makingC into a balancedcategory)
is equivalentto giving a pivotal structure i A : A ! A�� (makingC into a pivotal
category).

The lemmais remarkablebecausetheconceptof a braidedautonomouscategory
doesnot includeany assumptionrelatingthebraidedstructureto theautonomousstruc-
ture. Moreover, theaxiomsfor a twist dependonly on thebraidedstructure,whereas
theaxiomsfor a pivotal structuredependonly on theautonomousstructure.Yet, they
areequivalentif C is braidedautonomous.

Proofof Lemma4.20: RecallthenaturalisomorphismbA : A�� ! A thatwasde�ned
in Section4.5 for any braidedautonomouscategory. Givena twist � A : A ! A, we
de�ne a pivotal structureby

i A = A
� A��! A

b� 1
A� � ! A�� : (4.7)

Conversely, givena pivotal structurei A : A ! A�� , we de�ne a twist by

� A = A
i A� ! A�� bA��! A: (4.8)

Thetwo constructionsareclearlyeachother's inverse.To verify their properties,it is
obvious that i A is a naturalisomorphismif andonly if � A is a naturalisomorphism.
Moreover, � I = id if f i I = b� 1

I , andb� 1
I is thecanonicalisomorphismI �= I �� . What

remainsto beshown is that � satis�esequation(3.3) if andonly if i satis�esequation
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(4.3). However, this is a direct consequenceof the following fact aboutb, which is
easilyveri�ed:

A�� 
 B ��

�=

cA;B
B �� 
 A��

bB 
 bA(A 
 B )��

bA 
 B

A 
 B B 
 A:cB ;A

2

Corollary 4.21. A braidedpivotalcategoryis thesamethingasabalancedautonomous
category. 2

Remark4.22. While Lemma4.20 establishesa one-to-onecorrespondencebetween
twists andpivotal structures,thecorrespondenceis not canonical.Indeed,insteadof
(4.7)and(4.8),wecouldhaveequallywell used

i A = A
� � 1

A� � ! A
b0

A��! A�� (4.9)

and

� A = A
b0

A��! A�� i � 1
A� � ! A; (4.10)

where
b0

A = A A** :

In fact, therearea countablenumberof suchsimilar one-to-onecorrespondences,all
inducedby theexistenceof a monoidalnaturaltransformationb0

A
� 1 � i A � bA � i A :

A ! A. They all coincideif andonly if thecategory is tortile, asdiscussedin thenext
section.

Graphical languageand coherence. Thegraphicallanguagefor braidedpivotalcat-
egoriesis thesameasthegraphicallanguagefor pivotalcategories,with theadditionof
braids.Equivalenceof diagramsis upto regularisotopy, justasfor braidedautonomous
categories(seeSection4.5).

Theorem 4.23(Coherencefor braided pivotal categories). A well-formedequation
betweenmorphismsin the language of braided pivotal categories follows from the
axiomsof braidedpivotal categoriesif andonly if it holdsin thegraphical language
up to regular isotopy.

Caveat 4.24. Only specialcasesof this theoremhave beenproved in the literature.
Freyd andYetter[16, Thm.4.4] provedthis only for diagramsoverasimplesignature.

Remark4.25. Theequation

=
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holdsupto regularisotopy, asit canbeprovedusingonly theReidemeistermoves(R2)
and(R3). It is thereforevalid in braidedpivotalcategories(orevenbraidedautonomous
categories).On theotherhand,theequation

=

holdsup to isotopy, but not up to regular isotopy (becauseregular isotopy preserves
total curvature,aspointedout by Freyd andYetter [15, p. 169]). It is thereforenot
valid in braidedpivotal categories.Theuseof regular isotopy doesnot seemnatural,
andthisis preciselythereasonwhyJoyalandStreetintroducedtortilecategories,which
wediscussin thenext section.

Remark4.26. A braidedpivotalcategory is not in generalspherical(andthereforealso
not spacial).Indeed,insteadof thesphericalaxiom(4.6),only thefollowing holdsup
to regularisotopy:

  f
  f=

Along with Remark4.22,this is furtherevidencethatbraidedpivotal categories(and
braidedautonomouscategories)arenot “natural” notions.

4.7 Tortile categories

Lemma 4.27. Considera braided pivotal category, which is equivalentlybalanced
autonomousvia (4.7)and(4.8).For anyobjectA thefollowing areequivalent:

(a) (� A � 
 idA ) � (idA � 
 c� 1
A �� ;A ) � (� A 
 idA �� ) � i A � (� A � 
 idA ) � (idA � 
 cA;A �� ) �

(� A 
 idA �� ) � i A = idA ; or graphically:

= AA AA

(b) � A � = (� A )� .

Proof. The proof is a straightforwardcalculation,but it is bestexplainedby the fact
thatthefollowing hold in thegraphicallanguage:

� A = A A (� A )� = *A *A � A � = *A *A (� A � )� 1 = *A *A :

Therefore,theequation(b) is equivalentto

*A *A *A
*A= ;

which is theadjointmateof (a). 2
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Remark4.28. Theconditionin Lemma4.27(a)holdsif andonly if thetwo de�nitions
of � A from (4.8)and(4.10)coincide.

De�nition ([23]). A tortile category is a braidedpivotal category satisfyingthecon-
dition of Lemma4.27(a). Equivalently, a tortile category is a balancedautonomous
categorysatisfyingtheconditionof Lemma4.27(b).

Remark4.29(Terminology). A tortile category is alsosometimescalleda ribbon cat-
egory, seee.g.[42].

Graphical languageand coherence. The graphicallanguagefor tortile categories
is like the graphicallanguagefor braidedpivotal categories,except that morphisms
arerepresentedby ribbons,ratherthanwires. Theseribbonsarejust like theonesfor
balancedcategoriesfrom Section3.4.Unitsandcounitsarerepresentedin theobvious
way, for example

� A = ; � A = :

Thetwist map� A : A ! A canberepresentedin severalequivalentways:

� A = = = :

Notethatthesediagramsareequivalentupto framed3-dimensionalisotopy, andde�ne
the samemorphismin a tortile category. (On the otherhand,in a merebraidedpiv-
otal category, the latter two diagramsarenot equal). Also notethat themapbA from
Section4.5is alsorepresentedin thegraphicallanguageas

bA = ;

but this is of typebA : A�� ! A, whereas� A : A ! A. They differ, of course,only
by aninvisiblepivotalmapi A : A ! A�� .

Theorem 4.30(Coherencefor tortile categories). A well-formedequationbetween
morphismsin thelanguageof tortile categoriesfollowsfromtheaxiomsof tortile cat-
egoriesif and only if it holds in the graphical language up to framed3-dimensional
isotopy.

Caveat 4.31. Only specialcasesof this theoremhave beenproved in the literature.
Shum[34, Thm. 6.1] provedit for thecaseof the free tortile category generatedby a
category, i.e., for diagramsoverasimplesignatureonly.

4.8 Compactclosedcategories

A compactclosedcategoryisatortilecategorythatissymmetric(asabalancedmonoidal
category) in thesenseof Section3.5.Equivalently, becauseof Remark3.10,acompact
closedcategory is a tortile category in which � A = idA for all A.
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Thede�nition canbesimpli�ed. Noticethatarightautonomoussymmetricmonoidal
categoryis automaticallyautonomous(byLemma4.17),balanced(with � A = idA ) and
thereforepivotal (by Lemma4.20). Moreover, it is tortile (because� A � = (� A )� =
idA � ). We canthereforede�ne:

De�nition. A compactclosedcategory is a right autonomoussymmetricmonoidal
category.

Remark4.32. By analogywith Remark3.11,it is possiblefor a compactclosedcate-
gory to possessa non-trivial twist (with theassociatednon-trivial pivotal structure),in
additionto thetrivial twist � A = idA , makingit into a tortile category. In otherwords,
for a giventortile category, thesymmetryconditioncA;B = c� 1

B ;A doesnot in general
imply � A = idA . However, it doesimply � 2

A = idA , asthefollowing argumentshows:

� 2
A = = = idA :

To constructanexamplewhere� 6= id, considerthecategory C of �nite-dimensional
real vectorspacesandlinear functions. De�ne an equivalencerelationon objectsby
A � B iff dim(A 
 B ) is a square.Thende�ne a subcategoryC � by

homC � (A; B ) =
�

homC (A; B ) if A � B ,
; else.

Then C� is compactclosed. Let N+ = f 1; 2; 3; : : :g be the positive integers,and
considersomemultiplicative homomorphism� : N+ ! f� 1; 1g. Any suchhomo-
morphismis determinedby a sequencea1; a2; : : : 2 f� 1; 1g via

� (pn 1
1 pn 2

2 � � � pn k
k ) = an 1

1 an 2
2 � � � an k

k ;

wherepi is thei th primenumber. Finally, de�ne thetwist map� A asmultiplicationby
thescalar� (dim(A)) , or asidA if A is 0-dimensional.With this twist, C � is tortile.
In fact,thisshows thatthereexistsa continuumof possibletwistsonC � .

Examples. The monoidalcategory (Rel; � ) is compactclosedwith A� = A. The
category (FdVect; 
 ) of �nite dimensionalvectorsspacesis compactclosedwith A �

thedualspaceof A, andsimilarly for thecategoryof �nite dimensionalHilbert spaces
(FdHilb ; 
 ). The correspondingcategoriesof possibly in�nite dimensionalspaces
arenot autonomous.(Cob; +) is compactclosedwith A� equalto A with reversed
orientation.

Graphical languageandcoherence. Thegraphicallanguagefor compactclosedcat-
egoriesis like that of tortile categories,exceptthat we remove the framing andtwist
maps,andusesymmetriesinsteadof braidings.

Theorem 4.33(Coherencefor compactclosedcategories). A well-formedequation
betweenmorphismsin the language of compactclosedcategories follows from the
axiomsof compactclosedcategoriesif andonly if it holds,up to isomorphismof dia-
grams,in thegraphicallanguage.
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(a)

f

(b)

f

Table4: (a)A traceddiagram.(b) An autonomousdiagramthatis not traced.

Caveat 4.34. The specialcaseof diagramsover a simple signaturewas proven by
Kelly andLaplaza[27, Thm.8.2]. Thegeneralcasedoesnotappearin theliterature.

5 Tracedcategories

Thegraphicallanguagesconsideredin Section3 wereprogressive, whichmeansthatall
wireswereorientedleft-to-right. By contrast,thegraphicallanguagesof autonomous
categoriesin Section4 allow wiresto beorientedleft-to-rightor right-to-left. We now
turnoutattentionto anintermediatenotion,namelytracedcategories.

Like autonomousgraphicallanguages,tracedgraphicallanguagespermit loops,
but with a restriction: all wires must be directedleft-to-right at their endpoints. In
otherwords,traceddiagramsarelike autonomousdiagrams,but aretaken relative to
a monoidalsignature (seeSection3.1),ratherthananautonomoussignature (seeSec-
tion 4.1). Table4 shows a typical exampleof a traceddiagram,anda typical example
of anautonomousdiagramthatis nota traceddiagram.

Logically, we shouldhave consideredtracedcategoriesbeforepivotal categories,
becausetracedcategorieshave lessstructurethanpivotal categories(i.e.,everypivotal
category is traced,andnot the otherway around). However, many of the coherence
theoremsof this sectionareconsequencesof the correspondingtheoremsfor pivotal
categories,andthereforeit madesenseto presentthepivotalnotions�rst.

Symmetrictracedcategoriesandtheir graphicallanguage(in the strict monoidal
case,andwith oneadditionalaxiom)were�rst introducedin the1980'sby Ştef�anescu
andC�az�anescuunderthe name“bi�o w” [38, 10, 11]. Joyal, Street,andVerity later
rediscoveredthisnotionindependently, generalizedit to balancedmonoidalcategories,
andprovedthefundamentalembeddingtheoremrelatingbalancedtracedcategoriesto
tortile categories[24].

Remark5.1. Joyal, Street,andVerity usethe term tracedmonoidalcategory. How-
ever, I prefertracedcategory, usuallypre�xedby anadjective suchasplanar, spacial,
balanced,symmetric.Theword “monoidal” is redundant,becauseonecannothave a
tracedstructurewithouta monoidalstructure.Also, by puttingtheadjectivebeforethe
word “traced”, ratherthanafter it, we make it clearthat the tracedstructure,andnot
just theunderlyingmonoidalstructure,if beingmodi�ed.

32



5.1 Right traced categories

De�nition. A right traceona monoidalcategory is a family of operations

TrX
R : hom(A 
 X ; B 
 X ) ! hom(A; B );

satisfyingthefollowing four axioms.For notationalconvenience,we assumewithout
lossof generalitythatthemonoidalstructureis strict.

(a) Tightening(naturalityin A; B ): TrX
R ((g
 idX ) � f � (h
 idX )) = g� (TrX

R f ) � h;

(b) Sliding (dinaturalityin X ): TrY
R (f � (idA 
 g)) = TrX

R (( idB 
 g) � f ), where
f : A 
 X ! B 
 Y andg : Y ! X ;

(c) Vanishing:TrI
R f = f andTrX 
 Y

R f = TrX
R (TrY

R (f )) ;

(d) Strength.TrX
R (g 
 f ) = g 
 TrX

R f .

A (planar) right tracedcategory is amonoidalcategoryequippedwith a right trace.

Theseaxiomsaresimilar to thoseof Joyal, Street,andVerity [24], exceptthatwe
haveomittedtheyankingaxiomswhichdoesnotapplyin theplanarcase,andwehave
replacedthenon-planar“superposing”axiomby theplanar“strength”axiom. I donot
know whetherthis setof planaraxiomsappearsin theliterature.

Graphical languageand coherence. The right traceof a diagramf : A 
 X !
B 
 X is graphicallyrepresentedby drawing a loopfrom theoutputX to theinputX ,
asfollows:

TrX
R f =

X X

A
f

B

(5.1)

Notethatin thegraphicallanguageof right tracedcategories,partsof wirescanbe
orientedright-to-left, but eachwire mustbe orientedleft-to-right nearthe endpoints.
Thefour axiomsof right tracedcategoriesareillustratedin thegraphicallanguagein
Table5. The axiomsof right tracedcategoriesareobviously soundfor thegraphical
language,up to planarisotopy. We conjecturethatthey arealsocomplete.

Conjecture 5.2 (Coherencefor right traced categories). A well-formedequation
betweenmorphismtermsin the language of right tracedcategoriesfollows from the
axiomsof right tracedcategoriesif andonly if it holdsin the graphical language up
planar isotopy.

This is aweakconjecture,in thesensethatthereis notmuchempiricalevidenceto
supportit, nor is thereanobviousstrategy for aproof. If thisconjectureturnsout to be
false,theaxiomsfor right tracedcategoriesshouldbeamendeduntil it becomestrue.
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Table5: Theaxiomsof right tracedcategories

Theconceptof a left traceis de�ned similarly asa family of operations

TrX
L : hom(X 
 A; X 
 B ) ! hom(A; B );

satisfyingsymmetricaxioms.A left traceis graphicallydepictedasfollows:

TrX
L g =

A B

X
g

X (5.2)

WesaythatamonoidalfunctorF preservesright tracesif F (TrX
R f ) = TrF X

R (( � 2)� 1�
F f � � 2), andsimilarly for left traces.

5.2 Planar traced categories

De�nition. A planar tracedcategory is a monoidalcategory equippedwith a right
traceanda left trace,suchthatthetwo tracessatisfythreeadditionalaxioms:

(a) Interchange:TrX
R (TrY

L f ) = TrY
L (TrX

R f ), for all f : Y 
 A 
 X ! Y 
 B 
 X ;

(b) Left pivoting: TrB
R (idB 
 f ) = TrA

L (f 
 idA ), for all f : I ! A 
 B ;

(c) Right pivoting: TrB
R (idB 
 f ) = TrA

L (f 
 idA ), for all f : A 
 B ! I .

Graphical languageand coherence. Thegraphicallanguageof planartracedcate-
goriesconsistsof diagramsusingthe left andright tracetogether, moduloplanariso-
topy. Theaxiomsof interchange,left pivoting,andright pivotingareshowngraphically
in Table6. Comparealsoequation(4.4) on page4.4. The axiomsareclearly sound;
weconjecturethatthey arealsocomplete:
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= = =

(a) interchange (b) left pivoting (c) right pivoting

Table6: Axioms relatingleft andright trace

Conjecture 5.3 (Coherencefor planar traced categories). A well-formedequation
betweenmorphismtermsin thelanguageof planar tracedcategoriesfollowsfromthe
axiomsof planar tracedcategoriesif andonly if it holdsin thegraphicallanguageup
planar isotopy.

As for right tracedcategories,this conjectureis weak. If it turnsout to be false,
thenoneshouldamendtheaxiomsof planartracedcategoriesaccordingly.

Remark5.4. Even if the conjectureis true, the graphicallanguagedoesnot in itself
give an easydescriptionof the free planartracedcategory. This is becausethereare
diagrams,suchas the following, that “look” planartraced,but are not actually the
diagramof any planartracedterm(notevenup to planarisotopy).

It is notobvioushow to characterizethe“planartraced”diagramsintrinsically, or how
to extendthenotionof planartracedcategoriesto encompassall suchdiagrams.

Remark5.5. An autonomouscategoryis notnecessarilytraced.However, everypivotal
category is planartracedwith theobviousde�nitions of left andright trace:

TrX
R f = (idB 
 � X ) � (( f � (idA 
 i � 1

X )) 
 idX � ) � (idA 
 � X � );
TrX

L f = (� X � 
 idB ) � (idX � 
 (( i X 
 idB ) � f )) � (� X 
 idA ):

In thegraphicallanguage,this looks just like thediagrams(5.1) and(5.2). As a con-
sequence,eachdiagramof planartracedcategoriescanbe regardedasa diagramof
planarpivotal categories,but not theotherwayaround.

5.3 Spherical traced categories

The conceptof a sphericaltracedcategory is analogousto that of sphericalpivotal
categoriesfrom Section4.3.

De�nition. A planartracedcategorysatis�esthesphericalaxiomif for all f : A ! A,

TrA
L f = TrA

R f ; (5.3)
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or equivalently, in thegraphicallanguage:

A
f

A
= A f A

A sphericaltracedcategory is aplanartracedcategorysatisfyingthesphericalaxiom.

Everysphericalpivotal category is sphericaltraced.

Failur e of coherence. Justlike for sphericalpivotal categories,the graphicallan-
guageof sphericaltracedcategoriesis notcoherentfor any geometricallyusefulnotion
of equivalenceof diagrams.

5.4 Spacialtraced categories

De�nition. A spacial tracedcategory is a planar tracedcategory if it satis�es the
spacialaxiom(3.2)andthesphericalaxiom(5.3).

Graphical languageand coherence. Thegraphicallanguagefor spacialtracedcat-
egoriesis thesameasthatfor planartracedcategories,exceptthatequivalenceof dia-
gramsis now takenup to isomorphism.

Conjecture 5.6 (Coherencefor spacial traced categories). A well-formedequation
betweenmorphismtermsin the language of spacial tracedcategories follows from
the axiomsof spacial tracedcategoriesif and only if it holds,up to isomorphismof
diagrams,in thegraphicallanguage.

Remark5.7. Every spacialpivotal category is clearly spacialtraced. I do not know
whetherconverselyeveryspacialtracedcategorycanbefaithfully embeddedin a spa-
cial pivotal category. If this is true,thenConjecture5.6followsfrom Conjecture4.16.

5.5 Braided traced categories

Braidedtracedcategories,like braidedpivotal categories,area somewhat unnatural
notion, becausecoherenceis only satis�ed up to regular isotopy. (If oneconsiders
full isotopy, oneobtainsthemorenaturalnotionof balancedtracedcategories,which
we will considerin thenext section).Nevertheless,we includethis sectionon braided
tracedcategories,not leastbecauseit is the�rst tracednotionfor whichwecanactually
provea coherencetheorem(moduloCaveat4.24).

De�nition. A braidedtracedcategory is aplanartracedcategorywith abraiding(asa
monoidalcategory),suchthat

(TrA
L cA;A ) � (TrA

R c� 1
A;A ) = idA ; (5.4)

or graphically:

=
:

36



Lemma 5.8. (a) Theaxiom(5.4)doesnot follow fromtheremainingaxioms.

(b) In thepresenceof theremainingaxioms,(5.4) is equivalentto

(TrA
L c� 1

A;A ) � (TrA
R cA;A ) = idA ; (5.5)

or graphically:

=
:

(c) In the presenceof the remainingaxiomsof braidedtracedcategories, the left
andright pivotingaxiomsare redundant.

Proof. (a) To seethis, considermorphismterms in the languageof braidedtraced
categorieswith one object generatorand no morphismgenerators. De�ne the de-
greeof a term to the be tensorproductof all traced-outobjects,i.e., deg(id) = I ,
deg(f � g) = deg(f ) 
 deg(g), deg(TrX

R f ) = X 
 deg(f ), etc.This is well-de�ned
up to isomorphism.All theaxiomsof planartracedcategoriesandbraidedcategories
respectdegree;theonly axiomswheretheleft-handsideandright-handsidecouldpo-
tentiallyhavedifferentdegreearesliding in Table5 andpivoting in Table6. However,
in theabsenceof morphismgenerators,it is easyto show thatall morphismtermsare
of theform f : A ! B whereA �= B . Therefore,neithersliding nor pivoting change
thedegree(the latterbecauseit is vacuous).Thereforedegreeis an invariant. On the
otherhand,(5.4) is not degree-preserving;thereforeit cannotfollow from the other
axioms.

(b) Thefollowing graphicalproofsketchcanbeturnedinto analgebraicproof:

= =

=

=

==

= =

(c) Hereis a proof sketchfor the left pivoting axiom. Notably, thesecondto last
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stepusesdinaturality(sliding).

= =

= = =

Remark5.9. Eachbraidedtracedcategorypossessesabalancedstructure(asabraided
monoidalcategory)givenby � A = TrA

L c� 1
A;A , with inverse� � 1

A = TrA
R cA;A (cf. (5.4)).

However, this twist is not canonical;for example,anothertwist can be de�ned by
� 0

A = TrA
R cA;A with inverse� 0

A
� 1 = TrA

L c� 1
A;A (cf. (5.5)). In fact,therearecountably

many otherpossibletwists. This is entirely analogousto Remark4.22. The various
twists coincideif andonly if the yankingequation(5.6) holds, yielding a balanced
tracedcategoryasdiscussedin Section5.6below.

Wenotethateverybraidedpivotalcategory is braidedtraced,with thetracedstruc-
tureasgivenin Remark5.5.Moreover, thereis anembeddingtheoremgiving apartial
converse:

Theorem5.10(Representationof braided traced categories).Everybraidedtraced
categoryC canbyfully andfaithfullyembeddedinto abraidedpivotalcategoryInt(C),
via a braidedtracedfunctor.

Proof. TheproofexactlymimicstheInt-constructionof Joyal, Street,andVerity [24],
exceptthat we mustreplacethe twist by , andbe carefulonly to usethe braided
tracedaxioms.We omit thedetails,whicharebothlengthyandtedious. 2

Remark5.11. A braidedtracedcategory is notnecessarilyspherical(andthereforenot
spacial).This is analogousto Remark4.26.

Graphical languageand coherence. Thegraphicallanguagefor braidedtracedcat-
egoriesis obtainedby addingbraidsto the graphicallanguageof planartracedcate-
gories.Equivalenceof diagramsis up to regular isotopy(seeSection4.5).

Theorem 5.12(Coherencefor braided traced categories). A well-formedequation
betweenmorphismsin the language of braidedtracedcategoriesfollowsfromtheax-
iomsof braidedtracedcategoriesif andonly if it holdsin thegraphical language up
to regular isotopy.

Proof. Soundnessis easyto checkby inspectionof theaxioms.Completenessis acon-
sequenceof Theorems4.23and5.10. Namely, consideran equationin the language
of braidedtracedcategoriesthatholdsin thegraphicallanguageup to regularisotopy.
Thediagramscorrespondingto the left-handsideandright-handsideof theequation
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canalsoberegardedasdiagramsof braidedpivotal categories,andsincethey arereg-
ularly isotopic,the equationholdsin all braidedpivotal categoriesby Theorem4.23.
Sinceany braidedtracedcategory C canbe faithfully embeddedin a braidedpivotal
category Int(C) by Theorem5.10,anequationthatholdsin Int(C) mustalsohold in
C. It followsthattheequationin questionholdsin all braidedtracedcategoriesC, and
therefore,it is a consequenceof theaxioms. 2

Caveat 5.13. Becauseof thedependenceon Theorem4.23,Caveat4.24alsoapplies
here.

5.6 Balancedtraced categories

De�nition ([24]). A balancedtracedcategoryisabalancedmonoidalcategoryequipped
with a right traceTr, andsatisfyingthefollowing yankingaxioms:

TrX (cX ;X ) = � X and TrX (c� 1
X ;X ) = � � 1

X (5.6)

Graphical languageand coherence. Thegraphicallanguageof balancedtracedcat-
egoriescombinestheribbonsandtwistsof balancedcategorieswith theloopsof traced
categories.Thetraceis representedasexpected:

TrX f = :

Notethatthereis noneedto postulatea left trace,becausea left traceis de�nablefrom
theright traceandbraidingsasfollows:

TrX
L f = :=

Remark5.14. Thede�nedleft traceautomaticallysatis�esinterchangeandthepivoting
axioms(Table6), aswell asthe sphericalaxiom (5.3) andthe braidedtracedaxiom
(5.4).Thespacialaxiom(3.2)is satis�edby any braidedmonoidalcategory. Therefore,
any balancedtracedcategory is spacialtracedandbraidedtraced.

Thegraphicalvalidity of theyankingaxiomis easilyveri�ed usinga shoestring:

= ; = :

Every tortile category is balancedtraced,with thetracedstructureasgivenin Re-
mark5.5.Moreover, thereis anembeddingtheorem:
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Theorem 5.15(Representationof balancedtraced categories[24, Prop. 5.1]). Ev-
ery balancedtracedcategory canbefully andfaithfully embeddedinto a tortile cate-
gory, via a balancedtracedfunctor.

Theorem5.16(Coherencefor balancedtraced categories).A well-formedequation
betweenmorphismsin the language of balancedtracedcategories follows from the
axiomsof balancedtracedcategoriesif andonly if it holdsin thegraphical language
up to framedisotopyin 3 dimensions.

Proof. This follows from Theorems4.30and5.15,by the exact sameargumentthat
wasusedin theproofof Theorem5.12. 2

Caveat 5.17. Becauseof thedependenceon Theorem4.30,Caveat4.31alsoapplies
here.

Remark5.18. In any braidedmonoidalcategorywith a right trace,thetwist andits in-
versearede�nableby equation(5.6).Thesemapsareautomaticallynaturalandsatisfy
� I = idI and(3.3). However, they arenot automaticallyinverseto eachother. There-
fore, a balancedtracedcategory couldbe equivalentlyde�ned asa braidedmonoidal
categorywith a right trace,satisfying

TrX (c� 1
X ;X ) = TrX (cX ;X )� 1:

5.7 Symmetric traced categories

De�nition ([11, 10, 24]). A symmetrictracedcategory is a symmetricmonoidalcate-
gorywith a right traceTr, satisfyingthesymmetricyankingaxiom:

TrX (cX ;X ) = idX :

Remark5.19. Becauseof Remark3.10,a symmetrictracedcategory canbe equiva-
lently de�ned asabalancedtracedcategory in which � A = idA for all A.

Obviously every compactclosedcategory is symmetrictracedwith the structure
from Remark5.5. Here,too,we haveanembeddingtheorem:

Theorem 5.20 (Representationof symmetric traced categories[24]). Everysym-
metric tracedcategory can be fully and faithfully embeddedinto a compactclosed
category, via a symmetrictracedfunctor.

Example5.21([24]). ConsiderthecategoryRel of setsandrelations,with biproducts
given by disjoint union A + B . Given a relationR : A + X ! B + X , de�ne its
traceTrX (R) : A ! B by (a; b) 2 TrX (R) if f thereexistsn � 0 andx1; : : : ; xn 2 X
suchthata R x1 R x2 R : : : R xn R b. Thisde�nesasymmetrictracedcategorywhich
is not compactclosed.
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Graphical languageand coherence. The graphicallanguageis like that of planar
tracedcategories,combinedwith thesymmetry. A typical diagramlookslike this:

:

Thenotionof equivalenceof diagramsis isomorphism.

Theorem 5.22(Coherencefor symmetric traced categories). A well-formedequa-
tion betweenmorphismsin the language of symmetrictracedcategoriesfollows from
theaxiomsof symmetrictracedcategoriesif andonly if it holdsin thegraphical lan-
guageup to isomorphismof diagrams.

Proof. A consequenceof Theorems4.33and5.20,asin Theorems5.12and5.16.

Caveat 5.23. Becauseof thedependenceon Theorem4.33,Caveat4.34alsoapplies
here.

Remark5.24. Strict symmetrictracedcategories,with theadditionalaxiom

TrX (idA 
 X ) = idA ; (5.7)

�rst appearin the work of Ştef�anescuunderthe name“bi�o w”. A precursorof the
de�nition appearsin [38], andtheaxiomsweregiventheirmodernform by C�az�anescu
andŞtef�anescu[10, 11]. Thepaper[38] alsocontainsadetailedproof sketchof coher-
ence,namely, thatthegraphicallanguage,moduloisomorphismandtheequation(5.7),
formsthefreebi�o w overa monoidalsignature.This proof sketchremainsvalid with
respectto themodernde�nition, providedthatoneassumescoherencefor symmetric
monoidalcategories.

6 Products,coproducts,and bipr oducts

In this section,we considergraphicallanguagesfor monoidalcategorieswherethe
monoidalstructureis given by a categorical product,coproduct,or biproduct. The
main differencewith the graphicallanguagesof “purely” monoidalcategoriesfrom
Sections3–5is thatequivalenceof diagramsmustnow bede�ned up to diagrammatic
equations.

6.1 Products

De�nition. In a category, a productof objectsA andB is givenby anobjectA � B ,
togetherwith morphisms� 1 : A � B ! A and� 2 : A � B ! B , suchthat for all
objectsC andpairsof morphismsf : C ! A andg : C ! B , thereexistsa unique
morphismh : C ! A 
 B suchthatthefollowing diagramcommutes:

C
f g

h

A A 
 B
� 1 � 2

B :
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Naturalityaxioms:
� B � f = (f 
 f ) � � A : A ! B 
 B
3 B � f = 3 A : A ! I

Commutativecomonoidaxioms:
(idA 
 � A ) � � A = (� A 
 idA ) � � A : A ! A 
 A 
 A
(idA 
 3 A ) � � A = � � 1

A : A ! A 
 I
(3 A 
 idA ) � � A = � � 1

A : A ! I 
 A
cA;A � � A = � A : A ! A 
 A

Coherenceaxioms:
� I = � � 1

I : I ! I 
 I
(idA 
 cB ;A 
 idB ) � � A 
 B = � A 
 � B : A 
 A ! B 
 B 
 A 
 B
3 I = idI : I ! I
3 A 
 B = � I � (3 A 
 3 B ) : A 
 B ! I

Table7: Theaxiomsfor products

Theuniquemorphismh is oftenwritten ash = hf ; gi . An objectI is terminal if for
all objectsC, thereexistsauniquemorphismh : C ! I . A �nite productcategory(or
cartesiancategory) is a category with a chosenterminalobject,anda chosenproduct
for eachpair of objects.

Equivalently, a �nite productcategory canbe describedasa symmetricmonoidal
category, togetherwith naturalfamiliesof copyanderasemaps

� A : A ! A 
 A; 3 A : A ! I

subjectto a numberof axioms,shown in Table7.

Graphical language. We extendthegraphicallanguageof symmetricmonoidalcat-
egoriesby addingthefollowing representationsof thecopy anderasemaps.

Copy � A : A ! A 
 A A �

A

A

Erase 3 A : A ! I A �

As usual, if A is a compositeobject term, a wire labeledA shouldbe replaced
by multiple parallelwires. Table8 containsgraphicalrepresentationsof someof the
axiomsfor �nite productcategories.
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=

=

=

=

  f

  f

... ...

... ...

  f

  f
...

...

...

...
=

=

Commutativecomonoidaxioms Naturality

Table8: Graphicalrepresentationof someproductaxioms

Notethattheprojections� 1 : A � B ! A and� 2 : A � B ! B , andthepairing
h : C ! A 
 B of f : C ! A andg : C ! B , arerepresentedgraphicallyasfollows:

  g

  f2p

p1 =
=h

=

Coherence. As theequivalencesin Table8 demonstrate,coherencein thegraphical
languageof �nite productcategoriesdoesnot hold up to isomorphismor isotopy of
diagrams.Rather, is holdsup to manipulationsof diagrams.So unlike thegraphical
languagesconsideredin Sections2–5,we now haveto consideraxiomsondiagrams.

Theorem6.1(Coherencefor �nite product categories).A well-formedequationbe-
tweenmorphismtermsin the language of �nite productcategories follows from the
axiomsof �nite productcategoriesif andonly if it holdsin thegraphicallanguage, up
to isomorphismof diagramsandthediagrammaticmanipulationsshownin Table8.

This theoremis a simpleconsequenceof coherencefor symmetricmonoidalcat-
egories(Theorem3.12), togetherwith the fact that all the axiomsof �nite product
categories,exceptthoseshown in Table8, holdup to isomorphismof diagrams.

6.2 Coproducts

Thede�nition of coproductsandinitial objectsis dualto thatof productsandterminal
objects,i.e., it is obtainedby reversingall the arrows in Section6.1. Explicitly, an
object0 is initial if for all objectsC, thereexists a uniquemorphismh : 0 ! C.
A coproductof objectsA; B is given by an objectA + B , togetherwith morphisms
�1 : A ! A+ B and�2 : B ! A+ B , suchthatfor all objectsC andpairsof morphisms
f : A ! C andg : B ! C, thereexistsa uniquemorphismh : A + B ! C such
thath � �1 = f andh � �2 = g. Oneoftenwrites h = [f ; g]. A category with �nite
coproductsis alsocalleda co-cartesiancategory.
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Dualizing thepresentationof Section6.1,onecanequivalentlyde�ne a �nite co-
productcategoryasasymmetricmonoidalcategorywith naturalfamiliesof mergeand
initial maps

r A : A 
 A ! A; 2 A : I ! A;

satisfyingthedualsof theaxiomsin Table7.

Graphical language. The graphicallanguageof �nite coproductcategoriesis ob-
tainedby dualizingthatof �nite productcategories,with thedualsof theaxiomsfrom
Table8.

Merge r A : A 
 A ! A
A

� A
A

Initial 2 A : I ! A � A

6.3 Biproducts

De�nition. An object is called a zero object if it is initial and terminal. If 0 is a
zeroobject,thenthereis a distinguishedmapA ! 0 ! B betweenany two objects,
denoted0A;B . A biproductof objectsA1 andA2 isgivenbyanobjectA1� A2, together
with morphisms� i : Ai ! A1 � A2 and� i : A1 � A2 ! Ai , for i = 1; 2, suchthat
A � B is a productwith � 1; � 2, a coproductwith �1; �2 andsuchthat � i � � j = � ij .
Here� ii = idA i and� ij = 0A j ;A i wheni 6= j . We saythatC is a biproductcategory
if it hasachosenzeroobject0 anda chosenbiproductfor any pair of objects.

Remark6.2. Theaxiom� i � � j = � ij is equivalentto theassertionthatthesymmetric
monoidalstructurede�nedby � “asaproduct”coincideswith thesymmetricmonoidal
structurede�ned by � “asacoproduct”.Therefore,a biproductcategory is symmetric
monoidalin a canonicalway.

Equivalently, a biproductcategory canbe de�ned asa symmetricmonoidalcate-
gory, togetherwith naturalfamiliesof morphisms

� A : A ! A 
 A; 3 A : A ! I ; r A : A 
 A ! A; 2 A : I ! A;

satisfyingtheaxiomsin Table7, aswell astheir duals.

Graphical language. Thegraphicallanguageof biproductsis obtainedbycombining
thegraphicallanguagesfor productsandcoproducts.In thiscase,onehastheequalities
in Table9, which areconsequencesof thenaturalityaxiomsin Table8. Notethat the
axiom� i � � j = � ij holdsautomaticallyin thegraphicallanguage.

Theorem6.3(Coherencefor bipr oductcategories).A well-formedequationbetween
morphismtermsin the language of biproductcategories follows from the axiomsof
biproductcategoriesif andonlyif it holdsin thegraphicallanguage, upto isomorphism
of diagrams,thediagrammaticmanipulationsshownin Table8, andtheir duals.
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=

= =

= (empty)

Table9: Somebiproductlaws

This theoremis a simpleconsequenceof coherencefor symmetricmonoidalcate-
gories,togetherwith thefactthattheaxiomsin Table8 (andtheirduals)areexactly the
graphicalrepresentationsof theaxiomsin Table7 (andtheir duals)thatdonotalready
holdup to graphicalisomorphism.

6.4 Tracedproduct, coproduct, and biproduct categories

It potentiallymakessenseto revisit eachof thenotionsof Sections3–5andconsider
thecasewherethemonoidalstructureis givenby a product,coproduct,or biproduct.
Sinceproducts,coproducts,andbiproductsareautomaticallysymmetric,we do not
needto considertheweakernotions(suchasbalanced,braided,etc).

Moreover, we do not needto considerany autonomouscases,becausean au-
tonomouscategory wherethe tensoris given by a product(or coproduct)is trivial.
Indeed,for any objectsA; B , themorphismsf : A ! B arein one-to-onecorrespon-
dencewith morphismA 
 B � ! I . SinceI is terminal, thereis exactly onesuch
morphism,andthereforethereis a uniquemorphismbetweenany two objects.Sucha
category is equivalentto theone-objectone-morphismcategory.

Therefore,theonly new notionfrom Sections3–5thatadmitsnon-trivial examples
in the context of products,coproducts,or biproductsis that of a symmetrictraced
category.

De�nition. A tracedproduct [coproduct,biproduct] category is a symmetrictraced
categorywherethetensoris givenby a categoricalproduct[coproduct,biproduct].

Example6.4 ([24]). Thesymmetrictracedcategory (Rel; +) from Example5.21is a
tracedbiproductcategory.

Example6.5. Considerthe category Set? whoseobjectsare sets,and whosemor-
phismsarepartial functions,regardedasa subcategory of Rel from Example6.4. In
this category, theemptyset0 is a zeroobject,andthedisjoint unionoperationA + B
de�nesa coproduct(but not a product).Traceis givenasin Example6.4. With these
de�nitions, Set? is a tracedcoproductcategory.

Graphical language. As expected,thegraphicallanguageof tracedproduct[coprod-
uct, biproduct]categoriesis givenby addinga trace(asin Section5) to thegraphical
languageof �nite product[�nite coproduct,biproduct]categories.
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Theorem 6.6 (Coherencefor traced product [coproduct, bipr oduct] categories).
A well-formedequationbetweenmorphismtermsin the language of tracedproduct
[coproduct,biproduct] categoriesfollows from the respectiveaxiomsif andonly if it
holdsin thegraphicallanguage, upto isomorphismof diagrams,andthediagrammatic
manipulationsshownin Table8 and/ortheir duals(asappropriate).

Remark6.7. In computerscience,tracesarisenaturally in the context of data �ow
(as�x ed points),andin the context of control �ow (asiteration). The two situations
correspondto tracedproductcategoriesandtracedcoproductcategories,respectively.
Theduality betweendata�o w andcontrol �o w was�rst describedby Bainbridge[3].
The following aretypical examplesof a data�o w diagram(on the left) anda control
�o w diagram(ontheright). Thedata�o w diagramrepresentsthe�x edpointexpression
y = (3 + x)(x + y), parametricon aninput x. Thecontrol �o w diagramrepresentsa
generic“while loop”. Note thatdata�o w diagramshave a notion of “copying” data,
whereascontrol�o w diagramshavea dualnotionof “merging” controlpaths.

x
y

3

body
condition

Proposition 6.8 (C�az�anescuand Ştef �anescu[10, 11]). In a category with �nite co-
products,givinga traceis equivalentto givingan iterationoperator. Here, an iteration
operator is a family of operations

iterX : hom(X ; A + X ) ! hom(X ; A);

natural in A anddinatural in X , satisfying

1. Iteration: iter(f ) = [idA ; iter(f )] � f , for all f : X ! A + X ;

2. Diagonalproperty: iter(iter(f )) = iter(( idA + [idX ; idX ]) � f ), for all f : X !
A + X + X .

Dually, ona �nite productcategory, givinga traceis equivalentto a �x edpointopera-
tor �x X : hom(A � X ; X ) ! hom(A; X ).

This makesprecisethe intuitive ideathat in thepresenceof coproducts,thewhile
loop in Remark6.7 is suf�cient for constructingarbitrarytraces.

Remark6.9. In thepresenceof theotheraxioms,thediagonalpropertyis equivalentto
theso-calledBeki�c Lemma:

iter[f ; g] = [idA ; iter([idA + X ; iter(g)] � f )] � [in2; iter(g)];

for all f : X ! A + X + Y andg : Y ! A + X + Y [36, Prop.B.1].

Remark6.10. Iteration operatorsin the senseof Proposition6.8 were �rst de�ned,
usingdifferentbut equivalentaxioms,by C�az�anescuandUngureanu[12, 9], underthe
name“algebraictheorywith iterate”.
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Proposition6.11([11]). In a categorywith �nite biproducts,giving a traceis equiva-
lent to giving a repetitionoperation, i.e., a familyof operators

� : hom(A; A) ! hom(A; A)

satisfying

1. f � = id + f f � ,

2. (f + g)� = (f � g)� f � .

3. (f g)� f = f (gf )� (dinaturality).

Here, f + g denotesthemorphismr A � (f � g) � � A : A ! A, for f ; g : A ! A.

6.5 Uniformity and regular tr ees

De�nition. Supposewe aregivena tracedcategory with a distinguishedsubclassof
morphismscalled the strict morphisms. Then the trace is called uniform if for all
f : A 
 X ! B 
 X , g : A 
 Y ! B 
 Y , andstrict h : X ! Y , the following
implicationholds:

(idB 
 h) � f = g � (idA 
 h) ) TrX (f ) = TrY (g):

Equivalently, in pictures:

=f
h h g ) =f g :

wheneverh is strict. Notethatuniformity is notanequationalproperty.

Proposition 6.12([11]). A tracedcoproductcategory is uniformly tracedif andonly
if for all f : X ! A + X , g : Y ! A + Y, andstrict h : X ! Y ,

(idA + h) � f = g � h ) iterX (f ) = iterY (g) � h:

Moreover, a tracedbiproductcategory is uniformly tracedif and only if for all f :
X ! X , g : Y ! Y , andstrict h : X ! Y ,

h � f = g � h ) h � f � = g� � h:

In theparticularcasewheretheclassof strict morphismsis takento bethesmall-
estco-cartesiansubcategorycontainingall objects,Ştef�anescu[36, 35] provedthatthe
free uniformly tracedcoproductcategory over a monoidalsignatureis given by the
graphicallanguageof tracedcoproductcategories,moduloasuitablenotionof simula-
tion equivalenceondiagrams.This simulationequivalenceis easiestto describein the
casewhereall morphismvariablesareof input arity 1. In this case,two diagramsare
simulationequivalentif andonly if they have thesamein�nite treeunwinding.There
is alsoananalogousresultfor biproducts.We refer the readerto [36, 37, 40] for full
details.
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Thefollowing is anexampleof anequationthatholdsupto in�nite treeunwinding,
but fails in generaltracedcoproductcategories:

f f
f= (6.1)

Ésik's “iteration theories”[14] area direct equationalaxiomatizationof suchin�nite
treeunwindings.They includeaniterationoperatorasin Proposition6.8,but with an
in�nite family of additionalproperties,suchas(6.1).

6.6 Cartesiancenter

Sometimesit is usefulto considernotionsthatareweaker thanproductcategories,yet
still have copy anderasemaps� A : A ! A 
 A and3 A : A ! I . For example,it
is commonto drop thenaturalityaxioms,while retainingthecommutative comonoid
andcoherenceaxioms(seeTables7 and 8). An equivalentway to describesucha
categoryis asasymmetricmonoidalcategorywith (faithful) cartesiancenter[18], i.e.,
a symmetricmonoidalcategory with a symmetricmonoidalsubcategory thatcontains
all theobjectsandis cartesian.Similar ideashave occurred,with varying degreesof
explicitness,in theliteratureon �o wcharts,seee.g.[12, 7, 39].

Similarly, if oneomitsnaturalityfrom theaxiomsfor coproducts,oneobtainscat-
egorieswith a co-cartesiancenter. A weakenedversionof biproductsis obtainedby
combiningthe axiomsof cartesiancenterandco-cartesiancenter. In this case,one
requirestheoperations� , 3 , r , 2 to benaturalwith respectto oneanother, yielding
thepropertiesfrom Table9. More generally, onemayrequireany subsetof theoper-
ations� , 3 , r , 2 to exist, anda furthersubsetto benaturaltransformations.As the
readermay imagine,this leadsto a nearlyendlessnumberof categoricalnotionsand
correspondinggraphicallanguages;seee.g.[39, 40].

7 Daggercategories

Theconceptof a daggercategory (alsocalledinvolutivecategory or *-category in the
literature)is motivatedby the category of Hilbert spaces,whereeachmorphismf :
A ! B hasanadjoint f y : B ! A.

De�nition. A dagger category is a category C togetherwith an involutive, identity-
on-objects,contravariantfunctory : C ! C.

Concretely, this meansthat to every morphismf : A ! B , one associatesa
morphismf y : B ! A, called the adjoint of f , suchthat for all f : A ! B and
g : B ! C:

idy
A = idA : A ! A;

(g � f )y = f y � gy : C ! A;
f yy = f : A ! B ;
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Example7.1. ThecategoryHilb of Hilbert spacesandboundedlinearmapsis adagger
category, wheref y : B ! A is given by the usualadjointnesspropertyof linear
algebra,i.e.,hf yx j yi = hx j f yi for all x 2 B andy 2 A.

De�nition. (Unitary map, self-adjoint map) In a daggercategory, a morphismf :
A ! B is calledunitary if it is anisomorphismandf � 1 = f y. A morphismf : A !
A is calledself-adjointor hermitianif f = f y.

A dagger functor betweendaggercategoriesis a functor that satis�es F (f y) =
(F f )y for all f .

Graphical language. The graphicallanguageof daggercategoriesextendsthat of
categories.Theadjointof amorphismvariablef : A ! B is representeddiagrammat-
ically asfollows:

f : A ! B A
f

B

f y : B ! A B
f

A

Moregenerally, theadjointof any diagramis its mirror image.Notethatthemirror
imageof aboxis visuallydistinguishablebecausewehavemarkedtheupperleft corner
of eachbox representingamorphismvariable.Also notethat,while wehavetakenthe
mirror imageof eachbox, we have reversedthe location,but not thedirection,of the
wires.Contrastthis with (4.5).

Theorem 7.2 (Coherencefor dagger categories). A well-formedequationbetween
two morphismtermsin the language of dagger categoriesfollows fromtheaxiomsof
dagger categoriesif andonly if it holdsin thegraphical language up to isomorphism
of diagrams.

Proof. This is aconsequenceof coherencefor categories,from Theorem2.1.As usual,
soundnessis easyto check. For completeness,notice that any morphismterm t of
daggercategoriescanbetransformed,via theaxioms(g � f )y = f y � gy, idy = id, and
f yy = f , into anequivalenttermt0with thepropertythaty is only appliedto morphism
variablesin t0. Sucha term canbe regardedasa term in the languageof categories,
over theextendedsetof morphismvariablesf f ; f y; : : :g. Now if t ands aretwo terms
thathaveisomorphicdiagrams,thenby soundness,t 0ands0haveisomorphicdiagrams.
By Theorem2.1,t0 ands0 areprovablyequalfrom theaxiomsof categories.Therefore
t ands areprovablyequalfrom theaxiomsof daggercategories. 2

We now consider“daggernotions” for thevariousmonoidalcategoriesfrom Sec-
tions3–5.
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7.1 Daggermonoidal categories

De�nition. A dagger monoidalcategory is a monoidalcategory that is a daggercat-
egory, suchthat thedaggerstructureis compatiblewith themonoidalstructurein the
following sense:

(a) (f 
 g)y = f y 
 gy, for all f ; g;

(b) thecanonicalisomorphismsof themonoidalstructure,� A;B ;C : (A 
 B ) 
 C !
A 
 (B 
 C), � A : I 
 A ! A, and� A : A 
 I ! A, areunitary.

Graphical language. Thegraphicallanguageof daggermonoidalcategoriesis like
thegraphicallanguageof monoidalcategories,with theadjointof a diagramgivenby
its mirror image.For example,

2

6
6
6
6
4

A
g

E

B D
g

F

C G

3

7
7
7
7
5

y

=

E A

F D f B

G g C

Theorem 7.3 (Coherencefor planar dagger monoidal categories). A well-formed
equationbetweenmorphismtermsin thelanguageof dagger monoidalcategoriesfol-
lowsfromtheaxiomsof dagger monoidalcategoriesif andonly if it holds,upto planar
isotopy, in thegraphicallanguage.

Proof. This is a consequenceof coherencefor planarmonoidalcategories,from The-
orem3.1. The proof is analogousto that of Theorem7.2. Note that the axiomsof
daggermonoidalcategoriesarepreciselywhatis neededto ensurethatall occurrences
of y canbe removedfrom a morphismterm, exceptwhereapplieddirectly to a mor-
phismvariable. 2

7.2 Other progressive daggermonoidal notions

We cannow “daggerize”theotherprogressivemonoidalnotionsfrom Section3:

De�nition. � A daggermonoidalcategory is spacialif it is spacialasa monoidal
category.

� A dagger braidedmonoidalcategory is a daggermonoidalcategory with a uni-
tarybraidingcA;B : A 
 B ! B 
 A.

� A dagger balancedmonoidalcategory is a daggerbraidedmonoidalcategory
with aunitarytwist � A : A ! A.

� A dagger symmetricmonoidalcategory [33] is a daggerbraidedmonoidalcate-
gorysuchthattheunitarybraidingis a symmetry.
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Graphical languages. In eachcase,thegraphicallanguageextendsthecorrespond-
ing languagefrom Section3, with thedaggerof adiagramtakento beits mirror image.
Eachnotion hasa coherencetheorem,proved by the samemethodasTheorems7.2
and 7.3. The requirementsthat the braiding and twist are unitary ensuresthat the
daggercanbe removed from the correspondingterms. The respective caveatsfrom
Section3 alsoapplyto thedaggercases.

Example7.4. ThecategoryHilb of Hilbert spacesis daggersymmetricmonoidal,with
theusualtensorproductandsymmetry.

7.3 Daggerpivotal categories

In de�ning daggervariantsof thenotionsof Section4, we�nd thatthenotionof adag-
gerautonomouscategory anda daggerpivotal category coincide.This is becausethe
presenceof a daggerstructureonanautonomouscategoryalreadyinducesa canonical
isomorphismA �= A�� , which automaticallysatis�es the pivotal axiomsundermild
assumptions.

To be more precise,considera daggermonoidalcategory that is also right au-
tonomous(as a monoidalcategory). Because� A : I ! A� 
 A hasan adjoint
� y

A : A� 
 A ! I , we cande�ne a family of isomorphisms

i A = A
�=�! I 
 A

� A � 
 idA� � � � � ! A�� 
 A� 
 A
idA �� 
 � y

A� � � � � � ! A�� 
 I
�=�! A�� :

We canrepresentthis schematicallyasfollows(but bearingin mind thatwedonot yet
havea formalgraphicallanguageto work with):

A
i A

A ��

=

A

� y
AA �

� A �
A ��

(7.1)

Lemma 7.5. Thefollowing are equivalentin a right autonomous,dagger monoidal
category:

� the family of isomorphismsi A : A ! A�� , as de�ned above, determinesa
pivotal structure;

� for all A; B , the canonicalisomorphisms(A 
 B )� �= B � 
 A� and I � �= I
(determinedby theright autonomousstructure)areunitary, andfor all f : A !
B , theequationf �y = f y� holds.

Proof. By a direct calculationfrom thede�nitions, onecancheckthreeseparateand
independentfacts:

� For any givenf : A ! B , thediagram

A
i A

f

A��

f ��

B
i B

B ��
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commutesif andonly if f �y = f y� . In particular, the family i A is a natural
transformationif andonly if this conditionholdsfor all f .

� Thediagramfrom (4.3),

A 
 B
i A 
 i B i A 
 B

A�� 
 B ��
�= (A 
 B )��

commutesif andonly if the canonicalisomorphism(A 
 B )� �= B � 
 A� is
unitary.

� The morphismi I : I ! I �� is equalto the canonicalisomorphism(from the
right autonomousstructure)if andonly if thecanonicalisomorphismI ! I � is
unitary.

Sincethethreeconditionsarethede�ning conditionsfor apivotalstructure,thelemma
follows. 2

Lemma 7.6. Undertheequivalentconditionsof Lemma7.5,thefollowing hold:

(a) i A is unitary.

(b) i A = A
�=�! A 
 I

idA 
 � y
A �

� � � � � ! A 
 A� 
 A�� � A 
 idA ��
� � � � � � ! I 
 A�� �=�! A�� :

A
i A

A ��

= � y
A �

A ��

A �

A � A

(c) � y
A = � A � � (idA � 
 i A ):

A

� y
AA � =

A
i A

A ��

� A �
A �

(d) � y
A = (i � 1

A 
 idA � ) � � A � :

� y
A

A �

A
= � A �

A �

A ��

i � 1
A

A

Proof. To prove(a), �rst consider

(i A )y =
� A

A

A�

A �� � y
A �
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By de�nition of adjointmates,wehave

(i A )y� =

A�

� y
A �A ��

� A ��
A ���

But thisis justthede�nition of i A � , therefore(i A )y� = i A � . By de�nition, i A is unitary
if f (i A )y = i � 1

A , if f (i A )y� = (i � 1
A )� , if f i A � = (i � 1

A )� = (i �
A )� 1. Sincei is amonoidal

naturaltransformation,this holdsby SaavedraRivano'sLemma(Lemma4.9).
To prove(b), notethat theright-handsideis theinverseof (i A )y. Therefore,(b) is

equivalentto (a).
Finally, equations(c) and(d) arerestatementsof thede�nition of i A from (7.1).2

Remark7.7. The equivalencebetween(a) and(b) in Lemma7.6 holdsonly if i A is
de�ned as in (7.1). It doesnot hold for an arbitrarypivotal structureon a right au-
tonomousdaggermonoidalcategory.

Armedwith theseresults,we�nally statethetwo equivalentde�nitions of adagger
pivotalcategory:

De�nition. A dagger pivotal category is de�ned in oneof the following equivalent
ways:

1. asa daggermonoidal,right autonomouscategory suchthat thenaturalisomor-
phisms(A 
 B )� �= B � 
 A� andI � �= I (from theright autonomousstructure)
areunitary, andsuchthatf �y = f y� holdsfor all morphismsf ; or

2. asa pivotal,daggermonoidalcategorysatisfyingtheconditionin Lemma7.6(c)
(or equivalently, (d)).

The �rst form of this de�nition is mucheasierto checkin practice. The second
form is moresuitablefor theproofof thecoherencetheorembelow.

Remark7.8. In adaggerpivotalcategory, theoperation(� ) � arisesfrom anadjunction
(in the categorical sense)of objects, with associatedunit, counit, andadjoint mates.
On theotherhand,theoperation(� )y arisesfrom anadjunction(in the linearalgebra
sense)of morphisms. Thetwo conceptsshouldnotbeconfusedwith eachother.

Graphical language. Thegraphicallanguageof daggerpivotalcategoriesis likethat
of pivotal categories,wherethe adjoint of a diagramis given,asusual,by its mirror
image.For example:

2

6
6
6
6
6
4

A

g C
B

B

3

7
7
7
7
7
5

y

=
g

A

C
B

B
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Note that in thegraphicallanguage,adjointmatesf � : B � ! A� arerepresentedby
rotationandadjointsf y : B ! A by mirror image.Therefore,eachmorphismvariable
f : A ! B inducesfour kindsof boxes:

f = A f B f y = B f A

f �y = A f B f � = B f A

Also note that, unlike the informal notationusedabove, the graphicallanguage
doesnot explicitly displaythe isomorphismi A : A ! A�� , andit doesnot explicitly
distinguish� A : I ! A� 
 A from � y

A � : I ! A� 
 A�� . This is justi�ed by the
following coherencetheorem.

Theorem 7.9 (Coherencefor dagger pivotal categories). A well-formedequation
betweenmorphismsin the language of dagger pivotal categoriesfollowsfromtheax-
iomsof dagger pivotalcategoriesif andonly if it holdsin thegraphicallanguageupto
planar isotopy, includingrotationof boxes(bymultiplesof 180degrees).

Proof. This followsfrom coherenceof pivotalcategories(Theorem4.14),by thesame
argumentusedin the proof of Theorem7.3. The equationsfrom Lemma7.6(c)and
(d), andthefactthati A is unitary, canbeusedto replace� y

A , � y
A , andi y

A by equivalent
termsnot containingy. 2

7.4 Other daggerpivotal notions

It is possibleto de�ne daggervariantsof theremainingpivotalnotionsfrom Section4:

De�nition. A daggerpivotal category is spherical(respectively spacial) if it is spher-
ical (respectively spacial)asa pivotal category.

De�nition. A dagger braided pivotal category is a daggerpivotal category with a
unitarybraidingcA;B : A 
 B ! B 
 A.

Remark7.10. Like any braidedpivotal category, a daggerbraidedpivotal category is
balancedby Lemma4.20. However, in generaltheresultingtwist � A : A ! A is not
unitary. In fact, � A is unitary in this situationif andonly if � A � = (� A )� , i.e., if and
only if thecategory is tortile.

De�nition. A dagger tortile category is de�ned in one of the following equivalent
ways:

1. asa daggerbraidedpivotal category in which thecanonicaltwist � A , de�ned as
in Lemma4.20,is unitary;

2. asa tortile, daggermonoidalcategorysuchthatthebraidingis unitary, andsuch
that� A and� A satisfythe(equivalent)conditionsof Lemma7.6(c)and(d); or
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3. asa daggerbalancedmonoidalcategory thatis right autonomousandsatis�es

� A =

A A

� A A � � y
A

(7.2)

The�rst form of this de�nition emphasizestherelationshipto daggerpivotal cate-
gories.Thesecondform is easiestto checkif acategory is alreadyknown to betortile.
Finally, thethird form takes� A , � A , cA;B and� A asprimitiveoperationsanddoesnot
mentionthepivotal structurei A at all. Thepivotal structure,in this case,is de�nable
from (4.7)or (7.1),with thecondition(7.2)ensuringthatthetwo de�nitions coincide.

De�nition ([1, 33]). A dagger compactclosedcategory is a daggertortile category
suchthat� A = idA for all A. Equivalently, it is adaggersymmetricmonoidalcategory
thatis right autonomousandsatis�es

� A

A

A� = � y
A

A � A

A A� (7.3)

Theequivalenceof thetwo de�nition is immediatefrom thethird form of thede�ni-
tion of daggertortile categories.Notethat(7.2) is equivalentto (7.3) in thesymmetric
case.Further, theseconditionsareequivalentto theconditionin Lemma7.6(d).

Example7.11. The category FdHilb of �nite dimensionalHilbert spacesis dagger
compactclosed,with A� theusualdualspaceof linearfunctionsfrom A to I , andwith
f y theusuallinearalgebraadjoint.

Graphical languages. Eachof thenotionsde�ned in this section(exceptthespher-
ical notion)hasa graphicallanguage,extendingthecorrespondinggraphicallanguage
from Section4, with thedaggerof a diagramtaken to be its mirror image. Eachno-
tion hasa coherencetheorem,provedby the samemethodasTheorems7.2 and7.3.
As expected,equivalenceof diagramsis up to isomorphism(for spacialdaggerpiv-
otal categories);up to regular isotopy (for daggerbraidedpivotal categories);up to
framed3-dimensionalisotopy (for daggertortile categories);andup to isomorphism
(for daggercompactclosedcategories).

7.5 Daggertraced categories

Thereis no dif�culty in de�ning daggervariantsof eachof thetracednotionsof Sec-
tion 5. A (left or right) traceona daggermonoidalcategory is calleda dagger traceif
it satis�es

(Tr f )y = Tr(f y) (7.4)

For example:adagger right tracedcategoryis aright traceddaggermonoidalcategory
satisfying(7.4). A balancedtracedcategory is dagger balancedtracedif it is dagger
balancedandsatis�es (7.4). And similarly for the othernotions. The representation
theoremsof Section5 extendto thesedaggervariants:
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Theorem7.12(Representationof daggerbraided/balanced/symmetrictraced cat-
egories). Everydagger braided[balanced,symmetric]tracedcategory can be fully
and faithfully embeddedin a dagger braidedpivotal [dagger tortile, dagger compact
closed]category, via a dagger braided[balanced,symmetric]tracedfunctor. 2

Theproof,in eachcase,isbyJoyal,Street,andVerity'sInt-construction[24], which
respectsthedaggerstructure.

Graphical languages. Thegraphicallanguageof eachclassof tracedcategoriesex-
tendsto the correspondingdaggertracedcategories,in a way suggestedby equation
(7.4).As usual,thedaggerof adiagramis its mirror image,thusfor example

2

6
6
6
6
6
4

X X

A
f

B

3

7
7
7
7
7
5

y

=
X X

B
f

A

Thecoherencetheoremsof Section5 extendto this setting.

7.6 Daggerbiproducts

In adaggercategory, if A� B isacategoricalproduct(with projections� 1 : A� B ! A
and� 2 : A � B ! B ), thenit is automaticallya coproduct(with injections� y

1 : A !
A � B and� y

2 : B ! A � B ). It thereforemakessenseto de�ne a notionof dagger
biproduct.

De�nition. A dagger biproduct category is a biproductcategory carrying a dagger
structure,suchthat� y

i = � i : Ai ! A1 � A2 for i = 1; 2.

As in Section6.3, we can equivalently de�ne a daggerbiproductcategory as a
daggersymmetricmonoidalcategory, togetherwith naturalfamiliesof morphisms

� A : A ! A 
 A; 3 A : A ! I ; r A : A 
 A ! A; 2 A : I ! A;

suchthat� y
A = r A and3 y

A = 2 A , satisfyingtheaxiomsin Table7.

Graphical language. Thegraphicallanguageof daggerbiproductcategoriesis like
that of biproductcategories,wherethe daggerof a diagramis taken to be its mirror
image.For example,

2

6
6
4

  f
  g

3

7
7
5

y

=   g
  f
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Theorem 7.13(Coherencefor daggerbipr oduct categories). A well-formedequa-
tion betweenmorphismtermsin the language of dagger biproductcategoriesfollows
fromtheaxiomsof dagger biproductcategoriesif andonly if it holdsin thegraphical
language, up to isomorphismof diagrams,thediagrammaticmanipulationsshownin
Table8, andtheir duals.

Proof. By reductionto biproductcategories,asin theproofsof Theorems7.2and7.3.
The axioms� y

A = r A and3 y
A = 2 A allow y to be removed from anywherebut a

morphismvariable. 2

Finally, thereis an obviousnotion of dagger tracedbiproductcategory (which is
really a daggertraceddaggerbiproductcategory), with graphicallanguagederived
from tracedbiproductcategories.

8 Bicategories

A bicategory [6] is a generalizationof a monoidalcategory. In addition to objects
A; B ; : : : andmorphismsf ; g; : : :, onenow alsoconsiders0-cells�; � ; : : :, which we
canvisualizeascolors. For example,considerthefollowing diagram.It is a standard
diagramfor monoidalcategories,except that the areasbetweenthe wires have been
colored.

blue

red

green

yellow

f

g

A

F

E
green

D

B
C

As usual,we have objectsA; B ; C; D ; E ; F andmorphismsf : A ! C 
 D and
g : B 
 C ! F 
 E . But now therearealso0-cellscalledgreen,red,yellow, and
blue. In suchdiagrams,eachobjecthasa source, which is the0-cell just above it, and
a target, which is the0-cell just below it. For example,we have A : green! yellow,
B : yellow ! blue, andso on. It is now clearthat, to be consistentlycolored,such
diagramshaveto satisfysomecoloringconstraints.Theconstraintsare:

� ThetensorB 
 A of two objectsmayonly beformedif thetargetof A is equal
to the sourceof B . In symbols,for any 0-cells �; � ; 
 , if A : � ! � and
B : � ! 
 , thenB 
 A : � ! 
 .

� If f : A ! B is a morphism,thenA andB musthave a commonsourceanda
commontarget. In symbols,if f : A ! B andA : � ! � , thenB : � ! � .

� Onealsorequiresa unit objectI � : � ! � for everycolor � .

As an illustrationof thesecondproperty, considerf : A ! C 
 D in theabove
example,whereA : green! yellow andC 
 D : green! yellow. Subjectto the
above coloring constraints,a bicategory is then requiredto satisfyexactly the same
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axiomsas a monoidalcategory. Notice, for example,that if f : A ! B and g :
B ! C andf ; g arewell-colored,thensois g � f : A ! C. Also, the identity maps
idA : A ! A, theassociativity map� A;B ;C : (A 
 B ) 
 C

�=�! A 
 (B 
 C), andthe
otherstructuralmapsarewell-colored. In particular, a monoidalcategory is thesame
thingasa one-objectbicategory.

To give a detailedaccountof bicategoriesandtheir graphicallanguagesis beyond
thescopeof thispaper. Wehavealreadydiscussedover30different�a vorsof monoidal
categories,andthe readercanwell imaginehow many possiblevariationsof bicate-
goriesthereare,with 2-, 3-, and4-dimensionalgraphicallanguages,onceoneconsid-
ersbicategoricalversionsof braids,twists,adjoints,andtraces.Thereareevenmore
variationsif oneconsiderstricategoriesandbeyond. We refer thereaderto [6] for the
de�nition andbasicpropertiesof bicategories,and to [41], [2, Sec.7] for a tasteof
their graphicallanguages.

9 Beyond a singletensorproduct

All the categorical notionsthat we have consideredin this paperhave just a single
tensorproduct,which we representedasjuxtapositionin thegraphicallanguages.For
notionsof categorieswith morethanonetensorproduct,the graphicallanguagesget
muchmorecomplicated.The detailsarebeyond the scopeof this paper, so we just
outlinethebasicsandgivesomereferences.

Examplesof categorieswith more than one tensorare linearly distributive cate-
gories[13] and*-autonomouscategories[4]. Bothof thesenotionsaremodelsof mul-
tiplicative linear logic [17]. Thesecategorieshave two tensors,often called“tensor”
and“par”, andwritten

A 
 B and A

�

B :

Thetwo tensorsarerelatedby somemorphisms,suchasA 
 (B

�

C) ! (A 
 B )

�

C,
while othersimilarmorphisms,suchas(A 
 B )

�

C ! A 
 (B

�

C), arenotpresent.
To makeagraphicallanguagefor morethanonetensorproduct,onemustlabelthe

wires by morphismterms,ratherthanmorphismvariables.Onemustalsointroduce
specialtensorandparnodesasshown here:

B



A 
 B

A

A 
 B



B

A

B

� A

�

B

A

A

�

B �

B

A

;

along with similar nodesfor the units. Equivalenceof diagramsmust be taken up
to axiomaticmanipulations,suchasthe following, which is calledcut eliminationin
logic:

B



A 
 B



B

AA

=
B

A

:

Finally, onemuststatea correctnesscriterion, to explain why certaindiagrams,such
asthe left onefollowing, arewell-formed,while others,suchastheright one,arenot
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well-formed.

A 
 B



B

A



A 
 B A

�

B �

B

A



A 
 B

The resultingtheory is calledthe theoryof proof nets, andwas�rst given by Girard
for unit-freemultiplicative linearlogic [17]. It waslaterextendedto includethetensor
unitsby Bluteet al. [8].

10 Summary

Table10 summarizesthe graphicallanguagesfrom Sections2–6. The nameof each
classof categoriesis shown along with a typical diagramor equation. The arrows
indicateforgetful functors.We have omittedsphericalcategories,becausethey do not
possessagraphicallanguagemoduloanaturalnotionof isotopy.

The letterd indicatesthedimensionof thediagrams,andthe letter i indicatesthe
dimensionof the ambientspacefor isotopy. If i > d, then isotopy coincideswith
isomorphismof diagrams.Specialcasesare“3f ” for frameddiagramsandframediso-
topy in 3 dimensions;“2+” for two-dimensionaldiagramwith crossings(i.e.,isotopy is
takenon2-dimensionalprojections,ratherthanon 3-dimensionaldiagrams);“reg” for
regular isotopy; and“rot” to indicatethat isotopy includesrotationof boxes. Finally,
“eqn” indicatesthatequivalenceof diagramsis takenmoduloequationalaxioms.

Theletterc indicatesthestatusof acoherencetheorem.This is usuallya reference
to aproofof thetheorem,or “conj” if theresultis conjectured.A checkmark“ p ” indi-
catesaresultthatis folklore or whoseproof is trivial. “int” indicatesthatthecoherence
theoremfollows from a versionof Joyal, Street,andVerity's Int-construction,andthe
correspondingcoherencetheoremfor pivotal categories.An asterisk“ � ” indicatesthat
theresulthasonly beenprovedfor simplesignatures.

Daggervariantscanbede�ned of all of thenotionsshown in Table10,exceptthe
planarautonomousandbraidedautonomousnotions.Finally, bicategoriesrequiretheir
own (presumablymuchlarger)tableandarenot includedhere.

59

Progressive Traced Autonomous

Category

d:1 i:1 c:p

Right traced

d:2 i:2 c:conj

Planarautonomous
(rigid)

d:2 i:2 c:[21]

Planarmonoidal

d:2 i:2 c:[21, 22]

Planartraced

d:2 i:2 c:conj

Planarpivotal
(sovereign)

d:2 i:2.rot c:[16]�

Spacialmonoidal

=

d:2 i:3 c:conj

Spacialtraced

=

d:2 i:3 c:conj

Spacialpivotal

=

d:2 i:3 c:conj

Braidedautonomous

d:2+ i:reg c:[16]�

Braidedmonoidal

d:3 i:3 c:[22]

Braidedtraced

d:2+ i:reg.rot c:int�

Braidedpivotal
(balancedautonomous)

d:2+ i:reg.rotc:[16]�

Balancedmonoidal

d:3f i:3f c:[22]

Balancedtraced

=

=

d:3f i:3f c:int�

Tortile (ribbon)

d:3f i:3f c:[34]�

Symmetricmonoidal

d:3 i:4 c:[22]

Symmetrictraced

d:3 i:4 c:int�

Compactclosed

d:3 i:4 c:[27]�

Product

=

d:3 i:eqn c:p

Tracedproduct

d:3 i:eqn c:p

Coproduct

=

d:3 i:eqn c:p

Tracedcoproduct

d:3 i:eqn c:p

Biproduct

=

d:3 i:eqn c:p

Tracedbiproduct

d:3 i:eqn c:p

Table10: Summaryof monoidalnotionsandtheir graphicallanguages

60



References

[1] S. Abramsky andB. Coecke. A categoricalsemanticsof quantumprotocols. In
Proceedingsof the19thAnnualIEEESymposiumonLogic in ComputerScience,
LICS2004, pages415–425.IEEE ComputerSocietyPress,2004.

[2] J. C. BaezandJ. Dolan. Higher-dimensionalalgebraandtopologicalquantum
�eld theory. Journalof MathematicalPhysics, 36(11):6073–6105,1995.

[3] E. S. Bainbridge. Feedbackand generalizedlogic. Information and Control,
31:75–96,1976.

[4] M. Barr. *-AutonomousCategories. LecturesNotes in Mathematics752.
Springer, 1979.

[5] J.W. BarrettandB. W. Westbury. Sphericalcategories.Advancesin Mathematics,
143:357–375,1999.

[6] J.Bénabou.Introductionto bicategories,partI. In Reportsof theMidwestCate-
gorySeminar, LectureNotesin Mathematics47,pages1–77.Springer, 1967.
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