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Double categories

We’ll be talking about double categories A:

C D
g
//

A

C

•v
��

A B
f // B

D

•w
��

α

Example 1 : A – commutative squares in any category

Example 2 : ( A)co – horizontal part is A, vertical part is Aop

Example 3 : Rel – sets, functions, relations, implications

• All thin

• Category object in Cat

E.g. A : A3 ////// A
2 oo //

// A
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Kleisli

T = (T , η, µ) monad on A

Kl(T ) :

C D
g
//

A

C

•[h]

��

A B
f // B

D

• [k]

��
α ←→

TC TD
Tg

//

A

TC

h

��

A B
f // B

TD

k

��
=

• Thin

• Horizontal 2-category HorKl(T ) can have non identity 2-cells

A B
g
//

A

A

•idA

��

A B
f // B

B

• idB

��
α ←→ A

B
g $$

B

A

::f
B

B

TB

B

::
ηB

B

TB

ηB

$$
B

B

=
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Companions

f : A // B has a companion v : A • // B if there are cells α and β such that

A B
f
//

A

A

A AA

B

• v

��
α

B B

A

B

A B
f // B

B

β =

A B
f
//

A

A

A B
f // B

B

idf

B B

A

B

•v

��

A B
f // B

B

β

A B

A

A

A AA

B

• v

��
α

=

B B

A

B

•v

��

A AA

B

• v

��
1v

When they exist, they are unique up to globular iso – make a choice f∗
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Companions in Kl(T )

Proposition

Every horizontal arrow f in Kl(T ) has a companion f∗ = [ηB · f ]

(A
f // B

ηB // TB)
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Conjoints

The (vertical) dual notion is conjoint: w is a conjoint of f if

A A

A

A

A B
f // B

A

•w

��
α

A B
f
//

B

A

B BB

B

β =

A B
f
//

A

A

A B
f // B

B

idf

A A

A

A

A BB

A

•w

��
α

A B
f
//

B

A

•w

��

B BB

B

β

=

A A

B

A

•w

��

B BB

A

•w

��
1w

Write w = f ∗ when it exists
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Conjoints in Kl(T )

Proposition

f has a conjoint in Kl(T ) iff Tf is invertible

f ∗ = [(Tf )−1ηB]

B
ηB // TB

(Tf )−1

// TA
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Tabulators

• v : A • // B has a tabulator if there is a universal span

X

B
x1 ''

A

X

77x0
A

B

• v

��
ξ

X B
x1

//

X

X

X A
x0 // A

B

• v

��
ξ

• Write

Tab(v)

Bt1
((

A

Tab(v)

66t0 A

B

• v

��
τ

• Globally id : A0
// A1 has a right adjoint
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Tabulators in Kl(T )

Proposition

A vertical arrow [v ] : A • // B in Kl(T ) has a tabulator iff the pullback

B TB
ηB
//

P

B
��

P A// A

TB

v

��

exists in A

Proof.

X B
x1

//

X

X

X A
x0 // A

B

• [v ]

��
ξ ←→

TX TB
Tx1

//

X

TX

ηx

��

X A
x0 // A

TB

v

��
= ←→

B TB
ηB
//

X

B

x1

��

X A
x0 // A

TB

v

��
=

Remark : If T preserves that pullback, the tabulator satisfies the tetrahedon condition
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Representability of vertical arrows

X

A

•v

�� X
v̂ // PA

Assume that A has functorial companions

A is small if there is εA : PA • // A such that for every v : X • // A there exists a
unique v̂ : X // PA such that εA • (v̂)∗ = v

A A

X

A

•v

��

X XX

A

=

X

PA

• (v̂)∗

��
PA

A

• εA

��
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• Equivalently, the functor
(HorA)op // Set

X 7−→ {v : X • // A}

is representable

• A has representable vertical arrows if every A is small

• Equivalently

( )∗ : HorA // VertA

has a right adjoint

Proposition

Kl(T ) has representable vertical arrows, with P = T
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Horizontalizers

• A T -algebra a : TA // A gives a uniform way of turning a vertical arrow into a
horizontal one

X

A

•[f ]

��
7−→ (X

f // TA a // A)

• A an object of A (with companions). A horizontalizer on A is an assignment

X

A

•v

��
 h(v) : X // A

(1) h(idA) = 1x

(2) h(v • f∗) = h(v)f

(3) h(v • w) = h(h(v)∗ • w)
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Horizontalizers in Kl(T )

Theorem

The category∗ of horizontalizers in Kl(T ) is equivalent to the category of
Eilenberg-Moore algebras for T

∗A morphism of horizontalizers is f : A // B such that h(f∗ • v) = f h(v)
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Distributive laws

• T = (T , η, µ), S = (S , κ, ν) monads on A

A distributive law, λ : TS // ST , of T over S gives a double category Kl(λ)

C D◦
{g}

//

A

C

•[v ]

��

A B◦
{f } // B

D

• [w ]

��

←→

TC TSD

STD

SBA

Tg
//

λD

CC

Sw

��

f //

v

��

=

Theorem

λ : TS // ST a natural transformation. Kl(λ) is a double category iff λ is a distributive
law
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Companions in Kl(λ)

• f : A // B in A gives a companion pair

f◦ : A ◦ // B ←→ A
f // B κB // SB

f∗ : A • // B ←→ A
f // B

ηB // TB

Proposition

{h} : A ◦ // B and [v ] : A • // B are companions iff

TB STB
κTB
//

A

TB

v

��

A SB
h // SB

STB

SηB

��

commutes
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Zappa-Szép

• (S , λ,T ) satisfies the Zappa-Szép condition if

T ST
κT
//

1A

T

η

��

1A S
κ // S

ST

Sη

��

is a pullback

• ZS ⇒ companion pairs are of the form (f◦, f∗)
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Tabulators in Kl(λ)

Proposition

If the pullback

B TB
ηB
//

P

B
��

P A// A

TB

v

��

exists in A and is preserved by S , then [v ] : A • // B has a tabulator, namely P
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Horizontalizers in Kl(λ)

• A Kleisli algebra for λ is a : TA // SA such that

TA SA
a
//

A

TA

ηA

��

A

SA

κA

��
TA SA

a
//

T 2A

TA

µA

��

T 2A S2AS2A

SA

νA

��

T 2A TSA
Ta // TSA STA

λA // STA S2A
Sa //

• A Kleisli algebra (A, a) gives a “horizontalizer” on A

X A•
[v ] //  X A◦

{av} //

X TA
v // X TA

v // TA SA
a //

• (1) h(idA) = 1A

• (2’) h(v • f∗) = h(v) ◦ f◦

• (3’) ???
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Doublads

Definition: A (horizontal) doublad on a double category A consists of

(1) A horizontal monad S on A
(2) A vertical monad T on A
(3) A horizontal transformation λ : TS // ST

(4) A double modification

TS ST
λ
//

S

TS

•ηS

��

S S
1S // S

ST

• Sη

��
λ0

(5) A double modification

TS ST
λ

//

TTS

TS

•µS

��

TTS STTSTT

ST

• Sµ

��
TS

TTS

TS

TTS TST
Tλ // TST

ST

TSTTST STT
λT // STT

ST

λ2
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Doublads (cont.)

satisfying:

(6)

TS ST
λ

//

T

TS

Tκ

��

T

ST

κT

��

(7)

TS ST
λ

//

TSS

TS

Tν

��

TSS SSTSST

ST

νT

��
TS

TSS

TS

TSS STS
λS // STS

ST

STSSTS SST
Sλ // SST

ST
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Doublads (cont.)

(8)

TS ST
λ

//

T 2S

TS

•µS

��

T 2S ST 2ST 2

ST

• Sµ

��
λ2

T 2S TST
Tλ
//

TS

T 2S

•TηS

��

TS TS
1TS // TS

TST

•TSη

��
Tλ0

TST ST 2

λT
//

TS

TST

TS ST
λ // ST

ST 2

• STη

��
λη

=

TS ST
λ
//

TS

TS

•idTS

��

TS ST
λ // ST

ST

• idST

��
idλ

(9)

TS ST
λ

//

T 2S

TS

•µS

��

T 2S ST 2ST 2

ST

• Sµ

��
λ2

T 2S TST
Tλ
//

TS

T 2S

•ηTS

��

TS ST
λ // ST

TST

•ηST

��
ηλ

TST ST 2

λT
//

ST

TST

ST ST
1ST // ST

ST 2

• SηT
��

λ0T

=

TS ST
λ
//

TS

TS

•idTS

��

TS ST
λ // ST

ST

• idST

��
idλ
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Doublads (cont.)

(10)

TS ST
λ

//

T 2S

TS

µS

��

T 2S ST 2ST 2

ST

Sµ

��
λ2

T 2S TST
Tλ

//

T 3S

T 2S

•TµS

��

T 3S TST 2TST 2

TST

Tλ2

TST ST 2

λT
//

TST 2

TST

•TSµ

��

TST 2 ST 3λT 2
// ST 3

ST 2

• STµ

��
λµ

T 2S

T 3S

T 2S

T 3S T 2ST
T 2λ // T 2ST

TST

T 2STT 2ST TST 2TλT // TST 2

TST

An ordinary distributive law gives a doublad on A

A mixed distributive law (of a comonad over a monad) is one on ( A)co

Theorem

Doublads (T, λ, S) are in bijection with extensions of T to vertical monads T̃ on Kl(S)
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Define Kl(T, λ, S) to be Kl(T̃)

• An object of Kl(T̃) is just an object of A
• A horizontal morphism [f ] : A ◦ // B is given by a horizontal morphism

f : A // SB in A
• A vertical morphism [v ] : A • // C is given by a vertical morphism

v : A • // TC

• A cell

C D◦
{g}
//

A

C

•[v ]

��

A B◦
{f } // B

D

• [w ]

��
[α] is

TC STD

A

TC

•v

��

A SB
f // SB

STD

• Sw

��
TSD

Tg
// TSD

λD
//

α in A

• Satisfying some “obvious” conditions

To be continued ...
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¡Gracias!
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