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Abstract

Thisarticleis intendedasareferenceyuideto variousnotionsof monoidalcat-
egoriesandtheir associatedtringdiagramslt is hopedthatthis will beusefulnot
justto mathematiciangyut alsoto physicists,computerscientistsandotherswho
usediagrammatiageasoning\We have optedfor a somevhatinformal treatmenbf
topologicalnotions,and have omitted most proofs. Neverthelessthe exposition
is sufciently detailedto male it clearwhatis presentlyknown, andto sene as
a startingplacefor morein-depthstudy Wherepossible we provide pointersto
morerigoroustreatmentsn theliterature.Wherewe includeresultsthathave only
beenprovedin specialcasesyve indicatethis in theform of caveats.
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1 Intr oduction

Thereare mary kinds of monoidal categorieswith additional structure— braided,
rigid, pivotal, balancediortile, ribbon,autonomoussovereign,sphericaltfraced,com-
pactclosed;*-autonomousto namea few. Many of themhave anassociatedraphical
languagef “string diagrams”.Theproliferationof differentnotionsis oftenconfusing
to non-eperts,andoccasionallyto expertsaswell. To addto the confusion,onecon-
ceptoften appearsn the literatureundermultiple nameg(for example,“rigid” is the
sameas“autonomous”;'sovereign”is the sameas*“pivotal”, and“ribbon” is thesame
as“tortile”).

In thissurwey, | attempto give a systemati@verview of themainnotionsandtheir
associategraphicallanguagesMy initial intentionwasto summarizewithout proof,
only the mainde nitions andcoherenceesultsthatappeaiin theliterature. However,
it quickly becameapparenthat, in the interestof beingsystematic] hadto include



someadditionalnotions. This led to the sectionson spacialcategyories,andplanarand
braidedtracedcategories.

Historically, theterminologywasoften x edfor specialcasesdeforemoregeneral
caseswere considered. As a result, someconceptshave a commonname(suchas
“compactclosedcategory”) whereanothernamewould have beenmore systematic
(e.g.“symmetricautonomousateyory”). | have resistedhetemptationto make major
changedo the establishederminology However, | proposesomeminor tweaksthat
will hopefully not be disruptive. For example,| prefer“tracedcategory”, which can
be combinedwith variousqualifying adjectves,to thelongerandless e xible “traced
monoidalcategory”.

Many of thecoherenceesultsarewidely known, or atleastpresumedo betrue,but
someof themarenotexplicitly foundin theliterature.For thosethatcanbeattributed,
| have attemptedo do so, sometimeswith a caveatif only specialcaseshave been
provedin theliterature. For someeasyresults,| have provided proof sketches.Some
unprovenresultshave beenincludedasconjectures.

While the resultssuneyed hereare mathematicallyrigorous,| have shied away
from giving the full technicaldetailsof the de nitions of the graphicallanguagesnd
theirrespectre notionsof equivalenceof diagramsinstead) presenthegraphicalan-
guagesomavhatinformally, butin away thatwill besufcient for mostapplications.
Whereappropriatefull mathematicatietailscanbefoundin thereferences.

Readersvho wanta quick overview of thedifferentnotionsareencouragedo rst
consultthe summarychartatthe endof this article.

An updatedversionof this article will be maintainedon the ArXiv, sol encourage
readergo contactmewith corrections|iteraturereferencesandupdates.

Graphical languages:an evolution of notation. Theuseof graphicalnotationsfor
operatordiagramsin physicsgoesbackto Penrosd30]. Initially, suchnotationsap-
pliedto multiplicationsandtensormproductsof linearoperatorsbut it becamegradually
understoodhatthey areapplicablein moregenerakituations.

To seehow graphicallanguagesrisefrom matrix multiplication, considerthe fol-
lowing example.LetM : A! B,N:B C! D,andP :D! E belinearmaps
betweennite dimensionalectorspaced\; B; C; D; E. Thesemapscanbecombined
in anobviousway to obtainalinearmapF : A C! E. In functionalnotation,the
mapF canbewritten

F=P N (M idc): (1.1)

Thesamecanbeexpressedsasummatiorover matrixindices relatveto somechosen
basisof eachspace.In mathematicahotation,supposeM = (mj; ), N = (nj;«),
P = (pm1), andF = (fmik ), wherei; j; k;|; m rangeover basisvectorsof the
respectie spacesThen
X X
fmic = Prmi N kM - 1.2)
il

In physics,it is morecommonto write columnindicesassuperscript&indrow indices
as subscripts. Moreover, one candrop the summationsymbolsby using Einsteins

summatiorcorvention. _

Fi = PRN{ M/ (1.3)
In (1.2)and(1.3),theorderof thefactorsin the multiplicationis notrelevant,asall the
informationis containedn theindices.Also notethat, while the notationmentionsthe
choserbasestheresultis of coursebasisindependentThis is becauseéndicesoccur
in pairsof oppositevariance(if onthe samesideof the equation)or equalvariance(if
on oppositesidesof the equation).It wasPenrosdg30] who rst pointedout thatthe
notationis valid in mary situationswherethe indicesare purely formal symbols,and
themapsmay not evenbebetweenvectorspaces.

Sincethe only non-trivial informationin (1.3) is in the pairing of indices, it is
naturalto representhesepairingsgraphicallyby drawing aline betweerpairedindices.
Penrosg30] proposedo representhemapsM ; N ; P asboxes,eachsuperscripaisan
incomingwire, and eachsubscriptas an outgoingwire. Wires correspondingo the
sameindex areconnectedThus,we obtainthe graphicalnotation:

Kk Kk
s
— M

Finally, sincetheindicesnolongersene ary purposepnemayomit themfrom theno-
tation. Insteadjt is moreusefulto labeleachwire with the nameof the corresponding
space.

C C
] E _ D E

A |F == A\ B | N P (19
+ M

In the notationof monoidalcateyories,(1.5) canbe expressedisa commutatve dia-
gram
F

A C——E (1.6)
M idcl TP
B c-—"-D;
or simply:
F=P N (M idc): 1.7)

Thus,we have completeda full circle andarrived back at the notation(1.1) that we
startedwith.

Organization of the paper. In eachof the remainingsectionsof this paper we will
considera particularclassof cateyoriesandits associategraphicallanguage.

Acknowledgments. | would like to thankGheoghe Stefanescuand RossStreetfor

their help in locating hard-to-obtairreferencesand for providing somebackground
information. Thanksto FabioGadducciChrisHeunenandMicah McCurdyfor useful
commenton anearlierdraft.



2 Categories

We only give themostbasicde nitions of categories functors,andnaturaltransforma-
tions. For a gentlerintroduction,with more detailsandexamples seee.g.Mac Lane
[29].

De nition. A category C consistf:
aclassjCj of objectsdenotedA, B, C, ...;

for eachpair of objectsA; B, a sethomc (A; B) of morphismswhich arede-
notedf : A! B;

identitymorphismdda : A! A andtheoperationof compositionif f : A !
B andg: B! C,then
g f:Al C

subjectto thethreeequations
idg f =f; f ida =f; (h g f=h (g f)
forallf :A! B,g:B! C,andh:C! D.
Theterms“map” or “arrow” areoftenusedinterchangeablyith “morphism”.

Examples. Someexamplesof categjoriesare: the category Setof sets(with functions
as the morphisms);the catgyory Rel of sets(with relationsas the morphisms);the
catagyory Vect of vectorspacegwith linearmaps);the category Hilb of Hilbert spaces
(with boundedinearmaps)thecategory UHilb of Hilbert spacegwith unitarymaps);
the category Top of topologicalspacegwith continuousmaps);the category Cob of
n-dimensionabrientedmanifolds(with orientedcobordisms)Notethatin eachcase,
we needto specifynot only the objects,but alsothe morphisms(andtechnicallythe
compositionandidentities,althoughthey areoftenclearfrom the context).

Catgyoriesalsoarisein othersciencesfor examplein logic (wherethe objectsare
propositionsandthe morphismsare proofs),andin computing(wherethe objectsare
datatypesandthe morphismsareprograms).

Many conceptassociatedvith setsandfunctions,suchasinverse monomorphism
(injective map),idempotentcartesianproduct etc.,arede nablein anarbitrarycate-
gory.

Graphical language. Inthegraphicalanguagef cateyories,objectsarerepresented
aswires(alsocallededgeg andmorphismsarerepresentedsboxeqalsocallednodes.
An identity morphismss representedsa continuingwire, andcompositionis repre-
sentedy connectingheoutgoingwire of onediagramto theincomingwire of another
Thisis shavn in Table1.

Object A 8

AFTB
-

Morphism f:A!l B

Identity ida (Al A S S

Composition t s 4 s B | t S

Tablel: Thegraphicalanguageof cateyories

Coherence. Note thatthe threede ning axiomsof categyories(e.g.,idg f = f)
areautomaticallysatis ed“up isomorphism’in the graphicallanguage This property
is known assoundnessA corverseof this statements alsotrue: every equationthat
holdsin thegraphicalanguages a consequencef theaxioms.This propertyis called
completenessiVe referto a soundnesandcompletenestheoremasa coheencethe-
orem

Theorem 2.1 (Coherencefor categories). A well-formedequationbetweertwo mor-
phismtermsin thelanguage of categoriesfollowsfromthe axiomsof categoriesif and
onlyif it holdsin thegraphicallanguage up to isomorphisnof diagrams.

Hopefully it is obviouswhatis meantby isomorphisnof diagrams two diagrams
areisomorphicif the boxesandwires of the rst arein bijective correspondenceith
theboxesandwiresof thesecondpreservingheconnectionbetweerboxesandwires.

Admittedly, the above coherenceheoremfor categoriesis a triviality, andis not
usually statedin this way. However, we have includedit for sale of uniformity, and
for comparisorwith thelesstrivial coherenceéheoremdgor monoidalcategoriesin the
following sections. The proof is straightforward, sinceby the associatiity and unit

axioms,eachmorphismtermis uniquelyequialentto atermof theform ((f, :::)
fy) fiforn O, with correspondingliagram
fa fa fn
| |

Remark2.2. We have equippedvireswith aleft-to-rightarrown, andboxeswith amark-
ing in the upperleft corner Thesemarkingsare of no useat the moment,but will
becomeamportantaswe extendthelanguagen thefollowing sections.

Technicalities

Signatures,variables, terms, and equations. Sofar, we have notbeenvery precise
aboutwhat the wires andboxesof a diagramarelabeledwith. We have alsoglossed
overwhatwasmeantby “a well-formedequatiorbetweermorphismtermsin thelan-
guageof cateyories”. We now brie y explain thesenotions, without giving all the



formal details. For a more precisemathematicatreatment seee.g. Joyal and Street
[22].

The wires of a diagramare labeledwith objectvariables andthe boxesarela-
beled with morphismvariables To understandvhat this means,considerthe fa-
miliar languageof arithmeticexpressions. This languagedealswith terms suchas
(x + y+ 2)(x + 3), which arebuilt up from variables suchasx andy, constants
suchas2 and3, by meansf operations suchasadditionandmultiplication. Variables
canbeviewed in threedifferentways: rst, they canbe viewed assymbolsthat can
be comparede.g.thevariablex occurstwice in the giventerm,andis differentfrom
the variabley). They canalsobe viewed as placeholderdor arbitrary numbes, for
examplex = 5andy = 15. Herex andy areallowedto represendifferentnumbers
or the samenumber;however, thetwo occurrencesf x mustdenotethe samenumber
Finally, variablescanbe viewed asplaceholdergor arbitraryterms suchasx = a+ b
andy = z2.

Theformal languageof category theoryis similar, exceptthatwe requiretwo sets
of variables:objectvariables(for labelingwires) and morphismvariables(for label-
ing boxes). We mustalsoequipeachmorphismvariablewith a speci ed domainand
codomain.Thefollowing de nition makesthis moreprecise.

De nition. A simple(categorical) signatue consist®f aset o of objectvariables
aset ; of morphismvariables anda pair of functionsdomcod: 1 ! o. Ob-
jectvariablesareusuallywritten A; B ; C; : : :, morphismvariablesare usuallywritten
f;g;h;::;,andwewritef : A! B if domf) = A andcodf) = B.

Givenasimplesignaturewe canthenbuild morphismterms suchasf (g ida),
which are built from morphismvariables(suchasf andg) and morphismconstants
(suchasidp ), via operationgi.e.,composition) Eachtermis recursvely equippedvith
adomainanda codomainandwe mustrequirecompositiongo respecthedomainand
codomaininformation. A termthat obeys theserulesis calledwell-formed Finally,
an equationbetweentermsis calleda well-formedequationif the left-handsideand
right-handside are well-formed termsthat moreorer have equaldomainsand equal
codomains.

Thegraphicalanguages alsorelativeto agivensignature Thewiresandboxesare
labeled respectiely, with objectvariablesandmorphismvariablesrom the signature,
andthelabelingmustrespecthe domainandcodomaininformation. This meanghat
thewire entering(respectiely, exiting) aboxlabeledf mustbelabeledby thedomain
(respectiely, codomain)of f .

Theabove remarkaboutthedifferentrolesof variablesn arithmeticalsoholdsfor
the diagrammatidanguageof categories. On the one hand,the labelscanbe viewed
asformal symbols.This is the view usedin the coherenceheoremwherethe formal
labelsarepartof thede nition of equivalence(in this casejsomorphismpf diagrams.

Thelabelscanalsobe viewed asplaceholdergor speci ¢ objectsandmorphisms
in anactualcategory. Suchanassignmentf objectsandmorphismss calledaninter-
pretationof thegivensignature More precisely aninterpretationi of asignature in
acatgyory C consistsof afunctionip : ¢! jCj, andforaryf 2 3 amorphism
i1(f) rip(domf) ! ip(codf). By aslightabuseof notationwewritei : ! C for
suchaninterpretation.

Finally, amorphismvariablecanbe viewed asa placeholdefor anarbitrary(pos-
sibly composite)iagram.We occasionallyusethis latterview in schematiadrawings,
suchasthe schematiaepresentationf t s in Tablel. We thenlabel a box with a
morphismterm, ratherthana formal variable,andunderstandhe box asa short-hand
notationfor a possiblycompositadiagramcorrespondingdo thatterm.

Functors and natural transformations.

De nition. Let C andD be categyories. A functorF : C ! D consistsof a func-
tion F : jCj ! jDj, andfor eachpair of objectsA; B 2 jCj, a function F
honc (A;B) ! homp (FA; FB), satisfyingF(g f)=F(g) F(f)andF(ida) =
ide A -

De nition. LetC andD becategories,andletF;G : C ! D befunctors.A natural
transformation : F ! G consistof afamily of morphisms o : FA ! GA, onefor
eachobjectA 2 jCj, suchthatthefollowing diagramcommutedor allf : A! B:

FA—"=GA

Ffl lef

FB ——>GB:

Coherenceand fr eecategories. Most coherenceheoremsareprovedby character
izing thefreecategoriesof a certainkind.

De nition. We saythatacateyoryC is freeoverasignature if it is equippedvith an
interpretation : ! C, suchthatfor ary catggory D andinterpretatiorj : ! D,
thereexistsauniquefunctorF : C ! D suchthatj = F .

Theorem2.3. Thegraphicallanguage of categoriesovera signatue , with identities
and compositiorasde nedin Table 1, and up to isomorphisnof diagrams,formsthe
freecategory over

Theorem?2.1 is indeeda consequencef this theorem: by de nition of freeness,
anequationholdsin all catgyoriesif andonly if it holdsin the free catagory. By the
characterizatiowf thefree category, anequationholdsin thefree categoryif andonly
if it holdsin thegraphicallanguage.

3 Monoidal categories

In this section,we considervariousnotionsof monoidal cateyories. We sometimes
refer to thesenotionsas “progressve”, which meansthey have graphicallanguages
whereall arrovs pointleft-to-right. Thissenesto distinguishthemfrom “autonomous”
notions, which will be discussedn Section4, and “traced” notions, which will be

discussedh Sectionb.



3.1 (Planar) monoidal categories

A monoidalcategory (also sometimescalled tensorcatagory) is a category with an
associatie unital tensorproduct.More speci cally:

De nition ([29, 23]). A monoidalcategoryis a category with thefollowing additional
structure:

anew operationA B onobjectsanda new objectconstant ;

anew operatioronmorphismsiff : A! Candg:B ! D,then

f g:A B! C D;
andisomorphisms

aec: (A B) CT A (B C)
I AT A
A A I T A

subjectto a numberof equations:

is a bifunctor, whichmeansd, idg = ida g and(k h) (g f) =
(k g (h f);

, ,and arenaturaltransformations,e.,(f (g h)) aB:.c = aogoco
(f 9 h),f a= a0 (id f)andf A= a0 (f id);

plusthe following two coherencexioms,calledthe “pentagonaxiom” andthe
“triangle axiom™:

A B C) D ~A (B C) D)
AB ;CD/ \A B.CD
(A B) C) D A (B (C D)

(A B) (C D)

A 1) B22A (1 B)
WS A
A B

A B

Whenwe speci cally wantto emphasizéhata monoidalcateyory is not assumed
to be braided,symmetric,etc., we sometimesalso refer to it asa planar monoidal

category.

Tensomproduct S T

Unit object (empty)
Morphism f:AL i Ayl Br i Bnm An B
A | f : B
C Ft D

Tensorproduct st L
A FS B

L]

Table2: Thegraphicallanguageof monoidalcateyories

Examples. Examplesof monoidalcategyoriesinclude: the category Set (of setsand
functions),togetherwith the cartesiarproduct ; the category Settogetherwith the
disjointunionoperationt ; the category Rel with either or + ; the catgyory Vect (of
vectorsspacesandlinear functions)with either or ; the category Hilb of Hilbert
spaceswith either or ; the categoriesTop and Cob with disjoint union+. Note
thatin eachcasewe needto specifya category anda tensorproduct(in generathere
aremultiple choices).Technically we shouldalsospecifyassociatiity mapsetc.,but
they areusuallyclearfrom the context.

Graphical language. We extendthe graphicallanguageof cateyoriesasfollows. A
tensomproductof objectsis representeddy writing the correspondingviresin parallel.
Theunit objectis representelly zerowires. A morphismvariablef : A; i1 Ap!
Bi1 ::: Bn isrepresentedsaboxwith n inputwiresandm outputwires. A tensor
productof morphismss representethy stackingthe correspondingliagrams.This is
shavnin Table2.

Notethatit is our corventionto write tensorproductsin the bottom-to-topordet
Similar corventionsapply to objectsasto morphisms:thus, a singlewire is labeled
by anobjectvariable suchasA, while a moregeneralobjectsuchasA B orl is
representedly zeroor morewires. For moredetails,see“Monoidal signatures’below.

Coherence. It is easyto checkthatthe graphicallanguagefor monoidalcateyories
is sound,up to deformationof diagramsin the plane. As an example,considerthe
following law, whichis aconsequencef bifunctoriality:

(dc g (f idg)=(f idp) (ida Q):

10



Translatednto thegraphicallanguagethis becomes

g
A C A C;
sl sl

which obviously holdsup to deformationof diagrams.We have the following coher
encetheorem:

Theorem3.1(Coherencefor planar monoidal categorie§21, Thm. 1.5],[22, Thm. 1.2]).

A well-formedequationbetweermorphismtermsin the language of monoidalcate-
goriesfollows from the axiomsof monoidal categoriesif and only if it holds, up to
planarisotopy in the graphicallanguage.

Here,by “planarisotopy”, we meanthattwo diagramsdrawn in arectanglen the
planewith incomingand outgoingwires attachedo the boundarief the rectangle,
areequialentif it is possibleto transformoneto the otherby continuouslymoving
aroundboxesin therectanglewithout allowing boxesor wiresto crosseachotheror
to be detachedrom the boundaryof the rectangleduring the moving. To make these
notionsmathematicallyprecise,it is usually easierto representmorphismas points,
ratherthanboxes. For precisede nitions anda proof of the coherenceheorem,see
Joyal andStreef21, 22].

Caveat 3.2. Technically Joyal and Streets proof in [21, 22] only appliesto planar
isotopieswhereeachintermediatediagramduring the deformationremainsprogres-
sive, i.e., with all arrows orientedleft-to-right. Joyal and Streetcall suchanisotopy

“recumbent”. We conjecturehatthe resultremainstrue if oneallows arbitraryplanar
deformations.Similar caveatsalso apply to the coherencaheoremsor braidedand
balancednonoidalcateyoriesbelow.

Thefollowing is anexampleof two diagramshatarenotisomorphicin the planar
embeddedense:

B B

f g
f g 6 4 (3.1)
‘

wheref : 1! A B,g:A B! Il,andh:1! 1.Andindeedthecorresponding
equatiorg (( o (ida h) %) idg) f=g ((a (h ida) L") ids) f
doesnot follow from the axiomsof monoidalcateyories. This is aneasyconsequence
of soundness.

Note thatbecausef the coherenceheoremit is not actuallynecessaryo memo-
rize the axiomsof monoidalcateyories:indeed,onecould usethe coherenceéheorem
asthede nition of monoidalcategory! For practicalpurposesteasoningn the graph-
ical languagds almostalways easierthanreasoningrom the axioms. On the other
hand,thegraphicalde nition is notveryusefulwhenonehasto checkwhetheragiven
catgyory is monoidal;in this case checking nitely mary axiomsis easier

11

Relationship to traditional coherencetheorems. Many category theoristsare fa-
miliar with coherenceéheoremsf theform “all diagramsof a certaintype commute”.
Mac Lane'straditionalcoherenceéheorenfor monoidalcategories[28] is of this form.
It stateghatall diagramsuilt fromonly , , ,id, ,and commute.

The coherenceaesultsin this paperare of a more generalform (cf. Kelly [26,
p.107]). Here theobjectis to characterizall formalequationghatfollow from agiven
setof axioms.We notethatthetraditionalcoherencéheorenis aneasyconsequencef
thegenerakoherenceesultof Theorem3.1: namely if a givenwell-formedequation
isbuilt onlyfrom , , ,id, ,and ,thenboththeleft-handsideandright-handside
denoteidentity diagramsin the graphicallanguage.Therefore,by Theorem3.1, the
equatiorfollows from theaxiomsof monoidalcateyories.Analogousemarkshold for
all the coherenceéheoremsf this article.

Technicalities

Monoidal signatures. To be preciseaboutthe labelson diagramsof monoidalcate-
gories,andaboutthemeaningof “well-formed equation’in thecoherencéheoremwe
introducethe conceptof a monoidalsignature.This generalizeshe simplesignatures
introducedin Section2. Monoidal signaturesvereintroducedunderthe nametensor
schemedy Joyal andStree|21, 22]. We give a non-strictversionof the de nition.

De nition ([22, Def. 1.4], [21, Def. 1.6]). Givena set  of objectvariables let
Mon( ) denotethefree( ;1)-algebrageneratedy o, i.e.,the setof objectterms
built from objectvariablesand| viatheoperation . Forexample,if A;B 2 ¢, then
theterm(A B) (I A)isanelementof Mon( o).

A monoidalsignatue consistof aset ¢ of objectvariablesaset ; of morphism
variables anda pair of functionsdom cod: 31! Mon( o).

The conceptof well-formed morphismtermsand equations(in the languageof
monoidalcateyories)is de ned relative to agivenmonoidalsignatureln thegraphical
languagewires andboxesarelabeledby objectvariablesand morphismvariablesas
before.An objecttermexpandsto zeroor moreparallelwires, by therulesof Table2.
As before,the labellingsmustrespecthe domainand codomaininformation, which
now involvespossiblymultiple wires connectedo a box. Justaswe sometimedabel
abox by amorphismtermin schematiadrawingsto denotea possiblycompositedia-
gram,we sometimedabelawire by anobjectterm,suchasS andT in Table2. In this
caseijt is ashort-handotationfor zeroor moreparallelwires.

Given a monoidalsignature anda monoidalcategory C, an interpretationi :

I C consistof anobjectfunctionio : o! jCj, whichthenextendsin aunique
waytofy : Mon( o) ! jCjsuchthatfo(A B) = To(A) To(B)andiy(l) = 1,and
foraryf 2 ;1 amorphismi(f) :ig(domf) ! ig(codf).

The remaininggraphicallanguagesn this Section3 are all given relatve to a
monoidalsignature.

Monoidal functors and natural transformations.

12



De nition. A strong monoidalfunctor (also sometimescalled a tensorfunctor) be-
tweenmonoidalcategoriesC andD is afunctorF : C ! D, togethemwith natural
isomorphisms2:FA FB! F(A B)and °:1! FI,suchthatthefollowing
diagramscommute:

(FA FB) FC— “.F(A B) FC_-F(A B) C)

L ko

FA (FB FC)-> - FA F(B C)—=F(A (B 0C)

FA | —FA I FA———FA
id ‘Jl lF() 0 idl lF()
2 2
FA FI —=F((A 1) FI FA——F({ A)

De nition. Let C andD be monoidalcateyories,andlet F;G : C ! D bestrong
monoidalfunctors.A naturaltransformation : F ! G iscalledmonoidal(or atensor
transformationif thefollowing two diagramscommutefor all A; B

2
FA FB—=F(A B)

GA GB ——=G(A B)

Coherenceand free monoidal categories. Similarly to what we statedfor cate-
gories,thecoherence¢heorenfor monoidalcatayoriesis aconsequencef acharacter
izationof the free monoidalcateyory. However, dueto the extra coherenceonditions
in thede nition of astrongmonoidalfunctor, thede nition of freenesss slightly more
complicated.

De nition. A monoidalcategyory C is a freemonoidalcategory over a monoidalsig-
nature if it is equippedwith aninterpretatiori : ! C suchthatfor any monoidal
catgory D and interpretationj : I D, thereexists a strongmonoidalfunctor
F :C ! D suchthatj = F i, andF is uniqueup to a uniquemonoidalnatural
isomorphism.

As before thecoherencéheoremcanbere-formulatechsafreenessheorem.

Theorem 3.3. Thegraphicallanguage of monoidalcategoriesovera monoidalsigna-
ture , with identities,compositionandtensorasde nedin Tablesl and2, andupto
planarisotopyof diagrams,formsa freemonoidalcategory over

Most of the coherenceheoremgand conjecturespf this article canbe similarly
formulatedin termsof freenessAn exceptionto this arethe tracedcateyorieswithout
braidingsin Sectionss.1-5.4and7.5, asexplainedin Remark5.4. Fromnow on, we
will only mentionfreenessvhenit is not entirelyautomaticsuchasin Sectior4.1.
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3.2 Spacialmonoidal categories
De nition. A monoidalcateyoryis spacialif it satis estheadditionalaxiom

a (ida h) At= 4 (h oida) AL (3.2)
forallh: 11 1.

In thegraphicallanguagethis meanghat

A

soin particular it impliesthatthe two termsin (3.1) areequal. The authordoesnot
know whetherthe conceptof a spacialmonoidalcateyory appearsn the literature,or
if it does,underwhatname.

Graphical language. Thegraphicallanguagdor spacialmonoidalcateyoriesis the
sameasthatfor monoidalcategories,exceptthatplanarityis droppedfrom the notion
of diagramequialence,i.e., diagramsare consideredip to isomorphism.Obviously
theaxiomsaresound;we conjecturethatthey arealsocomplete.

Conjecture 3.4 (Coherencefor spacial monoidal categories). A well-formedequa-
tion betweermorphismtermsin the language of spacialmonoidalcategoriesfollows
from the axiomsof spacialmonoidalcategoriesif and only if it holds,up to isomokr
phismof diagrams,in the graphicallanguage.

Note that, in the caseof planardiagramsthe notion of isomorphismof diagrams
coincideswith ambientisotopy in 3 dimensionsThis explainstheterm“spacial”.
3.3 Braided monoidal categories

De nition ([23]). A braiding on a monoidalcategory is a naturalfamily of isomor
phismscag : A B! B A, satisfyingthefollowing two “hexagonaxioms”:

B AC

B A) C2B (A ©

CA;ydC‘/ wj

(A B) C B (C A):

AB C B .CA

A B OB C A

14



B AC

(B A Cc B (A Q)

(A B) C B (C A):

AB C B CA

cyle
A (B C)>“2B C) A
Notethatevery braidedmonoidalcateyoryis spacialthisfollows from the natural-
ity inl)ofcay :A 11 1 A

A braidedmonoidalfunctor betweenbraidedmonoidal categoriesis a monoidal
functorthatis compatiblewith the braidingin thefollowing sense:

2
FA FB——=F(A B)

CEAF B i lF CaB

2
FB FA——=F(B A):

Graphical language. One extendsthe graphicallanguageof monoidal cateyories
with thebraiding:

B A

Braiding cas
A B

In generaljf A andB arecompositeobjectterms,thebraidingca.g is represented
astheappropriatenumberof wirescrossingeachothet

Notethatthebraidingsatis esca:.g CA;E = ida B,butnotcag Ccg.a = ida B-
Graphically:

B A B

=ida B;
A B A
B A B

6 ida B:
A B A

Example3.5. The hexagonaxiom translatesnto the following in the graphicallan-
guage:

(de cac) Biac (cag idc)= Bica (GBc A) ABiC
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Example3.6. The Yang-Baxterequationis the following equationwhich is a conse-
quenceof the hexagonaxiomandnaturality:

(CB :C IdA) (IdB CA;C) (CA;B Idc) = (Idc CaB ) (CA;C IdB) (IdA Cs ;c):

In thegraphicallanguageit becomes:

() (@ A A C B B A
B A C B = B C A B
ﬁJ o~ = /%J
A B B C A A C C

Theorem 3.7 (Coherencefor braided monoidal categorieg[22, Thm. 3.7]). Awell-
formedequationbetweermorphismsn the language of braided monoidalcategories
follows from the axiomsof braided monoidalcategoriesif and only if it holdsin the
graphicallanguage up to isotopyin 3 dimensions.

Here, by “isotopy in 3 dimensions”,we meanthat two diagrams,dravn in a 3-
dimensionabox with incomingandoutgoingwires attachedo the boundarief the
box, areisotopicif it is possibleto transformoneto the otherby moving aroundnodes
in thebox, without allowing nodesor edgedo crosseachotheror to bedetachedrom
theboundaryduringthemoving. Also, thelinearorderof theedgesnteringandexiting
eachnodemustberespectedThisis mademoreprecisen Joyal andStreet22].

Caveat 3.8. The proof by Joyal and Street[22] is subjectto someminor technical
assumptionsgraphsareassumedo be smooth andtheisotopiesareprogressie, with
continuouslychangingtangentvectors.

3.4 Balancedmonoidal categories

De nition ([23]). A twist on a braidedmonoidalcateyory is a naturalfamily of iso-
morphisms o : A ! A, satisfying | = id, andsuchthatthe following diagram
commutedor all A; B:

A B 2.8 A (3.3)

A B<—B A
B A

A balancedmonoidalcategory is a braidedmonoidalcategory with twist.

A balancedmonoidalfunctor betweenbalancednonoidalcateyoriesis a braided
monoidalfunctorthatis alsocompatiblewith thetwist, i.e.,suchthatF( o) = ra
forall A.

16



Graphical language. The graphicallanguageof balancedmonoidal catgyoriesis
similar to thatof braidedmonoidalcateyories,exceptthatmorphismsarerepresented
by at ribbons ratherthanl-dimensionawires. A ribboncanbethoughtof asapairof
parallelwiresthatarein nitesimally closeto eachother, or asa wire thatis equipped
with aframing[22]. For example thebraidinglookslik e this:

CaB = E g .

Thetwist map , is representedsa 360-dgreetwist in a ribbon, or in severalrib-
bonstogetherif A is a compositeobjectterm. This is easiesseenin the following
illustration.

A=l = ; A B ﬁ
= AV

Themeaningof (3.3) shouldthenbeobvious.

Theorem3.9(Coherencefor balancedmonoidal categorieg22, Thm. 4.5]). Awell-
formedequationbetweemorphismsn thelanguage of balancedmonoidalcategories
follows from the axiomsof balancedmonoidalcateyoriesif andonly if it holdsin the
graphicallanguage up to framedisotopyin 3 dimensions.

3.5 Symmetric monoidal categories

De nition. A symmetrianonoidalcategory is a braidedmonoidalcateyory wherethe
braidingis self-inversej.e.:
— 1
Cae = Cgia
In this casethebraidingis calleda symmetry

Remark3.10. Becaus@f equation(3.3),asymmetricnonoidalcateyory canbeequi-
alentlyde ned asabalancednonoidalcateyoryin which A = ida for all A.

Remark3.11 The previousremarknotwithstandingthereexist symmetricmonoidal
catgyoriesthat possess non-trivial twist (in additionto the trivial twist o = ida).
Thus,in a balancedmonoidal categgory, the symmetryconditioncag = cB;lA does
notin generaimply a = ida. In otherwords,a balancednonoidalcategyory thatis
symmetricasa braidedmonoidalcateyory is not necessarilysymmetricasa balanced
monoidalcategyory. An exampleis the catggory of nite dimensionalectorspacesand
linearbijections,with A (x) = nx, wheren = dim(A).

Examples. Onthe monoidalcateyory (Set ) of setswith cartesiarproduct,a sym-
metryis givenby c(x;y) = (y;X). Onthe category (Vect ) of vectorspaceswith
tensomproduct,asymmetryis givenbyc(x y)=y Xx.
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Graphical language. Thesymmetryis graphicallyrepresentetdy a crossing:

B A

Symmetry Cap
A B

Theorem 3.12 (Coherencefor symmetric monoidal categories[22, Thm. 2.3]). A
well-formedequationbetweermorphismsn thelanguage of symmetrianonoidalcate-
goriesfollowsfromtheaxiomsof symmetrianonoidalcategoriesif andonlyif it holds,
up to isomorphisnof diagrams,in the graphicallanguage.

Note that the graphicallanguagefor symmetricmonoidalcategoriesis up to iso-
morphismof diagramsywithout ary referenceto 2- or 3-dimensionattructure.How-
ever, isomorphisnof diagramss equialentto ambientisotopy in 4 dimensionssowe
canstill regardit asageometricnotion.

4 Autonomouscategories

Autonomouscategoriesare monoidalcateyoriesin which the objectshave duals In
termsof graphicallanguagethis meanshatsomewiresareallowedto run from right
to left.

4.1 (Planar) autonomouscategories

De nition ([23]). In a (without lossof generalitystrict) monoidalcateyory, anexact

pairing betweertwo objectsA andB is givenby a pairof morphisms :1! B A
and : A B! I, suchthatthefollowingtwo adjunctiontrianglescommute:
ida idg
A——A B A B——>B A B
i i 4.1
ida l ida ids lldg ( )
A B:

In suchanexactpairing,B is calledtheright dual of A andA is calledtheleft dual of
B.

Remarkd.1. Themaps and determinesachotheruniquely andthey arerespectiely
called the unit andthe counit of the adjunction. Moreover, the triple (B; ; ), if it
exists, is uniquely determinedby A up to isomorphism. The existenceof dualsis
thereforea propertyof a monoidalcategory, ratherthanan additionalstructureon it.
Moreover, every strongmonoidalfunctorautomaticallypreseresexisting duals.

De nition ([20, 21, 23]). A monoidalcategoryis right autonomousf every objectA
hasaright dual,whichwe thendenoteA . It is left autonomousf every objectA has
a left dual,which we thendenote A. Finally, the catgyory is autonomousf it is both
right andleft autonomous.
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Remarl4.2 (Terminolayy). A [right, left, =] autonomousategoryis alsocalled[right,
left, -] rigid, seee.q.[32, p. 78]. Also, theterm“autonomous’is sometimesisedn the
wealer sensef “monoidalclosed”. Althoughthis latterusagds nolongercommon,it
still livesonin theterminology*-autonomouscategory” (Barr[4], seealsoSection9).

If wewishto emphasizéhatanautonomougatejoryis not necessarilsymmetric
or braided we sometimegall it a planarautonomousategory.

Graphical language. If A is anobjectvariable theobjectsA and A arebothrep-
resentedn the sameway: by awire labeledA runningfrom right to left. Theunitand
counitarerepresentedshalf turns:

Dual A ;A S, S
A A
Unit Al A A Q1 A A
A A
A A

Counit A:A A ! | A AL
A A

More generallyif A is acompositeobjectrepresentetyy a numberof wires,then
A and A arerepresentetty the samesetof wiresrunningbackward (rotatedby 180
degrees)andthe unitsandcounitsarerepresentedsmultiple wiresturning.

Example4.3. Thetwo diagramsn (4.1), whereB = A , translateinto the graphical
languageasfollows:

e

Example4.4. For ary morphlsmf CA L , it is possibleto de ne morphisms
f :B! A andf: B! A, calledtheadjomtmatesnff , asfollows:

With thesede nitions, ( ) and ( ) becomecontravariantfunctors.

Theorem 4.5 (Coherencefor planar autonomouscategories[21, Thm. 2.7]). A
well-formedequationbetweermorphismsn the language of autonomousategories
followsfromthe axiomsof autonomougategoriesif andonly if it holdsin the graphi-
cal language up to planarisotopy
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Here,the notion of planarisotoyy is the sameasbefore,exceptthatthe wires are
of courseno longerrestrictedto being orientedleft-to-right during the deformation.
However, the ability to turn wires upsidedown doesnot extendto boxes: the notion
of isotoyy for this theoremdoesnot includethe ability to rotateboxes. SeeJoyal and
Streef{21] for amoreprecisestatement.

Caveat4.6. Theproofby JoyalandStreef21] assumethatthediagramsarepieceavise
linear

Note thatthe sametheoremappliesto left autonomoustight autonomouser au-
tonomouscateyories. Indeed,eachindividual term in the languageof autonomous
catggoriesinvolvesonly nitely mary duals,andthusmaybetranslatednto atermof
(say)left autonomousgategoriesby replacingeachobjectvariableA by A = ,fora
sufciently large,evennumberof 's. Theresultingtermmapsto the samediagram.

The samecoherenceéheoremalsoholdsfor categoriesthatareonly right (or left)
autonomousThisis aconsequencef thefollowing proposition.

Proposition 4.7. Each right (or left) autonomousategory can be fully embeddedn
an autonomousategory.

Proof. LetC bearightautonomousategory, andconsidethestrongmonoidalfunctor
F:C! CgivenbyF(A) = A . Thisfunctoris full andfaithful, andevery object
in theimageof F hasa left dual. Now let € be the colimit (in the large cateyory of
right autonomougateyoriesandstrongmonoidalfunctors)of the sequence

cfclictT

Then€ is autonomousandC is fully andfaithfully embeddedn €. The proof for
left autonomougateyoriesis analogous. 2

Corollary 4.8 (Coherencefor right (left) autonomouscategories). A well-formed
equationbetweenmorphismsin the language of right (left) autonomousategories
follows fromthe axiomsof right (left) autonomougategoriesif andonly if it holdsin
thegraphicallanguage up to planarisotopy

Proof. It sufces to showv thatan equation(in the languageof right autonomougat-
egories) holds in all right autonomouscategoriesif and only if it holdsin all au-
tonomouscateyories. The“only if” directionis trivial, sinceevery autonomousat-
egory s right autonomouskFor the oppositedirection,supposesomeequatiorholdsin
all autonomougateyories,andlet C bearight autonomougateyory. ThenC canbe
faithfully embeddedh anautonomousategory €. By assumptionthe equatiorholds
in €, andthereforealsoin C, sincethe embeddings faithful. 2

Technicalities

Autonomoussignatures. Thediagramsof autonomougategories,andthe concept
of well-formedequationin the coherence¢heoremarede ned relative to the notion of

anautonomousignature Thesewerecalledautonomousensorschemesy Joyal and

Streef{21]. We give anon-strictversionof thede nition.
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De nition. [21, Def. 2.5] Givenaset ¢ of objectvariables let Aut( o) denotethe

free( ;1; ( );( ) )-algebrageneratedby o, i.e.,thesetof objecttermsbuilt from
objectvariablesand| via theoperations , ( ), and( ) ). Forexample,if A;B 2
0, thenthetermB ( I A) isanelemenbf Aut( o).

An autonomousignatue consistof aset o of objectvariablesaset ; of mor
phismvariables anda pair of functionsdom;cod: 1! Aut( o).

The conceptof a right autonomoussignatue and left autonomoussignatue are
de ned analogouslyTheremaininggraphicallanguagesn this Section4 areall given
relative to anautonomousignature.

Functors and natural transformations of autonomouscategories. Any strongmonoidal

functorpreseresexactpairings:if :1'! B Aand : A B! | deneanexact
pairing,thensodo
) (2 !1

0
Pl L FIT FB A FB FA

and , oy

P :FA FB ! F(A B) " FI C 71
In particular if C andD areautonomougategoriesandF : C ! D is a monoidal
functor, by uniqguenes®f duals,therewill be a uniqueinducednaturalisomorphism
F(A )= (FA) suchthat

|L>F(A) FA FA F(A)Lﬂ;

ST W 2

(FA) FA FA (FA)

andsimilarly for F( A) = (FA).
For naturaltransformationswe have thefollowing lemma:

Lemma 4.9 (Saaredra Rivano [32, Prop. 5.2.3],seealso[23, Prop. 7.1]). Suppose

: F ! G is amonoidalnatural transformationbetweerstrong monoidalfunctors
F;:G:C! D.IfAhasarightdualA inC,then o and( a) aremutuallyinverse
in D (upto theabovecanonicalisomorphism)pr more precisely:

F(A)—2>G(A)

(FA) £ (GA)

In particular, if C is autonomousthenany sud monoidalnatural transformationis
invertible
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Coherenceand freeautonomouscategories. The graphicallanguageaswe have
de ned it above for autonomouscateories, is sufcient for the purposesof Theo-
rem4.5. However, it doesnot characterizehe free autonomousateyory over anau-
tonomoussignatureas stated. For example,considera signaturewith a single mor-
phismvariablef : Al A. Theproblemis thatthereareclearlysomediagramssuch
as

(A[A) 4.2)

which arenot translationof arny well-formedtermof autonomougateyories.Indeed,
for this diagramto correspondo a well-formedterm, we would have to have e.g.f :
A ! Aorf:A! A.

Joyal andStreef{21] characterizehefree autonomougateyory by equippingeach
edgewith awinding number Effectively, the horizontalsegmentsof edgesarelabeled
with pairs(A; n), whereA is anobjectvariablesandn is anintegerwinding number
Left-to-right segmentshave even winding numbers right-to-left sgmentshave odd
winding numbers,and winding numbersincreaseby one on counterclockwisdurns,
anddecreas®y oneon clockwiseturns. Thewinding numbersontheinputandoutput
of eachbox, andon the globalinputsandoutputs,arerestrictedto be consistentwith
thedomainandcodomairinformation,wheree.g.A  correspond#o (A; 2),and B
to(B; 3). See[21] for precisedetails.Hereis anexampleof awell-formeddiagram
oftypel ! B A,whereg:1! A B:

(B,1)

Theorem4.10. Thegraphicallanguage (with winding numbes) of autonomougate-
goriesoveranautonomousignatue , upto planarisotopyof diagrams formsa free
autonomousategory over

We remarkthatif a diagramof planarautonomougategoriescanbe labeledwith
winding numbersthenthis labelingis necessarilyunique. In particular for the pur-
posesof Theorenmd.5, thereis no harmin droppingthe winding numberspecausédy
hypothesisthetheoremonly considersliagramghatarethetranslatiorof well-formed
terms,whosewinding numberscanthereforeuniquelyreconstructed.

4.2 (Planar) pivotal categories
A pivotal catggory is anautonomousategory with a suitableisomorphismA = A

De nition ([15, 16, 19]). A pivotal categoryis aright autonomousateyory equipped
with a monoidalnaturalisomorphismia : Al A
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Notethatary pivotal categgoryisimmediatelyleft autonomoughereforeautonomous.

Therequirementhatia is amonoidalnaturaltransformatiorheremeanghati, is the
canonicaisomorphism = | , andthatthefollowing diagramcommuteswherethe
horizontalarrow is the canonicaisomorphisnderivedfrom theautonomoustructure:

S U

B — - -(A B)

Thefollowing property which is sometimegaken aspart of the de nition of piv-
otal categories[19, Def. 3.1.1],is a directconsequencef SaaedraRivano's Lemma
(Lemma4.9).

Lemma4.11. In anypivotal category, thefollowing diagramcommutes:

Remark4.12 Onecanequivalentlyde ne a pivotal cateyory asanautonomougate-
gory equippedwith a monoidalnaturalisomorphism(of contrazariantmonoidalfunc-
tors) : A T A. Thiswasdoneby Freyd andYetter[16]. Condition(S) of [16,
Def. 4.1] is alsoa consequencef SaaedraRivano's Lemma,andis thereforeredun-
dant.

Remark4.13(Terminolayy). Freyd andYetter[16] alsointroducedthetermsovereign
category for a pivotal category.

A pivotalfunctorbetweerpivotal cateyoriesis amonoidalfunctorthatalsosatis es

FA — " EnA )

(FA)

Graphical language. The graphicallanguagefor pivotal cateyoriesis the sameas
thatfor autonomousategories,wheretheisomorphism : A! A isrepresented
like anidentity map.Of coursetherearenow additionaldiagramghatarethetransla-
tion of well-formedterms.For examplewhenf : A! A, then(4.2)is awell-formed
diagramof pivotal cateyories,but not of autonomousategories.Indeed,in the caseof
pivotal categgories,the problemof winding numbergdiscussedeforeTheorem4.10)
disappearsaswinding numbersare taken modulo 2, and henceadd nothing beyond
orientation.
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Theorem 4.14(Coherencefor pivotal categories). A well-formedequationbetween
morphismsn thelanguage of pivotal categgoriesfollowsfromtheaxiomsof pivotal cat-
egoriesif andonlyif it holdsin the graphicallanguege up to planarisotopy including
rotationof boxes.

Caveat 4.15. Only specialcasesof this theoremhave beenprovedin the literature.
Freyd andYetter[16, Thm.4.4] consideredhe caseof thefreepivotal category gener
atedby a categyory. In our terminology this meanshatthey only consideredliagrams
for pivotal categoriesover simplesignatues ratherthanover autonomousignatues
In otherwords,they only consideredoxesof theform

A Ff B .
with exactly oneinput andoneoutput. Joyal and Streets draft report[19] claimsthe
generafkesultbut containsno proof.

The notion of planarisotopy for pivotal cateyoriesincludesthe ability to rotate
boxesin theplaneof thediagram.For example thefollowing two diagramsareisotopic

in thissense:

I
f = f (4.4)

This alsoexplainswhy we have markeda cornerof eachbox. With theability to rotate
boxes,we needto keeptrack of their “natural” orientation,so thatthe diagramsfrom
(4.4) canalsoberepresentetlik e this:

e

More generallytheadjointmateof f : A! B canberepresentetly arotatedbox:

A

- ey
. =

(4.5)

Also notethatis f is a compositediagram thenthe whole diagrammay be rotatedto
obtainf .
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4.3 Spherical pivotal categories

De nition (Barrett and Westtury [5]). A pivotal categgory is sphericalif for all ob-
jectsA andmorphismd : A! A,

Ceme) - T w9

Theintuition behindthe “spherical” axiomsis that diagramsshouldbe embedded
in a 2-sphereratherthanthe plane. It is thenobviousthatthe left-handsideof (4.6)
canbe continuouslytransformednto the right-handside,namelyby moving theloop
acrosghebackof the2-sphere.

Failur e of coherence. The sphericalaxiomis not soundfor the graphicallanguage
of diagramsembeddedn the 2-sphere. The problemis that the notion of “diagram
embeddedh the2-sphere’is notcompatiblewith compositioror tensor Thefollowing
is aconsequencef thesphericabxiom,but doesnotholduptoisotopy in the2-sphere.

Note thatthis countergampleis similar to the spacialaxiom (3.2), but doesnot quite
imply it. If one addsthe spacialaxiom, aswe are aboutto do, thenarny notion of
isotopy is lostandequialenceof diagramscollapsego isomorphism.

4.4 Spacialpivotal categories

De nition. A pivotal category is spacialif it satis esthe spacialaxiom (3.2) andthe
sphericabxiom(4.6).

Graphical languageand coherence. Thegraphicallanguagdor spacialpivotal cat-
egoriesis thesameasthatfor planarpivotal categories,exceptthatequivalenceof dia-
gramsis now takenupto isomorphism Clearly, theaxiomsaresoundfor the graphical
languageWe conjecturethatthey arealsocomplete.

Conjecture 4.16(Coherencefor spacialpivotal categories). A well-formedequation
betweermorphismsn the language of spacial pivotal categoriesfollows fromthe ax-
iomsof spacialpivotal categoriesif and only if it holdsin the graphicallanguage up
to isomorphism.

25

4.5 Braided autonomouscategories

An braidedautonomousgategory is anautonomousateayory thatis alsobraided(asa
monoidalcateyory). Thenotionof braidedautonomousategoriesis notextremelynat-
ural, asthegraphicalanguages only soundfor arestrictedform of isotopy calledreg-
ular isotopy Neverthelessit is usefulto collectsomefactsaboutbraidedautonomous
cateyories.

Lemma 4.17 ([23, Prop. 7.2]). A braided monoidalcategory is autonomousf and
onlyif it is right autonomous.

Proof If :1! B Aand : A B! | formanexactpairing,thensodo
Cab I A Band cga B Al I. Thereforeary right dualof A is
alsoaleft dualof A. 2

In ary braidedautonomougateyory C, we cande ne a naturalisomorphismb, :
A ! A. Thisfollowsfrom the proofof Lemmad4.17,usingthefactthatboth A and

A areright dualsof A . More concretelyb, andits inversearede ned by:
id cana 1A A A A id

1 id A cl 4 d id
b, = A A A A LA A A

b = A *IPA A A A;

A

Herewe have written, without lossof generalityasif C werestrictmonoidal.Graphi-
cally, by andits inverselook like this:

A A A

bA:
A

We mustnotethatalthoughb, is anaturalisomorphismit is notcanonical.ln general,
thereexist in nitely mary naturalisomorphism&A = A . Also, bis nota monoidal
naturaltransformationandthereforedoesnot de ne a pivotal structureon C. A gen-
eralbraidedautonomousategory is not pivotal.

Graphical languageand coherence. The graphicallanguagebraidedautonomous
catgyoriesis obtainedsimply by addingbraidsto thegraphicalanguagef autonomous
categories. However, the correctnotion of equivalenceof diagramsis neitherplanar
isotopy (like for autonomousateories),nor 3-dimensionalsotoypy (like for braided
monoidalcategories),but anin-betweemotioncalledregular isotopy[25].

It is well-known that 3-dimensionaisotopy of links andtanglesis equialentto
planarisotopy of their (non-dgyenerateprojectionsonto a 2-dimensionaplane,plus
thethreeReidemeistemoves[31] shavn as(R1)—(R3)in Figure3. To extendthis to
diagramswith nodespnealsohasto addthemoves( 1) and( 2).

Regular isotopyis de nedto betheequivalenceobtainedby droppingReidemeister
move (R1). Notethatregularisotopy is anequivalenceon 2-dimensionatepresentation
of 3-dimensionatiagramgandnot of 3-dimensionatliagramghemseles).
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Table3: Reidemeistemovesand -moves

Theorem4.18(Coherencefor braided autonomouscategories).A well-formedequa-
tion betweenmorphismsin the language of braided autonomousateyories follows
fromthe axiomsof braidedautonomousategoriesif andonlyif it holdsin thegraphi-
cal language upto regular isotopy

Caveat 4.19. Only specialcasesof this theoremhave beenprovedin the literature.
Freyd andYetter[16, Thm. 3.8] provedthis only for diagramsover a simplesignature.

4.6 Braided pivotal categories

Lemma 4.20 (Deligne, see[43, Prop. 2.11]). Let C be a braidedautonomougate-
gory. Thengivingatwist o : A! A onC (makingC into a balancedcategory)
is equivalentto giving a pivotal structueia : A ! A (makingC into a pivotal
category).

The lemmais remarkablebecausehe conceptof a braidedautonomougateyory
doesnotincludeary assumptiomelatingthebraidedstructureto theautonomoustruc-
ture. Moreover, the axiomsfor a twist dependonly on the braidedstructure whereas
theaxiomsfor a pivotal structuredependonly on the autonomoustructure.Yet, they
areequialentif C is braidedautonomous.

Proofof Lemma4.20: Recallthenaturalisomorphisnb, : A ! A thatwasde ned
in Section4.5 for ary braidedautonomougateyory. Givenatwist o : A! A, we
de ne apivotal structureby

. by,
ia=A A A 4.7
Corverselygivenapivotal structureia : A! A ,wede ne atwist by
A=At A oA (4.8)
Thetwo constructionsareclearly eachother's inverse.To verify their propertiesit is
obviousthati, is a naturalisomorphismif andonly if A is a naturalisomorphism.

Moreover, | = idiffi, = b *, and ! is thecanonicaisomorphism = | . What
remainsto beshowvnis that satis esequation(3.3)if andonly if i satis esequation

27

(4.3). However, this is a direct consequencef the following fact aboutb, which is
easilyveri ed:

CaB

A B ——B A
=y
(A B) bg  ba
ba B\L
A BTB A:

2

Corollary 4.21. Abraidedpivotal categoryis thesamethingasa balancedautonomous
category. 2

Remark4.22 While Lemma4.20 establishes one-to-onecorrespondencbetween
twists and pivotal structuresthe correspondencis not canonical. Indeed,insteadof
(4.7)and(4.8),we couldhave equallywell used

ia=A 1 AT A (4.9)
and
b0 it
A=A T A A A (4.10)
where

b,(l:A/%*:

In fact, therearea countablenumberof suchsimilar one-to-onecorrespondences||
inducedby theexistenceofamonoidalnaturaltransformatiorb2 1 jao ba ipc:
Al A.They all coincideif andonly if thecategory is tortile, asdiscussedh the next
section.

Graphical languageand coherence. Thegraphicalanguagdor braidedpivotal cat-
egoriesis thesameasthegraphicalanguagédor pivotal categories with theadditionof
braids.Equivalenceof diagramss upto regularisotopy, justasfor braidedautonomous
catgyories(seeSection4.5).

Theorem 4.23(Coherencefor braided pivotal categories). A well-formedequation
betweenmorphismsin the language of braided pivotal categories follows from the
axiomsof braidedpivotal categoriesif and only if it holdsin the graphical language
upto regular isotopy

Caveat 4.24. Only specialcasesof this theoremhave beenprovedin the literature.
Freyd andYetter[16, Thm.4.4] provedthis only for diagramsover asimplesignature.

Remarkd.25 Theequation

}k/_—
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holdsupto regularisotopy, asit canbeprovedusingonly the Reidemeistemoves(R2)
and(R3). It isthereforevalid in braidedpivotal cateyories(or evenbraidedautonomous
catgyories).Onthe otherhand,theequation

T s —
holdsup to isotopy, but not up to regularisotopy (becauseegularisotopy preseres
total curvature,as pointedout by Freyd and Yetter[15, p. 169]). It is thereforenot
valid in braidedpivotal cateyories. The useof regularisotopy doesnot seemnatural,

andthisis preciselythereasorwhy Joyal andStreetintroducedortile categories which
we discussn thenext section.

Remarkd.26. A braidedpivotal catgoryis notin generakphericalandthereforealso
not spacial).Indeed ,insteadof the sphericalaxiom (4.6), only the following holdsup

to regularisotopy:
L) - e

Along with Remark4.22, this is further evidencethat braidedpivotal cateyories(and
braidedautonomousgategories)arenot “natural” notions.

4.7 Tortile categories

Lemma 4.27. Considera braided pivotal category, which is equivalentlybalanced
autonomousia (4.7)and (4.8). For anyobjectA thefollowing are equivalent:

@ (a ida) (ida € 'p) (A ida ) ia (A ida) (ida Can )
(A ida ) ia = ida;orgraphically:

-

() A =(a).

Proof. The proof is a straightforvard calculation,but it is bestexplainedby the fact
thatthefollowing holdin the graphicallanguage:

A:}/A (A):A*/%* A:%ﬁ (A)lz/y\A*:

Thereforetheequation(b) is equivalentto

whichis theadjointmateof (a). 2
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Remark4.28 Theconditionin Lemmad4.27(a)holdsif andonly if thetwo de nitions
of a from (4.8)and(4.10)coincide.

De nition ([23]). A tortile categoryis a braidedpivotal cateyory satisfyingthe con-
dition of Lemma4.27(a). Equivalently, a tortile category is a balancedautonomous
catgyory satisfyingthe conditionof Lemmad4.27(b).

Remark4.29(Terminolayy). A tortile category is alsosometimesalleda ribbon cat-
egory, seee.g.[42].

Graphical languageand coherence. The graphicallanguagefor tortile categories
is like the graphicallanguagefor braidedpivotal cateyories, exceptthat morphisms
arerepresentedby ribbons,ratherthanwires. Theseribbonsarejust lik e the onesfor

balancedtategoriesfrom Section3.4. Units andcounitsarerepresenteth theobvious

way, for example
()

Thetwistmap A : A! A canberepresenteth seseralequivalentways:

Notethatthesediagramsareequivalentup to framed3-dimensionaisotopy, andde ne
the samemorphismin a tortile category. (On the otherhand,in a merebraidedpiv-
otal category, the lattertwo diagramsare not equal). Also notethatthe mapba from
Section4.5is alsorepresenteth the graphicalanguageas

m=T;

butthisis of typeba : A ! A,whereasa : A! A. They differ, of courseonly
by aninvisible pivotalmapia : A! A

Theorem 4.30 (Coherencefor tortile categories). A well-formedequationbetween
morphismsn the language of tortile categoriesfollowsfromthe axiomsof tortile cat-
egoriesif andonly if it holdsin the graphicallanguage up to framed3-dimensional
isotopy

Caveat 4.31. Only specialcasesof this theoremhave beenprovedin the literature.
Shum([34, Thm. 6.1] provedit for the caseof the freetortile cateyory generatedy a
catgyory, i.e., for diagramsoverasimplesignatureonly.

4.8 Compactclosedcategories

A compactlosedcategoryis atortile catggorythatis symmetriqasabalancednonoidal
catgyory)in thesensef Section3.5. Equivalently, becausef Remark3.10,acompact
closedcategory is atortile cateyoryin which 5 = ida for all A.
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Thede nition canbesimpli ed. Noticethatarightautonomousymmetrianonoidal
catgyoryis automaticallyputonomougby Lemmad.17),balancedqwith 5 = ida)and
thereforepivotal (by Lemma4.20). Moreover, it is tortile (becausea = (a) =
ida ). We canthereforede ne:

De nition. A compactclosedcategory is a right autonomousymmetricmonoidal
category.

Remark4.32 By analogywith Remark3.11,it is possiblefor a compactclosedcate-
goryto possessa non-trivial twist (with the associatedhon-trivial pivotal structure)jn
additionto thetrivial twist 5 = ida, makingit into atortile cateyory. In otherwords,
for a giventortile categyory, the symmetryconditioncag = cB;lA doesnotin general
imply A = ida. However, it doesimply 2 = ida, asthefollowing agumentshaws:

A= /%/: )B/:idw

To constructanexamplewhere 6 id, considerthe catggory C of nite-dimensional
real vectorspacesandlinear functions. De ne an equivalencerelationon objectsby
A B iffdim(A B)isasquareThende ne asubcatgoryC by

honc (A;B) ifA B,

home (A B) = else.

ThenC is compactclosed. Let N* = f1;2;3;:::g be the positive integers,and
considersomemultiplicative homomorphism : N* ! f 1;1g. Any suchhomo-
morphismis determinedby asequence;ap;::: 2 f 1;1gvia

(P1'P2*  peF) = altay &k
wherep; is theith primenumber Finally, de ne thetwistmap a asmultiplicationby

thescalar (dim(A)), orasida if A is O-dimensional With this twist, C is tortile.
In fact,this shavs thatthereexistsa continuumof possibletwistson C

Examples. The monoidalcategory (Rel; ) is compactclosedwith A = A. The
catggory (FdVect ) of nite dimensionalvectorsspacess compactclosedwith A
thedualspaceof A, andsimilarly for thecateggory of nite dimensionaHilbert spaces
(FdHilb; ). The correspondingategoriesof possiblyin nite dimensionalspaces
arenot autonomous.(Cob; +) is compactclosedwith A equalto A with reversed
orientation.

Graphical languageand coherence. Thegraphicalanguagdor compactlosedcat-
egoriesis like that of tortile cateyories,exceptthat we remove the framing and twist
maps.andusesymmetriesnsteadof braidings.

Theorem 4.33(Coherencefor compactclosedcategories). A well-formedequation
betweenmorphismsin the language of compactclosedcategories follows from the
axiomsof compactclosedcategoriesif and only if it holds,up to isomorphisnof dia-
grams,in thegraphicallanguage.
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(a) (b)
f f >

Table4: (a) A traceddiagram.(b) An autonomousliagramthatis nottraced.

Caveat 4.34. The specialcaseof diagramsover a simple signaturewas proven by
Kelly andLaplaza[27, Thm.8.2]. Thegenerakasedoesnot appeain theliterature.

5 Traced categories

Thegraphicalanguagesonsideredn Section3 wereprogressivewhichmeanghatall
wireswereorientedleft-to-right. By contrastthe graphicallanguage®f autonomous
categoriesin Section4 allow wiresto be orientedleft-to-right or right-to-left. We now
turn out attentionto anintermediatenotion,namelytracedcateyories.

Like autonomougyraphicallanguagestracedgraphicallanguagespermit loops,
but with a restriction: all wires mustbe directedleft-to-right at their endpoints. In
otherwords, traceddiagramsarelik e autonomousliagrams but aretaken relative to
amonoidalsignatue (seeSection3.1), ratherthananautonomousignatue (seeSec-
tion 4.1). Table4 shavs a typical exampleof a traceddiagram,anda typical example
of anautonomousliagramthatis not a traceddiagram.

Logically, we shouldhave consideredracedcategoriesbeforepivotal cateyories,
becausdracedcateyorieshave lessstructurethanpivotal categories(i.e., every pivotal
catgory is traced,and not the otherway around). However, mary of the coherence
theoremsof this sectionare consequencesf the correspondindheoremdor pivotal
catgyories,andthereforeit madesenseo presenthepivotal notions rst.

Symmetrictracedcateyoriesandtheir graphicallanguagg(in the strict monoidal
caseandwith oneadditionalaxiom)were rst introducedn the 1980’ by Stefanescu
and Cazanescwnderthe name“bi o w” [38, 10, 11]. Joyal, Street,and Verity later
rediscwveredthis notionindependentlygeneralizedt to balancednonoidalcateyories,
andprovedthefundamentaembeddingheorenrelatingbalancedracedcategoriesto
tortile cateyories[24].

Remark5.1 Joyal, Street,and Verity usethe term tracedmonoidalcategory. How-
ever, | prefertracedcategory, usuallypre x edby anadjectve suchasplanar spacial,
balancedsymmetric. The word “monoidal” is redundantpecausene cannothave a
tracedstructurewithouta monoidalstructure Also, by puttingthe adjectve beforethe
word “traced”, ratherthanafterit, we make it clearthatthe tracedstructure,and not
justthe underlyingmonoidalstructurejf beingmodi ed.
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5.1 Right traced categories
De nition. A right traceonamonoidalcateyory is afamily of operations
T} thom(A X;B X)! homA;B);

satisfyingthe following four axioms. For notationalcorveniencewe assumewithout
lossof generalitythatthe monoidalstructureis strict.

(a) Tightening(naturalityin A; B): Tri (g idx) f (h idx)) =g (Trs f) h;

(b) Sliding (dinaturalityin X ): Tri(f  (ida @) = Tri((ids @) f), where
f:A X! B Yandg:Y! X;

(c) Vanishing:Trkf = f andTry Y f = Tr{ (Trk(f));
(d) StrengthTri (g f)=g Trxf.
A (planar)right tracedcategory is amonoidalcategyory equippedwith aright trace.

Theseaxiomsaresimilar to thoseof Joyal, Street,andVerity [24], exceptthatwe
have omittedtheyankingaxiomswhich doesnotapplyin the planarcase andwe have
replacedhe non-planar‘superposing’axiomby the planar“strength”axiom. | do not
know whetherthis setof planaraxiomsappearsn theliterature.

Graphical languageand coherence. Theright traceof adiagramf : A X !
B X isgraphicallyrepresentetly drawing aloop from theoutputX totheinputX,

asfollows:
SRS

TR f = . (5.1)
A B

Notethatin thegraphicallanguageof right tracedcateyories,partsof wirescanbe

orientedright-to-left, but eachwire mustbe orientedleft-to-right nearthe endpoints.

The four axiomsof right tracedcateyoriesareillustratedin the graphicallanguagean
Table5. The axiomsof right tracedcategoriesare obviously soundfor the graphical
languageup to planarisotopy. We conjecturethatthey arealsocomplete.

Conjecture 5.2 (Coherencefor right traced categories). A well-formedequation
betweermorphismtermsin the language of right tracedcategoriesfollows from the
axiomsof right tracedcategoriesif and only if it holdsin the graphical language up
planarisotopy

Thisis aweakconjecturejn thesensehatthereis notmuchempiricalevidenceto
supportit, noris thereanobviousstratey for aproof. If this conjecturegurnsoutto be
false theaxiomsfor right tracedcategoriesshouldbe amendedintil it becomesrue.
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Tightening: Sliding:
)
S 1 SR [] el |
m / a i d d ﬁ
Vanishing: Strength:

..........

Table5: Theaxiomsof right tracedcateyories

Theconcepbf alefttraceis de ned similarly asafamily of operations
T thomX A;X B)! homA;B);
satisfyingsymmetricaxioms.A left traceis graphicallydepictedasfollows:

A [ B

g
T g= X X (5.2)

( )

We saythatamonoidaffunctorF preservesight tracesf F (Trx f) = Tri* (( 2) !
Ff 2y, andsimilarly for left traces.

5.2 Planar traced categories

De nition. A planar tracedcategory is a monoidal category equippedwith a right
traceanda left trace,suchthatthe two tracessatisfythreeadditionalaxioms:

(@) InterchangeTrX (Tr) f) = Tr/ (Trs f),forallf :Y A X! Y B X;

(b) Leftpivoting: TrE (idg  f) = TrM(f ida),forallf :1! A B;

(c) Rightpivoting: TrB (idg  f) = Tr(f  ida),forallf :A B! I.
Graphical languageand coherence. The graphicallanguageof planartracedcate-
goriesconsistsof diagramsusingthe left andright tracetogethey moduloplanariso-
topy. Theaxiomsof interchangeleft pivoting, andright pivoting areshovn graphically

in Table6. Comparealsoequation(4.4) on page4.4. The axiomsareclearly sound;
we conjecturehatthey arealsocomplete:
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£
R
&
5
&

(a)interchange (b) left pivoting (c) right pivoting

Table6: Axiomsrelatingleft andright trace

Conjecture 5.3 (Coherencefor planar traced categories). A well-formedequation
betweermorphismtermsin the language of planar tracedcategoriesfollowsfromthe
axiomsof planartracedcategoriesif andonly if it holdsin the graphicallanguage up
planarisotopy

As for right tracedcategories, this conjectureis weak. If it turnsout to be false,
thenoneshouldamendhe axiomsof planartracedcateyoriesaccordingly

Remark5.4. Evenif the conjectures true, the graphicallanguagedoesnot in itself
give an easydescriptionof the free planartracedcategory. This is becausehereare
diagrams,suchas the following, that “look” planartraced,but are not actually the
diagramof ary planartracedterm (notevenup to planarisotopy).

It is notobvioushow to characterizeéhe “planartraced’diagramdntrinsically, or how
to extendthe notionof planartracedcategoriesto encompasall suchdiagrams.

Remarls.5. An autonomousateoryis notnecessarilyraced. However, every pivotal
catagyoryis planartracedwith the obviousde nitions of left andright trace:

Trgf = (de  x) (f (ida i) idx ) (ida x );
(x ids) (idx ((ix idg) f)) (x ida):
In the graphicallanguagethis looks just like the diagramg5.1) and(5.2). As a con-

sequencegachdiagramof planartracedcateyoriescanbe regardedas a diagramof
planarpivotal categories,but notthe otherway around.

—
=
—X
—
1]

5.3 Sphericaltraced categories

The conceptof a sphericaltracedcateyory is analogoudo that of sphericalpivotal
catagyoriesfrom Sectior4.3.

De nition. A planartracedcategory satis esthesphericalaxiomif forallf : A! A,

T f = TR f; (5.3)
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or equivalently, in the graphicallanguage:

o M le :CAFTAD
) al

==

A sphericaltracedcategoryis a planartracedcategyory satisfyingthe sphericalaxiom.

Every sphericabpivotal categyory is sphericakraced.

Failure of coherence. Justlike for sphericalpivotal cateyories, the graphicallan-
guageof sphericalracedcateoriesis notcoherenfor ary geometricallyusefulnotion
of equivalenceof diagrams.

5.4 Spacialtraced categories

De nition. A spacialtraced category is a planartracedcateyory if it satis esthe
spacialaxiom(3.2) andthe sphericalbxiom (5.3).

Graphical languageand coherence. Thegraphicallanguageor spacialtracedcat-
egoriesis the sameasthatfor planartracedcateyories,exceptthatequialenceof dia-
gramsis now takenup to isomorphism.

Conjecture 5.6 (Coherencefor spacialtraced categories). A well-formedequation
betweenmorphismtermsin the language of spacial traced categories follows from
the axiomsof spacialtracedcategoriesif and only if it holds, up to isomorphismof
diagrams,in thegraphicallanguage.

Remarkb.7. Every spacialpivotal category is clearly spacialtraced. | do not know
whethercorverselyevery spacialtracedcateyory canbe faithfully embeddedn a spa-
cial pivotal category. If thisis true,thenConjectures.6 follows from Conjectured.16.

5.5 Braided traced categories

Braidedtracedcateagories, like braidedpivotal cateyories,are a somavhat unnatural
notion, becausecoherences only satis ed up to regularisotopy. (If one considers
full isotopy, oneobtainsthe morenaturalnotion of balancedracedcateyories,which

we will considerin thenext section).Neverthelesswe includethis sectionon braided
tracedcategories,notleastbecausé is the rst tracednotionfor whichwe canactually
prove a coherencegheorem(moduloCaveat4.24).

De nition. A braidedtracedcategoryis a planartracedcategory with abraiding(asa
monoidalcateyory), suchthat

(Trf can ) (TrR can ) = ida; (5.4)
or graphically:

9
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Lemma5.8. (a) Theaxiom(5.4)doesnotfollow fromtheremainingaxioms.

(b) In the presenceof theremainingaxioms,(5.4)is equivalento
(T can ) (TrR can ) = ida; (5.5)

or graphically:

/Q( E—

(c) In the presenceof the remainingaxiomsof braided traced categories, the left
andright pivotingaxiomsare redundant.

Proof. (a) To seethis, considermorphismtermsin the languageof braidedtraced
catgorieswith one object generatorand no morphismgenerators. De ne the de-
gree of a termto the be tensorproductof all traced-outobjects,i.e., deg(id) = |,

degf g) = degf) degg),degTri f)= X deg(), etc. Thisis well-de ned

up to isomorphism.All the axiomsof planartracedcateyoriesandbraidedcategories
respectegree;theonly axiomswheretheleft-handsideandright-handsidecould po-

tentially have differentdegreeareslidingin Table5 andpivotingin Table6. However,

in the absencef morphismgeneratorsit is easyto shav thatall morphismtermsare
oftheformf : A! B whereA = B. Thereforeneithersliding nor pivoting change
the degree(the latter becausét is vacuous).Thereforedegreeis aninvariant. On the
otherhand, (5.4) is not degree-preservingthereforeit cannotfollow from the other
axioms.

(b) Thefollowing graphicalproof sketchcanbeturnedinto analgebraicgproof:

(c) Hereis a proof sketchfor the left pivoting axiom. Notably, the secondo last
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stepusesdinaturality(sliding).

5 - Oes-Tes=x

Remarks.9. Eachbraidedtracedcategory possessesbalancedstructure(asabraided
monoidalcategory) givenby A = Trf* c, 4 , with inverse ,* = Trg caa (cf. (5.4)).

However, this twist is not canonical;for example,anothertwist can be de ned by

2 = Tracan withinverse § = Tr c,i (cf. (5.5)). In fact, therearecountably
mary otherpossibletwists. This is entirely analogougo Remark4.22. The various
twists coincideif andonly if the yanking equation(5.6) holds, yielding a balanced
tracedcategory asdiscussedn Section5.6 below.

We notethatevery braidedpivotal category is braidedtraced with thetracedstruc-
tureasgivenin Remark5.5. Moreover, thereis anembeddingheoremgiving a partial
corverse:

Theorem5.10(Representationof braided traced categories). Everybraidedtraced
category C canbyfully andfaithfully embeddeihto a braidedpivotal category Int(C),
via a braidedtracedfunctor

Proof. Theproofexactly mimicstheInt-constructiorof Joyal, StreetandVerity [24],
exceptthat we mustreplacethe twist by ~.~, andbe carefulonly to usethe braided
tracedaxioms.We omit thedetails,which arebothlengthyandtedious. 2

Remarks.11 A braidedtracedcatayoryis notnecessarilgphericalandthereforenot
spacial).Thisis analogouso Remark4.26.

Graphical languageand coherence. Thegraphicalanguagedor braidedtracedcat-
egoriesis obtainedby addingbraidsto the graphicallanguageof planartracedcate-
gories.Equivalenceof diagramds up to regular isotopy(seeSectior4.5).

Theorem 5.12 (Coherencefor braided traced categories). A well-formedequation
betweermorphismsn the language of braidedtracedcategoriesfollows fromthe ax-
iomsof braidedtracedcategoriesif andonly if it holdsin the graphicallanguage up
to regular isotopy

Proof. Soundnesss easyto checkby inspectiorof theaxioms.Completenests acon-
sequencef Theorems4.23and5.10. Namely consideran equationin the language
of braidedtracedcategyoriesthatholdsin the graphicallanguageup to regularisotopy.
The diagramscorrespondindo the left-handside andright-handside of the equation
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canalsoberegardedasdiagramsof braidedpivotal cateyories,andsincethey arereg-
ularly isotopic,the equationholdsin all braidedpivotal categoriesby Theorem4.23.
Sinceary braidedtracedcategory C canbe faithfully embeddedn a braidedpivotal
catgyory Int(C) by Theorem5.10,an equationthatholdsin Int(C) mustalsohold in
C. It followsthattheequationin questiorholdsin all braidedtracedcateyoriesC, and
thereforejt is a consequencef theaxioms.

Caveat5.13. Becauseof the dependencen Theorend.23, Caveat4.24 alsoapplies
here.
5.6 Balancedtraced categories

De nition ([24]). A balancedracedcateyoryisabalancednonoidalcategoryequipped
with aright traceTr, andsatisfyingthe following yankingaxioms

T (exx )= x and  Tri(ck) = ' (5.6)
Graphical languageand coherence. Thegraphicalanguagef balancedracedcat-

egoriescombinegheribbonsandtwistsof balancedateyorieswith theloopsof traced
catgories.Thetraceis representedsexpected:

-—

=T &=

Notethatthereis no needto postulatea left trace because left traceis de nablefrom
theright traceandbraidingsasfollows:

T f = _’f_’ =

Remarlkb.14 Thede nedleft traceautomaticallysatis esinterchangeandthepivoting
axioms(Table 6), aswell asthe sphericalaxiom (5.3) andthe braidedtracedaxiom
(5.4). Thespacialaxiom(3.2)is satis edby any braidedmonoidalcategory. Therefore,
ary balancedracedcategyoryis spacialtracedandbraidedtraced.

Thegraphicalvalidity of theyankingaxiomis easilyveri ed usinga shoestring:

Every tortile catgyory is balancedraced,with thetracedstructureasgivenin Re-
mark5.5. Moreover, thereis anembeddingheorem:
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Theorem 5.15(Representationof balancedtraced categories[24, Prop. 5.1]). Ev-
ery balancedtracedcategory can be fully and faithfully embeddedhto a tortile cate-
gory, via a balancedracedfunctor

Theorem5.16(Coherencefor balancedtraced categories). A well-formedequation
betweermorphismsin the language of balancedtraced categories follows from the
axiomsof balancedtracedcategoriesif andonly if it holdsin the graphicallanguage
upto framedisotopyin 3 dimensions.

Proof. This follows from Theorems4.30and5.15, by the exact sameargumentthat
wasusedin theproof of Theoremb.12. 2

Caveat5.17. Becauseof the dependencen Theorem4.30, Caveat4.31 alsoapplies
here.

Remark5.18 In ary braidedmonoidalcategory with aright trace thetwist andits in-
versearede nable by equation(5.6). Thesemapsareautomaticallynaturalandsatisfy

| = id, and(3.3). However, they arenot automaticallyinverseto eachother There-
fore, a balancedracedcateyory could be equivalently de ned asa braidedmonoidal
catagyory with aright trace satisfying

T (e ) = T (exx ) &

5.7 Symmetric traced categories

De nition ([11, 10, 24]). A symmetridracedcategoryis asymmetricmonoidalcate-
gory with aright traceTr, satisfyingthe symmetrigyankingaxiom

TI'X (Cx X ) = Idx .

Remark5.19 Becauseof Remark3.10, a symmetrictracedcateyory canbe equiva-
lently de ned asabalancedracedcategoryin which 5 = ida for all A.

Obviously every compactclosedcategory is symmetrictracedwith the structure
from Remark5.5. Here,too, we have anembeddingheorem:

Theorem 5.20 (Representationof symmetric traced categories[24]). Everysym-
metric traced category can be fully and faithfully embeddednto a compactclosed
category, via a symmetridracedfunctot

Exampleb.21([24]). Considetthe catggory Rel of setsandrelations with biproducts
givenby disjointunion A + B. GivenarelationR : A+ X | B + X, dene its
traceTr* (R) : A! B by(a;b) 2 Tr* (R) iff thereexistsn ~ Oandxy;:::;Xn 2 X
suchthataR x1 Rx2 R ::: RXxn R b. Thisde nesasymmetrictracedcateyory which
is notcompactlosed.
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Graphical languageand coherence. The graphicallanguages like that of planar
tracedcategories,combinedwith thesymmetry A typical diagramlookslik e this:

Thenotionof equivalenceof diagramds isomorphism.

Theorem 5.22 (Coherencefor symmetric traced categories). A well-formedequa-
tion betweermorphismsn the language of symmetridracedcategoriesfollows from
the axiomsof symmetridracedcategoriesif and only if it holdsin the graphicallan-
guage upto isomorphisnof diagrams.

Proof. A consequencef Theoremst.33and5.20,asin Theorems$.12and5.16.

Caveat 5.23. Becausef the dependencen Theorem4.33, Caveat4.34 alsoapplies
here.

Remarks.24. Strict symmetrictracedcateyories,with the additionalaxiom
T (ida x) = ida; (5.7)

rst appearin the work of Stefanescuwinderthe name*“bi o w”. A precursorof the

de nition appearsn [38], andthe axiomsweregiventheirmodernform by Cazanescu
andStefanescy10, 11]. Thepapen38] alsocontainsa detailedproof sketchof coher

ence namely thatthegraphicalanguagemoduloisomorphismandtheequation(5.7),

formsthefreebi o w overa monoidalsignature.This proof sketchremainsvalid with

respecto the modernde nition, providedthatoneassumesoherencéor symmetric
monoidalcategories.

6 Products,coproducts,and biproducts

In this section,we considergraphicallanguagedor monoidal categgorieswherethe

monoidal structureis given by a cateyorical product, coproduct,or biproduct. The

main differencewith the graphicallanguagef “purely” monoidal categoriesfrom

Sections3-5is thatequivalenceof diagramamustnow be de ned up to diagrammatic
equations.

6.1 Products

De nition. In acateyory, a productof objectsA andB is givenby anobjectA B,
togetherwith morphisms ; :A B! Aand ,: A B! B, suchthatfor all
objectsC andpairsof morphismg : C! A andg: C! B, thereexistsaunique
morphismh : C! A B suchthatthefollowing diagramcommutes:

Naturality axioms:

g f = (f f) A - Al B B
3 B f=3 A - Al |
Commutatve comonoidaxioms:
(IdA A) A= ( A IdA) A - Al A A A
(ida 3a) A= ,': Al A |
(Ba ida) A= ot Al 1 A
Ca:A A= A Al A A

Coherencexioms:
1.

= . I
| |
(ida cga idg) A B= A B: A
3, = id|: |
3a 8= 1 (Ba 38): A

Table7: Theaxiomsfor products

Theuniquemorphismh is oftenwrittenash = Hf;gi. An objectl is terminalif for
all objectsC, thereexistsauniquemorphismh : C! 1. A nite productcateory (or
cartesiancategory) is a category with a choserterminalobject,anda choserproduct
for eachpair of objects.

Equivalently, a nite productcateyory canbe describedasa symmetricmonoidal
catgyory, togethemwith naturalfamiliesof copyanderasemaps

AAL A A 3a:Al |

subjectto anumberof axioms,shavn in Table7.

Graphical language. We extendthegraphicallanguageof symmetricmonoidalcat-
egoriesby addingthefollowing representationsf the copy anderasemaps.

A
Copy a:A!l A A $/A

\
Erase 3 :A! | A

As usual,if A is a compositeobjectterm, a wire labeledA shouldbe replaced
by multiple parallelwires. Table 8 containsgraphicalrepresentationsf someof the
axiomsfor nite productcategories.
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SAhA

Commutatve comonoidaxioms Naturality

Table8: Graphicalrepresentationf someproductaxioms

Notethattheprojections 1 : A B! Aand ,:A B! B, andthepairing
h:C! A Boff :C! Aandg:C! B,arerepresentedraphicallyasfollows:

pp= —°* ﬂ
= g

Coherence. As theequivalencesn Table8 demonstrategcoherencén the graphical
languageof nite productcateyoriesdoesnot hold up to isomorphismor isotopy of
diagrams.Rather is holdsup to manipulationsof diagrams.So unlike the graphical
languagesonsideredn Section®2-5,we now have to consideraxiomson diagrams.

Theorem6.1(Coherencefor nite product categories). A well-formedequationbe-
tweenmorphismtermsin the language of nite productcategories follows from the
axiomsof nite productcategoriesif andonly if it holdsin thegraphicallanguage, up
to isomorphisnof diagramsandthe diagrammaticmanipulationsshownin Table 8.

This theoremis a simple consequencef coherencdor symmetricmonoidalcat-
egories(Theorem3.12), togetherwith the fact that all the axiomsof nite product
catagyories,exceptthoseshavn in Table8, hold up to isomorphisnof diagrams.

6.2 Coproducts

Thede nition of coproductandinitial objectsis dualto thatof productsandterminal
objects,i.e., it is obtainedby reversingall the arrowvs in Section6.1. Explicitly, an
objectO is initial if for all objectsC, thereexists a uniquemorphismh : 0 ! C.
A coproductof objectsA; B is givenby anobjectA + B, togetherwith morphisms
1:A! A+Band,:B! A+B,suchthatforall objectsC andpairsof morphisms
f :A!l Candg:B ! C,thereexistsauniquemorphismh: A+ B ! C such
thath , = f andh , = g. Oneoftenwritesh = [f;g]. A catgorywith nite
coproductss alsocalleda co-cartesiarcategory.
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Dualizingthe presentatiorof Section6.1, onecanequialentlyde ne a nite co-
productcategory asa symmetricmonoidalcategory with naturalfamiliesof meige and
initial maps

ra:A Al A 2o 1V A

satisfyingthe dualsof the axiomsin Table7.

Graphical language. The graphicallanguageof nite coproductcateyoriesis ob-
tainedby dualizingthatof nite productcategyories,with thedualsof theaxiomsfrom

Table8.
A
Merge ra:A Al A >*AF
Initial 25 :1! A A

6.3 Biproducts

De nition. An objectis called a zeo objectif it is initial andterminal. If O is a
zeroobject,thenthereis a distinguishednapA ! 0! B betweerary two objects,
denoteda s .- A biproductof objectsA; andA; isgivenby anobjectA; A, together
with morphisms; : Aj ! A1 Azand  : Ay Ax! A fori = 1;2, suchthat
A B isaproductwith i; », acoproductwith ;; , andsuchthat ; = j.
Here j = ida; and j = Oa;:a, Wheni 6 j. We saythatC is abiproductcategory
if it hasachoserzeroobject0 anda choserbiproductfor ary pair of objects.

Remark6.2 Theaxiom ; j = j isequialentto theassertiorthatthe symmetric
monoidalstructurede nedby “asaproduct’coincideswith thesymmetriononoidal
structurede nedby “asacoproduct”.Thereforea biproductcategyory is symmetric
monoidalin a canonicaway.

Equivalently, a biproductcategory canbe de ned asa symmetricmonoidalcate-
gory, togethewith naturalfamiliesof morphisms

ACA A A 3a:A!D I; ra:A Al A 2o 1V A

satisfyingthe axiomsin Table7, aswell astheir duals.

Graphical language. Thegraphicalanguagef biproductds obtainedoy combining
thegraphicalanguage$or productsandcoproductsin this case pnehastheequalities
in Table9, which areconsequencesf the naturalityaxiomsin Table8. Notethatthe
axiom ; ; = j holdsautomaticallyin the graphicalanguage.

Theorem6.3(Coherencefor bipr oduct categories). A well-formedequatiorbetween
morphismtermsin the language of biproduct categoriesfollows from the axiomsof
biproductcategoriesif andonlyif it holdsin thegraphicallanguage, uptoisomorphism
of diagrams the diagrammaticmanipulationsshownin Table 8, andtheir duals.
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- X .
- *———

— 4 —
>—‘ = *—=e (empty)

Table9: Somebiproductlaws

This theoremis a simpleconsequencef coherencdor symmetricmonoidalcate-
gories,togethewith thefactthattheaxiomsin Table8 (andtheir duals)areexactly the
graphicalrepresentationsf the axiomsin Table7 (andtheir duals)thatdo notalready
hold up to graphicalisomorphism.

6.4 Traced product, coproduct, and bipr oduct categories

It potentiallymakessenseto revisit eachof the notionsof Sections3—5 andconsider
the casewherethe monoidalstructureis given by a product,coproductor biproduct.
Sinceproducts,coproducts and biproductsare automaticallysymmetric,we do not
needto considetthewealer notions(suchasbalancedbraided etc).

Moreover, we do not needto considerary autonomouscases,becausean au-
tonomouscatayory wherethe tensoris given by a product(or coproduct)is trivial.
Indeed for any objectsA; B, themorphismg : A ! B arein one-to-onecorrespon-
dencewith morphismA B ! |. Sincel is terminal,thereis exactly one such
morphismandthereforethereis a uniquemorphismbetweerary two objects.Sucha
catgyory is equivalentto the one-objecbne-morphisntateory.

Thereforetheonly new notionfrom Sections3—5thatadmitsnon-trivial examples
in the context of products,coproducts,or biproductsis that of a symmetrictraced
category.

De nition. A tracedproduct[coproduct, biproduct] category is a symmetrictraced
catggory wherethetensoris givenby a categorical product[coproduct biproduct].

Example6.4 ([24]). The symmetrictracedcateggory (Rel; +) from Example5.21is a
tracedbiproductcateyory.

Example6.5. Considerthe catggory Set, whoseobjectsare sets,and whosemor-
phismsare partial functions,regardedasa subcatgory of Rel from Example6.4. In
this cateyory, the emptyset0 is a zeroobject,andthe disjoint union operationA + B
de nesa coproduct(but not a product). Traceis givenasin Example6.4. With these
de nitions, Set is atracedcoproductcategory.

Graphical language. As expectedthegraphicalanguagef tracedproductcoprod-
uct, biproduct]cateoriesis givenby addingatrace(asin Section5) to the graphical
languageof nite product| nite coproductpiproduct]categories.
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Theorem 6.6 (Coherencefor traced product [coproduct, biproduct] categories).
A well-formedequationbetweemmorphismtermsin the language of tracedproduct
[coproduct, biproduct] categoriesfollows from the respectiveaxiomsif and only if it
holdsin thegraphicallanguage, upto isomorphisnof diagrams andthediagrammatic
manipulationsshownin Table 8 and/ortheir duals(asappropriate).

Remark6.7. In computerscience tracesarise naturallyin the context of data ow
(as x edpoints),andin the contet of contol ow (asiteration). The two situations
correspondo tracedproductcateyoriesandtracedcoproductcateyories,respectiely.
Theduality betweerdata o w andcontrol o w was rst describedby Bainbridge[3].
Thefollowing aretypical examplesof a data o w diagram(on the left) anda control
o w diagram(ontheright). Thedata o w diagranrepresentthe x edpointexpression
y = (3+ x)(x + y), parametricon aninputx. Thecontrol o w diagramrepresenta
generic*while loop”. Notethatdata o w diagramshave a notion of “copying” data,
whereagontrol o w diagramshave adualnotionof “merging” controlpaths.

condition

Proposition 6.8 (Cazanescuand Stefanescu[10, 11]). In a categgory with nite co-
products giving a traceis equivalento giving aniterationoperator Here, aniteration
opemtor is a family of opertions

ite :hom(X;A+ X)! hom(X;A);
natural in A anddinatural in X , satisfying
1. Iteration: iter(f ) = [ida;iter(f)] f,forallf : X ! A+ X;

2. Diagonalproperty:iter(iter(f )) = iter((ida + [idx ;idx]) f),forallf : X !
A+ X+ X.

Dually, ona nite productcategory, givinga traceis equivalento a x edpointopera-
tor x* :homA X;X)! homA; X).

This makesprecisethe intuitive ideathatin the presencef coproductsthe while
loopin Remark6.7is sufcient for constructingarbitrarytraces.

Remarlk6.9. In thepresencef the otheraxioms,the diagonalpropertyis equivalentto
the so-calledBekic Lemma:

iterf ; g] = [ida;iter([ida+x ;iter(g)] f)] [ing;iter(Q)];

forallf : X! A+ X +Yandg:Y! A+ X +Y [36 Prop.B.1].

Remark6.1Q Iteration operatorsin the senseof Proposition6.8 were rst de ned,
usingdifferentbut equivalentaxioms,by CazanesciandUngureany12, 9], underthe
name“algebraictheorywith iterate”.
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Proposition6.11([11]). In a categorywith nite biproductsgiving a traceis equiva-
lentto giving a repetitionoperationi.e., a family of operators

chom(A; A) I hom(A; A)
satisfying
1.f =id+ff
2.(f+g) =(f g f .
3. (fg) f =f(df) (dinaturality).
Here f + gdenoteshemorphisny o (f g) a:A! A,forf;g:A! A.

6.5 Uniformity and regulartrees

De nition. Supposewve aregivena tracedcategory with a distinguishedsubclasof
morphismscalled the strict morphisms. Thenthe traceis called uniform if for all
f:A X! B X,g:A Y! B Y,andstricth: X ! Y, thefollowing
implicationholds:

(idge h)y f=g (da h) ) T (F) = Tr' (g):

Equivalently, in pictures:

]

wheneer h is strict. Notethatuniformity is notanequationaproperty

Proposition6.12([11]). A tracedcoproductcategory is uniformly tracedif and only
ifforallf : X! A+ X,g:Y! A+ Y,andstrictch:X ! Y,

(ida+h) f=g h ) iter*(f)=iter’ (g) h:

Moreover, a tracedbiproduct category is uniformly tracedif and only if for all f :
X1 X,g:Y! Y,andstricch: X ! Y,

h f=g h ) hf =g h

In the particularcasewherethe classof strict morphismds takento be the small-
estco-cartesiarsubcatgory containingall objects,Stefanesci36, 35] provedthatthe
free uniformly tracedcoproductcategory over a monoidalsignatureis given by the
graphicalanguageof tracedcoproductategyories,moduloa suitablenotionof simula-
tion equivalenceon diagrams.This simulationequivalenceis easiesto describan the
casewhereall morphismvariablesareof inputarity 1. In this case two diagramsare
simulationequialentif andonly if they have the samein nite treeunwinding. There
is alsoan analogousesultfor biproducts.We refer the readerto [36, 37, 40] for full
details.
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Thefollowing is anexampleof anequatiorthatholdsuptoin nite treeunwinding,
but failsin generakracedcoproductcategories:

S -

Esik's “iteration theories”[14] area direct equationalkxiomatizationof suchin nite
treeunwindings.They includeaniterationoperatorasin Proposition6.8, but with an
in nite family of additionalpropertiessuchas(6.1).

(6.1)

6.6 Cartesiancenter

Sometimest is usefulto considemotionsthatarewealer thanproductcategories,yet
still have copy anderasemaps A :A! A Aand3a :A! |. Forexample,it

is commonto drop the naturalityaxioms,while retainingthe commutatve comonoid
and coherenceaxioms(seeTables7 and 8). An equialentway to describesucha
categyory is asa symmetricomonoidalcategory with (faithful) cartesiancenter[18], i.e.,

a symmetricmonoidalcategyory with a symmetricmonoidalsubcatgory thatcontains
all the objectsandis cartesian.Similar ideashave occurredwith varying degreesof

explicitness,n theliteratureon o wcharts,seee.g.[12, 7, 39].

Similarly, if oneomits naturalityfrom the axiomsfor coproductspneobtainscat-
egorieswith a co-cartesiarcenter A wealenedversionof biproductsis obtainedby
combiningthe axiomsof cartesiancenterand co-cartesiarcenter In this case,one
requiresthe operations , 3,r , 2 to benaturalwith respecto oneanotheryielding
the propertiesrom Table9. More generally onemay requireary subsebf the oper
ations , 3,r , 2 to exist, andafurthersubseto be naturaltransformationsAs the
reademmay imagine, this leadsto a nearly endlessaumberof categyorical notionsand
correspondingraphicallanguagesseee.g.[39, 40].

7 Daggercategories

The concepiof a daggercategory (alsocalledinvolutivecategory or *-category in the
literature)is motivatedby the category of Hilbert spaceswhereeachmorphismf :
A! B hasanadjointf¥Y:B! A.

De nition. A dagger category is a catggory C togetherwith aninvolutive, identity-
on-objectscontravariantfunctory : C ! C.

Concretely this meansthat to every morphismf : A ! B, one associate®a
morphismfY : B ! A, calledthe adjoint of f, suchthatforallf : A! B and
g:B! C:

idy = ida CALA
(g fy=fy g:C! A
fw=f Al B;
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Exampler.1 ThecatgoryHilb of Hilbert spacesndboundedinearmapsis adagger
catgory, wherefY : B ! A is given by the usualadjointnesroperty of linear
algebraj.e.,.HfYx jyi = hx jfyi forallx 2 B andy 2 A.

De nition. (Unitary map, self-adjoint map) In a daggercateyory, a morphismf :
A'! B iscalledunitaryif it is anisomorphismandf * = fY. A morphismf : A !
A is calledself-adjointor hermitianif f = fY.

A dagger functor betweendaggercateyoriesis a functor that satis esF (f ¥) =
(Ff)Yforallf.

Graphical language. The graphicallanguageof daggercateyoriesextendsthat of
catgyories.Theadjointof amorphismvariablef : A! B isrepresentediagrammat-
ically asfollows:

fy:B! A

More generallytheadjointof ary diagramis its mirror image.Notethatthe mirror
imageof aboxis visually distinguishablédecauseve have markedtheuppereft corner
of eachbox representingumorphismvariable.Also notethat, while we have takenthe
mirror imageof eachbox, we have reversedthe location, but not the direction, of the
wires. Contrasthis with (4.5).

Theorem 7.2 (Coherencefor dagger categories). A well-formedequationbetween
two morphismtermsin the language of dagger categoriesfollows from the axiomsof
dagger categoriesif andonly if it holdsin the graphicallanguage up to isomorphism
of diagrams.

Proof. Thisis aconsequencef coherencéor categories,from Theorem?.1. As usual,
soundnesss easyto check. For completenessnotice that ary morphismtermt of

daggercategoriescanbetransformedyia theaxioms(g )Y =fY ¢, id” = id, and
f¥ = f, into anequialenttermt®with thepropertythaty is only appliedto morphism
variablesin t°. Sucha term canbe regardedasatermin the languageof categories,
overtheextendedsetof morphismvariabled f ;f ¥;:::g. Now if t ands aretwo terms
thathaveisomorphicdiagramsthenby soundnesg?ands®have isomorphicdiagrams.
By Theoren.1,t?ands® areprovably equalfrom the axiomsof categories. Therefore
t ands areprovably equalfrom the axiomsof daggercategories. 2

We now consider‘daggernotions”for the variousmonoidalcategyoriesfrom Sec-
tions3-5.
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7.1 Daggermonoidal categories

De nition. A dagger monoidalcategory is a monoidalcateyory thatis a daggercat-
egory, suchthatthe daggerstructureis compatiblewith the monoidalstructurein the
following sense:

(@ gy=fY o, foralf;g;
(b) thecanonicaisomorphism®fthemonoidalstructure, o5 c : (A B) C!
A (B C), a:l A! Ajand o:A |I! A, areunitary.

Graphical language. The graphicallanguageof daggemonoidalcategoriesis like
the graphicallanguageof monoidalcategories,with the adjointof a diagramgiven by
its mirror image.For example,

2 3y
A N E 7 ||
EB 9 p le - W |p|f
— = > = = —
c 9| ¢ G | 9 c

Theorem 7.3 (Coherencefor planar dagger monoidal categories). A well-formed
equationbetweermorphismtermsin the language of dagger monoidalcategoriesfol-
lowsfromtheaxiomsof dagger monoidalcategoriesif andonlyif it holds,upto planar
isotopy in the graphicallanguage.

Proof. Thisis a consequencef coherencédor planarmonoidalcateyories,from The-
orem3.1. The proof is analogoudo that of Theorem7.2. Note thatthe axiomsof
daggemonoidalcatgyoriesarepreciselywhatis neededo ensurehatall occurrences
of y canbe removedfrom a morphismterm, exceptwhereapplieddirectly to a mor-
phismvariable. 2

7.2 Other progressve daggermonoidal notions

We cannow “daggerizethe otherprogressie monoidalnotionsfrom Section3:

De nition. A daggemonoidalcategory is spacialif it is spacialasa monoidal
cateory.

A dagger braidedmonoidalcategory is a daggemonoidalcategory with a uni-
tarybraidingcag :A B! B A.

A dagger balancedmonoidalcategory is a daggerbraidedmonoidal category
with aunitarytwist 5 : Al A.

A dagger symmetrianonoidalcategory [33] is a daggetbraidedmonoidalcate-
gory suchthatthe unitarybraidingis a symmetry
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Graphical languages. In eachcase the graphicallanguagesxtendsthe correspond-
ing languagdrom Section3, with thedaggerf adiagramtakento beits mirrorimage.
Eachnotion hasa coherenceheorem,proved by the samemethodas Theorems?.2
and 7.3. The requirementghat the braiding and twist are unitary ensureghat the
daggercan be removed from the correspondingerms. The respectie caveatsfrom
Section3 alsoapplyto the daggercases.

Example7.4. ThecategoryHilb of Hilbert spacess daggeisymmetricmonoidal with
theusualtensomproductandsymmetry

7.3 Daggerpivotal categories

In de ning daggeariantsof thenotionsof Sectiond, we nd thatthenotionof adag-
gerautonomousgateyory anda daggerpivotal category coincide. This is becausehe
presencef adaggerstructureon anautonomousateyory alreadyinducesa canonical
isomorphismA = A , which automaticallysatis esthe pivotal axiomsundermild
assumptions.

To be more precise,considera daggermonoidal category that is alsoright au-

tonomous(as a monoidalcategory). Because o : |1 ! A A hasan adjoint
XA Al 1,wecande ne afamily of isomorphisms

. = A id ida H =

iaA=AT | A f A A A f A I T A

We canrepresenthis schematicallyasfollows (but bearingin mind thatwe do notyet
have aformal graphicallanguageo work with):

Oy ——— A )k (7.1)
A A

Lemma 7.5. Thefollowing are equivalentin a right autonomousgdagger monoidal
category:

the family of isomorphismds : A ! A |, asde ned above determinesa
pivotal structuse;

for all A; B, thecanonicalisomorphismgA B) = B A andl =1
(determinedby theright autonomoustructue) are unitary, andforall f : A'!
B, theequationf ¥ = f¥ holds.

Proof. By adirectcalculationfrom the de nitions, onecancheckthreeseparateand
independentacts:

For ary givenf : A! B, thediagram

commutesf andonly if fY = f¥ . In particular the family i is a natural
transformatiorif andonly if this conditionholdsfor all f .

Thediagramfrom (4.3),

A B ——=(A B)

commutesf andonly if the canonicalisomorphism(A B) = B A is
unitary.
The morphismi; : I ! | is equalto the canonicalisomorphism(from the
right autonomoustructure)if andonly if the canonicaisomorphism ! | is
unitary.

Sincethethreeconditionsarethede ning conditionsfor a pivotal structurethelemma
follows. 2

Lemma 7.6. Underthe equivalenttonditionsof Lemmar.5,thefollowing hold:

(a) ia isunitary.

b)ian=AT A | ATAA A

A
A . A - X A
A A
A
A

(C) X: A (IdA iA):

A A

A ) A T

(d) %=(," ida) a:

A

A
Al A - A(AmA

Ua )

Proof. To prove(a), rst consider

A

(iA)y = A A
A A
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By de nition of adjointmateswe have

(iA)y = A /{
A A

Butthisisjustthede nition of i5 , thereforgia)? = ia . By de nition, i isunitary
iff (ia)Y = i1 iff (ia)Y = (i1 ,iffia = (i,1) = (ip) . Sincei isamonoidal
naturaltransformationthis holdsby SaaedraRivano'sLemma(Lemma4.9).

To prove (b), notethattheright-handsideis theinverseof (ia)Y. Therefore(b) is
equialentto (a).

Finally, equationgc) and(d) arerestatementsf thede nition of i » from (7.1). 2

Remark7.7. The equivalencebetween(a) and(b) in Lemma7.6 holdsonly if i is
de ned asin (7.1). It doesnot hold for an arbitrary pivotal structureon a right au-
tonomousdaggemonoidalcateyory.

Armedwith theseresultswe nally statethetwo equivalentde nitions of adagger
pivotal category:

De nition. A dagger pivotal category is de ned in one of the following equivalent
ways:

1. asadaggemonoidal,right autonomougateyory suchthatthe naturalisomor
phisms(A B) =B A andl =1 (fromtherightautonomoustructure)
areunitary, andsuchthatf ¥ = f¥ holdsfor all morphismg ; or

2. asapivotal,daggemonoidalcatayory satisfyingthe conditionin Lemma7.6(c)
(or equivalently, (d)).

The rst form of this de nition is mucheasierto checkin practice. The second
form is moresuitablefor the proof of the coherencéheorembelow.

Remark7.8. In adaggempivotal cateyory, theoperation( ) arisedrom anadjunction
(in the categorical sense)f objects with associatedinit, counit, and adjoint mates.
Ontheotherhand,the operation( )Y arisesfrom anadjunction(in thelinearalgebra
sensepf morphismsThetwo conceptshouldnot be confusedwith eachother

Graphical language. Thegraphicalanguagef daggepivotal cateyoriesis lik e that
of pivotal categories,wherethe adjoint of a diagramis given, asusual,by its mirror
image.For example:

2 3y

A N H A

+ +
9 ¢ ¢ 9
= _ _—

B = B

< B B >
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Notethatin the graphicallanguageadjointmatesf : B ! A arerepresentethy
rotationandadjointsf ¥ : B ! A by mirrorimage.Thereforegachmorphismvariable
f : Al B inducedour kindsof boxes:

f- A M 1B fv= B [ A
L] L]

fv= Al [ B f= By A
m -

Also note that, unlike the informal notationusedabove, the graphicallanguage
doesnot explicitly displaytheisomorphismia : A! A , andit doesnotexplicitly
distinguish o : 1! A Afrom %X :1! A A . Thisisjustied by the
following coherenceéheorem.

Theorem 7.9 (Coherencefor dagger pivotal categories). A well-formedequation
betweermorphismsn the language of dagger pivotal categoriesfollows fromthe ax-
iomsof dagger pivotal categyoriesif andonlyif it holdsin thegraphicallanguage upto
planarisotopy includingrotation of boxes(by multiplesof 180degrees).

Proof. Thisfollowsfrom coherencef pivotal categories(Theorenv.14),by thesame
argumentusedin the proof of Theorem7.3. The equationdrom Lemma7.6(c) and
(d), andthefactthatia is unitary canbeusedto replace %, %, andi} by equivalent
termsnot containingy.

7.4 Other daggerpivotal notions

It is possibleto de ne daggevariantsof the remainingpivotal notionsfrom Sectioré:

De nition. A daggermpivotal category is spherical(respectiely spacia) if it is spher
ical (respectiely spacial)asa pivotal cateyory.

De nition. A dagger braided pivotal category is a daggerpivotal categyory with a
unitarybraidingcas :A B! B A.

Remark7.10 Like any braidedpivotal category, a daggerbraidedpivotal category is
balancedy Lemma4.20. However, in generaltheresultingtwist A : A! A isnot
unitary. In fact, a is unitaryin this situationif andonlyif o = ( a) ,i.e.,if and
only if thecateagoryis tortile.

De nition. A dagger tortile category is de ned in one of the following equialent
ways:

1. asadaggelbraidedpivotal categyory in which the canonicakwist A, de ned as
in Lemmad4.20,is unitary;

2. asatortile, daggemonoidalcateyory suchthatthe braidingis unitary, andsuch
that o and A satisfythe (equivalent)conditionsof Lemma7.6(c)and(d); or
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3. asadaggebalancednonoidalcateyory thatis right autonomousindsatis es

A = (7.2)
A A ) X

The rst form of thisde nition emphasizetherelationshipto daggemivotal cate-
gories.Thesecondorm is easiesto checkif acategoryis alreadyknown to betortile.
Finally, thethird form takes o, a,Cap and a asprimitive operationanddoesnot
mentionthe pivotal structurei o atall. The pivotal structure,in this casejis de nable
from (4.7) or (7.1),with thecondition(7.2) ensuringthatthetwo de nitions coincide.

De nition ([1, 33]). A dagger compactclosedcategory is a daggertortile category
suchthat o = ida for all A. Equivalently it is adaggersymmetricnonoidalcategory
thatis right autonomousndsatis es

A A A
a7 i s

Theequialenceof thetwo de nition isimmediatefrom thethird form of thede ni-
tion of daggerttortile categories.Notethat(7.2)is equialentto (7.3)in thesymmetric
case Further theseconditionsareequivalentto the conditionin Lemma7.6(d).
Example7.11 The category FdHilb of nite dimensionalHilbert spaceds dagger

compactlosedwith A theusualdualspaceof linearfunctionsfrom A to |, andwith
f ¥ theusuallinearalgebraadjoint.

Graphical languages. Eachof the notionsde ned in this section(exceptthe spher
ical notion) hasa graphicallanguageextendingthe correspondingyraphicallanguage
from Section4, with the daggerof a diagramtakento be its mirror image. Eachno-
tion hasa coherencaheorem proved by the samemethodas Theorems7.2 and7.3.
As expected,equivalenceof diagramsis up to isomorphism(for spacialdaggerpiv-
otal cateyories); up to regularisotopy (for daggerbraidedpivotal cateyories); up to
framed3-dimensionalsotopy (for daggertortile cateyories);andup to isomorphism
(for daggercompactclosedcateyories).

7.5 Daggertraced categories

Thereis no dif culty in de ning daggervariantsof eachof the tracednotionsof Sec-
tion 5. A (left or right) traceon a daggemonoidalcategory is calleda dagger traceif
it satis es

(Trf)Y = Tr(fY) (7.4)

For example:adagger right tracedcategoryis aright traceddaggemonoidalcateyory
satisfying(7.4). A balancedracedcateyory is dagger balancedtracedif it is dagger
balancedandsatis es(7.4). And similarly for the othernotions. The representation
theoremsf Section5 extendto thesedaggervariants:
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Theorem 7.12(Representationof daggerbraided/balanced/symmetrictraced cat-
egories). Every dagger braided [balanced, symmetric]tracedcategory can be fully
andfaithfully embeddedh a dagger braidedpivotal [dagger tortile, dagger compact
closed]cateyory, via a dagger braided[balanced,symmetricltracedfunctor 2

Theproof,in eachcasejs by Joyal, StreetandVerity'sInt-constructiorj24], which
respectshedaggerstructure.

Graphical languages. Thegraphicallanguageof eachclassof tracedcateyoriesex-
tendsto the correspondinglaggertracedcategories,in a way suggestedy equation
(7.4). As usual thedaggerof adiagramis its mirror image,thusfor example

2 3y

(xﬁx) - (xﬁx)

A f B B f A

The coherenceheoremof Section5 extendto this setting.

7.6 Daggerbiproducts

In adaggercateyory,if A B isacategoricalproduct(with projections 1 : A B! A
and :A B! B), thenitis automaticallya coproduct(with injections J : A !
A Band y:B! A B). Itthereforemakessenseo de ne anotionof dagger
biproduct

De nition. A dagger biproduct category is a biproductcateyory carrying a dagger
structure suchthat iy: i A AL Axfori= 12

As in Section6.3, we can equialently de ne a daggerbiproductcateyory as a
daggersymmetricmonoidalcategory, togethemwith naturalfamiliesof morphisms

ACA A A N AN I ra:A Al A 2o 1V A

suchthat % =r o and3} = 24, satisfyingthe axiomsin Table7.

Graphical language. Thegraphicallanguageof daggeriproductcategoriesis like
that of biproductcategyories,wherethe daggerof a diagramis taken to be its mirror
image.For example,

§§=
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Theorem 7.13 (Coherencefor dagger bipr oduct categories). A well-formedequa-
tion betweermorphismtermsin the language of dagger biproductcategoriesfollows
fromthe axiomsof dagger biproductcategoriesif andonly if it holdsin the graphical
language, up to isomorphisnof diagrams,the diagrammaticmanipulationsshownin
Table8, andtheir duals.

Proof. By reductionto biproductcategories,asin the proofsof Theorems/.2and7.3.
Theaxioms % = r 5 and3% = 2, allow y to be removed from anywherebut a
morphismvariable. 2

Finally, thereis an obvious notion of dagger tracedbiproductcategory (which is
really a daggertraceddaggerbiproduct category), with graphicallanguagederived
from tracedbiproductcateyories.

8 Bicategories

A bicategory [6] is a generalizatiorof a monoidalcategory. In additionto objects
A; B;:::andmorphismdg ;g;:::, onenow alsoconsider®-cells ; ;:::, whichwe
canvisualizeascolors. For example,considerthe following diagram.lt is a standard
diagramfor monoidalcateyories, exceptthat the areasbetweenthe wires have been
colored.

reen
9 D

A
f red E
< green
Il
g Vvellow]| g F
blue

As usual,we have objectsA; B;C;D; E;F andmorphismsf : A! C D and
g:B C! F E. Butnow therearealsoO-cellscalledgreen,red,yellow, and
blue. In suchdiagramsgachobjecthasa souice whichis the 0-cell just aboveit, and
atarget, whichis the O-cell justbelow it. For example,we have A : green! yellow,
B : yellow ! blue andsoon. It is now clearthat, to be consistentlycolored,such
diagramshave to satisfysomecoloring constraintsThe constraintsare:

ThetensorB A of two objectsmay only be formedif thetargetof A is equal

to the sourceof B. In symbols,for ary O-cells ; ; ,if A : ! and
B: ! ,thenB A : |

If f : A! B isamorphismthenA andB musthave acommonsourceanda
commontarget.In symbolsjff : A! B andA: ! ,thenB : !
Onealsorequiresaunitobjectl : ! for everycolor

As anillustration of the secondproperty considerf : A! C D intheabove
example,whereA : green! yellowandC D : green! yellow. Subjectto the
above coloring constraintsa bicategory is thenrequiredto satisfy exactly the same
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axiomsas a monoidalcategyory. Notice, for example,thatif f : A'! B andg :
B ! C andf;garewell-colored,thensoisg f : A! C. Also, theidentity maps
ida : A! A, theassociatity map agc :(A B) CT A (B C) andthe
otherstructuralmapsarewell-colored. In particular a monoidalcateyory is the same
thing asa one-objecbicateyory.

To give adetailedaccountof bicateyoriesandtheir graphicallanguagess beyond
thescopeof thispaper We have alreadydiscussedver 30 different a vorsof monoidal
catgyories,andthe readercanwell imaginehow mary possiblevariationsof bicate-
goriesthereare,with 2-, 3-, and4-dimensionagraphicallanguagespnceoneconsid-
ersbicateyorical versionsof braids,twists, adjoints,andtraces. Thereareevenmore
variationsif oneconsiderdricategoriesandbeyond. We referthe readerto [6] for the
de nition andbasicpropertiesof bicategories,andto [41], [2, Sec.7] for a tasteof
their graphicallanguages.

9 Beyond a singletensor product

All the categorical notionsthat we have consideredn this paperhave just a single
tensorproduct,which we representedsjuxtapositionin the graphicallanguagesFor
notionsof categorieswith morethanonetensorproduct,the graphicallanguageget
much more complicated. The detailsare beyond the scopeof this paper so we just
outlinethe basicsandgive somereferences.

Examplesof categorieswith more than onetensorare linearly distributive cate-
gories[13] and*-autonomougategories[4]. Both of thesenotionsaremodelsof mul-
tiplicative linearlogic [17]. Thesecateyorieshave two tensors poften called“tensor”
and“par”, andwritten

A B and A B:

Thetwo tensorsarerelatedby somemorphismssuchasA (B C)! (A B) C,
while othersimilarmorphismssuchas(A B) C! A (B C),arenotpresent.

To make agraphicallanguagdor morethanonetensorproduct,onemustlabelthe
wires by morphismterms, ratherthan morphismvariables. One mustalsointroduce
specialtensorandparnodesasshavn here:

B B B B

>CAB ABCi >CAB ABc< ;

A A A A
alongwith similar nodesfor the units. Equivalenceof diagramsmustbe taken up
to axiomaticmanipulationssuchasthe following, which is called cut eliminationin

logic:
: B Z B
A B - _ :
_—
A A

Finally, one muststatea correctnesgriterion, to explain why certaindiagramssuch
asthe left onefollowing, arewell-formed,while others,suchastheright one,arenot
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well-formed.

B B
s Do ol Do
A A

The resultingtheoryis calledthe theoryof proof nets andwas rst givenby Girard
for unit-freemultiplicative linearlogic [17]. It waslaterextendedo includethetensor
unitsby Blute etal. [8].

10 Summary

Table 10 summarizeghe graphicallanguagegrom Sections2—6. The nameof each
classof categoriesis shovn alongwith a typical diagramor equation. The arrons
indicateforgetful functors.We have omittedsphericalcatgyories,becauséhey do not
possess graphicalanguagemoduloa naturalnotion of isotopy.

The letterd indicatesthe dimensionof the diagramsandthe letteri indicatesthe
dimensionof the ambientspacefor isotopy. If i > d, thenisotopy coincideswith
isomorphisnof diagrams Specialcasesare“3f” for frameddiagramsandframediso-
topy in 3 dimensions;2+” for two-dimensionatliagramwith crossinggi.e.,isotopy is
takenon 2-dimensionaprojectionsratherthanon 3-dimensionatliagrams),‘reg” for
regularisotopy; and“rot” to indicatethatisotopy includesrotationof boxes. Finally,
“eqn” indicateshatequialenceof diagramss takenmoduloequationabxioms.

Theletterc indicateshe statusof a coherenceéheorem.Thisis usuallyareference
to aproof of thetheorempor “conj” if theresultis conjecturedA checkmark”” indi-
catesaresultthatis folklore or whoseproofis trivial. “int” indicateshatthecoherence
theoremfollows from a versionof Joyal, Street,andVerity's Int-constructionandthe
correspondingoherenceheorentor pivotal cateyories.An asterisk’ " indicateghat
theresulthasonly beenprovedfor simplesignatures.

Daggervariantscanbe de ned of all of the notionsshawvn in Table 10, exceptthe
planarautonomousindbraidedautonomousotions.Finally, bicategoriesrequiretheir
own (presumablynuchlarger)tableandarenotincludedhere.
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Progressve Traced Autonomous
Category Righttraced Planarautonomous|
(rigid)
d1 il ¢ d:2 @2 ciconj d2 2 cf21]
Planamonoidal Planartraced Planarpivotal
(sovereign)
O
d:2 i:2 c:[21, 22 d:2 i:2 ciconj d:2i:2.rot c:[16]
Spacialmonoidal Spaciattraced Spacialpivotal Braidedautonomous|
= (M= = A- :<[b
=l = 050 =P =D {&-1} -
d:2 i:3 ciconj d:2 i3 ciconj d:2 i:3 ciconj d:2" ireg c:[16]
Braidedmonoidal Braidedtraced Braidedpivotal
T —9 Q (balancedhutonomous)
d:3 i3 cif22 d:2" irreg.rotciint d:2" izreg.rotc:[16]
Balancedmonoidal Balancedraced Tortile (ribbon)
Qo<
d:3f i:3f c:[22 d-3f i3f cint d:3f i:3f c:[34]
Symmetricmonoidal Symmetrictraced Compactlosed
d:3 4 cf22 d:3 4 cint d:3 4 cf27
Product Tracedproduct
L R
d:3 iegn ¢’ d:3 iegn ¢’
Coproduct Tracedcoproduct
d:3 iegn ¢’ d:3 iegn ¢’
Biproduct Tracedbiproduct
d:3 iegn ¢’ d:3 iegn ¢’

Table10: Summaryof monoidalnotionsandtheir graphicallanguages
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