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Abstract

We exhibit a free construction for adding adjoints
to categories. The word problem for 2-cells is in
general undecidable; in particular, it is undecid-
able for Grp, Set and many others. However for
some categories we show that it is decidable.
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1 Introduction

A 2-category is a category whose arrows are them-
selves the objects of another category, the arrows
of which (known as 2-cells) obey certain naturality
conditions. A standard example is the 2-category
Cat of categories, functors, and natural transfor-
mations. As Eilenberg and Mac Lane [4, p.18]
made clear:

“|Clategory” has been defined in order to
be able to define “functor” and “functor”
has been defined in order to be able to
define “natural transformation”.

the need for this structure on Cat was under-
stood even before the explicit introduction of 2-
categories.

In particular, the 2-cell structure of Cat permit-
ted the introduction of the concept of adjoint func-

tors. Examples of adjoint functors in Cat include
free functors, the hom-tensor adjunction, and var-
ious adjunctions between logical operations. Ad-
junction is also important in the definition of
Cartesian closed categories which are related to
the lambda calculus. An arrow f:a — b is said to
be left adjoint to g:b — a (and g right adjoint to
f) if there exist 2-cells n: I, = fg and e: gf = I,
such that (eg)(gn) = iy and (fe)(nf) =ir. It was
only much later that it was realized that adjunc-
tions are important in other 2-categories as well.

Various familiar constructions can be inter-
preted as adding right (or left) adjoints to every
arrow in a given category. For example, the cat-
egory of relations and the category of spans can
be obtained from the category of sets by adding
right adjoints subject to certain conditions. We
have described a construction II; which adds right
adjoints to all arrows in a category in a free way,
which means that the resulting category will sat-
isfy the conditions following from the fact that
the new arrows are adjoints to the arrows in the
old category, and no other conditions. (See [6]
for a special case.) This construction is free, in
the sense that every other construction that adds
adjoints factors uniquely (up to 2-isomorphism)
through this one.



2 Freely Adding Adjoints

In [2] we have studied the structure of the 2-
category II;C obtained by freely adding adjoints
to all arrows in a 2-category C. In this paper we
are interested in the results of this construction for
the case where C is a category. We start by sum-
marizing the results of [2] for this special case.

2.1 The 2-category II,C.

Let C be any category. We write IIoC for the fol-
lowing 2-category:

The objects of II,C are the same as the objects
of C, so IIxCy = Cp.

The arrows in II,C are zig-zags in C, i.e. an
arrow in C(A, B) is of the form

A=A BB, & A, BB, .4, 2B, =B

We denote such an arrow by
(glv"'vgn;f07"'7fn)a except when n = 0»
in which case we will write (fo).

A 2-cell
(917"'7gn;f07"'7fn) = (gllaag;n’féaa 7/71)

is an equivalence class of diagrams. Examples of
such diagrams are

and

A=Ay Lov By, 1y

f1
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Specifically, these diagrams are determined by
an adjoint pair of order-preserving index functions
¢:{0,---,m} — {0,---,n} and ¥:{0,---,n} —
{0,---,m} such that ¥¢(j) > j and ¢(i) < 4

together with families of arrows
k‘il B, — B:/)(z) and hj: A¢(j) — A;,
such that all resulting squares commute, i.e.

floh = { Gigrohjrr i 6(j) = 65 +1)
’ ko) © foy i 0(5) # oG +1)

forj=1,...,m;
kiogio, — 4 Firrefin if (i) = (i +1)
o Iy © hp(p+r AP0 # (i +1)

fori=1,...,n.
Finally we require that hy = 1ids and
k, = idg. We denote such a representative
fora2ce11 by (¢;9;ko, ..., kn—1;h1,..., ) or

(¢;4; (ki); (h;)). Note that in the example above,
( )Zl,w(l)—landw( ) =3, and #(0) =0
$(1) =0, (2) = 2, and ¢(3) = 2.

2.2 The equivalence relation

The equivalence relation on these diagrams is gen-
erated (through symmetry and transitivity) by
the following relationship: Two diagrams 6 and w
representing 2-cells in IIsC are called directly re-
lated and we write 6 ~7 w if they are everywhere
the same except for two parts with the following
shapes: the cells w and 6 contain

ALB&AHA

k.
l 7

! ! /
B« A 1B
9; i

and

AL A,

ki l /
A\ hj

B;-_lT Al — B
respectively; and there exists an arrow [: B; — A;
which factors both diagrams. Such an arrow [ will
be said to link § and w. We will postpone further
discussion of this equivalence relation to the next
section.

2.3 Composition

Composition of arrows in IIsC is defined by con-
catenating of the zig-zags and composing the two
composable morphisms. The definition of hori-
zontal and vertical composition of 2-cells can be
found in [2], but we won’t explicitly use it in this
article.

2.4 Universal Property of 1I,C

There is an embedding functor (—).:C — II3C,
which is the identity on objects and sends mor-
phisms to sequences of length 1: (f). = (f). In



order to describe the properties of this functor, we
need the following definition:

Definition 2.1 Let D be a 2-category. A functor
F:C — D is called sinister if it sends arrows in C
to left adjoints (i.e. arrows with a right adjoint)
in D.

Recall (cf. [1]) that a natural transformation
between two 2-functors F,G:C = D can be rep-
resented as a 2-functor K,:C — Cyl(D). So we
call a natural transformation « sinister if the 2-
functor K, is sinister. Note that if « is sinis-
ter, then its domain and codomain are sinister
too, but the converse is not necessarily true. We
will write Sin(C, D) for the 2-category of sinister
2-functors, sinister transformations, and sinister
modifications.

With this notation, the functor (—). has the
following universal property (cf. [2]).

Theorem 2.2 The functor (—).:C — IIsC has
the property that for each arrow f € Cy the ar-
row fy € IIsCy has a right adjoint in IsC (i.e., fi
is a left adjoint). Moreover, this functor is univer-
sal with this property in the sense that composition
with (=)« defines an equivalence of categories

Hom(II3C, D) — Sin(C, D),

3 Decidability and Undecid-
ability

The purpose of this section is twofold: we describe
a class of commonly used categories for which the
equivalence relation described before would be un-
decidable, and we discuss some conditions under
which the equivalence relation becomes decidable,
and give examples of categories that satisfy these
conditions.

3.1 Undecidability Results

It must be remembered that decidability prob-
lems in general concern representations of mathe-
matical structures, not the structures themselves.
Thus for instance, the word problem for a group
is trivial given a complete multiplication table for
the group. In the undecidability results that fol-
low we will assume a graph to be equipped with
a bounded time algorithm to determine the exis-
tence of an edge joining any two specified vertices.

Given an arbitrary 2-register abacus (see [3])
with internal states S;, we will construct a bipar-
tite graph as follows. Let U be the set of triples

u; = (S;, X;,Y;) and V is the set of legal tran-
sitions v;;: (S;, X;,Y:) — (S;,X;,Y;). The ver-
tex v;; is joined to both u; and u; and there are
no other edges. The undecidability of the halt-
ing problem for the 2-register abacus [5], implies
the following result (which is probably a folk the-
orem):

Lemma 3.1 The problem of deciding whether two
vertices in an infinite bipartite graph are connected
by a finite path is undecidable.

Theorem 3.2 The equivalence relation on the 2-
cells of the category I1ySet is undecidable.

Proof LetV =V;UV;5 and E be the sets of ver-
tices and edges respectively for a bipartite graph
(i.e., V1 NVa = 0 and every edge has an endpoint
in V4 and an endpoint in V3) for which in general
it is undecidable whether two of its vertices are
connected by a path of finite length. For i = 1,2,
let p;: E— V; be the function that sends an edge
to its endpoint in V;.

Representatives for 2-cells in IT;Set of the form

) —{pe—0—V2

k]

Ve V.
0 1p1Ep2 2

are in one-to-one correspondence with vertices in
V1. It is not difficult to see that two of these are
equivalent if and only if there is a path of finite
length connecting them in the graph.

Corollary 3.3 If a category C contains the cat-
egory Set as a full subcategory, the equivalence
relation to define I15Cs is undecidable.

Examples A simple modification of this applies
to Set,: the diagram in the proof of the theo-
rem can easily be adjusted to contain only non-
empty spaces and pointed maps. It also applies to
topological categories such as the category Top of
topological spaces, the category Top, of pointed
topological spaces, and the category Man of man-
ifolds.

Theorem 3.4 The equivalence relation on the 2-
cells of the category IIoGrp is undecidable.

Proof We prove this by showing that one can
simulate the word problem for groups in this
equivalence relation, i.e., for every group defined



by generators and relations, there are arrows in
II,Grp such that representatives for 2-cells be-
tween them correspond to words in the group and
they represent equivalent 2-cells precisely when
the words represent the same group element.

Let G(X, R) be the group generated by a set X
with a set of relations R = {w; = wj|i € I} in-
dexed by a set I, where the w; and w} are words
in the free group FX. Let pi: F(X U I) — FX
be the group homomorphism that sends ¢ € I to
w; and is the identity on X. Analogously, define
po: F(X U I) - FX to be the group homomor-
phism that sends ¢ € I to w} and is the identity

on X. Consider the diagram, representing a 2-cell
in I3 (Grp):

0 ~ 7~ 0 ~FX

.

FXT1 F(X UR) oz X

The arrow v is uniquely determined by the word
v(l) € FX, and two such 2-cell representatives
are equivalent precisely when the corresponding
words are equal in G.

3.2 Decidability Conditions

If the category C is locally finite, equality of any
two given 2-cells in II5C can be settled by exhaus-
tive checking of finitely many hom-sets. Thus, the
problem is decidable for categories such as finite
sets, finite groups, or any poset. Again, if the
arrows of C satisfy appropriate cancellation condi-
tions, then no square can factorize in more than
one way; for example, the problem is decidable
for any category whose arrows are all epic or all
monic.

There are however more subtle conditions that
also guarantee decidability. Suppose that if any
two 2-cell representatives are equivalent by a long
sequence of direct equivalences, there is always a
way to shorten the sequence to one of a length
bounded by an expression in the lengths of the do-
main and and the codomain of the 2-cell. For such
a category C only a finite number of sequences of
equivalences would need to be examined to deter-
mine whether two 2-cells were equal, leading again
to decidability.

It is conjectured that the categories Aby, of
finitely generated abelian groups and Vect of vec-
tor spaces satisfy conditions of this type. As an
example of the techniques that might be used to
prove this, we show a partial result: that the

equality of short enough 2-cells in IIo(Aby,) is de-
cidable (an identical proof works for IIz(Vect)).

Proposition 3.5 Let Ag LY By & A, EL B,

and Ay I3 B, & A, LIt By be two arrows of
IIo(Abyg). The equality of two representatives for
2ecells (g1 for f1) = (gb: f ) of Ta(Aby,) is
decidable.

Proof Consider the typical case (the others can
be treated similarly) in which both index functions
of each representative are identities. In this case
we may write a = (ko, h1) and o = (k{,, b)), with
ko, k{: By — B{ and hy,hi: A1 — A}. Suppose
that there exists a sequence of 2n (n > 2) direct
equivalences

/
a=0o1~ Br~viag~v v o =,

where «; is linked to §; by ~; and §; is linked to
;11 by 6;. Therefore,

791 =h1,  gim = ko,
fi0i = fivis  difo=ifo
fori=1,...,n;
910i = ¢1%iv1,  0ig1 = Vit101
fori=1,...,n—1;

9100, = ki, and 5,91 = h].

Suppose that n > 2, and let T:By — A}
be the homomorphism that takes b € By to

v (b) — 61(b) + v2(b) — -+ + Yn(b). Thus for
a € Ai, I'ogi(a) = ml(gi(a)) — d1(g1(a)) +
Y2(g1(a)) — -+ = dn—1(g1(a)) + Yu(g1(0)). As

di(91(a)) = 7i+1(g1(a)), this sum equals v1(g1(a))
which equals hi(a); so I' o gy = h;. Similar ar-
guments show that gj o' = ko, T'o fo = hp_1,
and f] oT = k,_1, where hp,_1: A9 — A} and
kn_1: By — Bj are the components for (,_;.
Therefore « is linked directly to 8,1 by I, re-
ducing the chain to two links.

It follows that in order to determine whether
two 2-cells in II;(Aby,) are equivalent it is suffi-
cient to consider all chains of direct equivalences
of length two or less.
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