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Double categories

(Ehresmann) A double category is a category object in Cat

p1 do
A Apxp Ar —> Aj<—id—— Ag
p2 i
P2 Aixag*
Ay xpgA1 — A Apxp Al — Ay xp A1
o do e :
AL ——Ao A xp Al —— A
1
Double functor
Apxp, AL A Ag
FixpyF1 F1 Fo
B1 xg, B1 B Bo
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Think inside the box

A Apxa Ay —> A} <—id— Ag

o Objects of Ag are objects of A
o Morphisms of Ag are horizontal arrows of A
o Objects of A; are vertical arrows of A

o Morphisms of Ay are double cells of A
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Surf and turf

A double category is a category with
two kinds of morphisms, suitably related



Opposite

A an arbitrary category

(DA)CO

ON<——D>x
O<——®
X
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Student duality

A a regular category

Rel(A)
A—f ¢ R--" ~5s
R}/ a }5 iff
B———D AxB——=CxD
g fxg
Proposition

There is a double functor [1A® —Rel(A) which is the identity on objects and
horizontal arrows, faithful on vertical arrows and full and faithful on cells

A
[V] — BﬁV-A — (v,1g)  —— }v*
B

|
i
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Companions
v companion to f

A—a_fop A-fop
TR N
xy =idf

A=A
H v v A A
Yoo
A—s=B = v 1, v
1 f ¥ ¥
v H B==58
B=B
xow=1y

Proposition

(1) If f has a companion it's unique up to isomorphism: write v = f,
(2) (1a)« =idg
(3) (gf )« =g« fu
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Conjoints

w is conjoint to f

KRS
A::::::A-—7€> B A-—77> B
ﬁa::idf

B——B
A——B = Wl 1, lW
f l v v
A——A
aofi=1y

e Unique up to iso: write w=f*
] 12 EidA
. (gf)" =f"g"
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Adjoints

B|.|VB

1l
>
Il
AIVB

A|O¢B

w-v
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Companions, conjoints, adjoints

Theorem
Any two of the following conditions imply the third:
(1) v="rs
2) w=r*
(3) viw
Theorem
In Rel(A)
. (1a,f)
(1) Every f has a companion: fy =(A >———>Ax B)
(f,la)

(2) Every f has a conjoint: f* =(A >——=BxA)
(3) Every adjoint pair RS is of the form fy 4 f*

Say Rel(A) is Cauchy
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Tabulators

The tabulator of v is a universal cell T

A

F X—1 -4
X/flv i.e. idl ¢ L
DN I
B X——B
VETx(E=1x)
A A

X ¢ = X ——=T(v) = lv
B

N
NN ™~

B

T(v) is effective if t; has a companion, tg has a conjoint and v=ty, et}

0
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Tabulating relations

Proposition
Rel(A) has effective tabulators

R _——— R
A (ro,r1)

RxR—= AxB
roxr
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Double functors on relations

Theorem

Double functors Rel(A)—Rel(B) “are” functors A—=B which preserve
quasi-pullbacks

QUaSI—pU//baCk Q
\
\

_
_

<—""
N<—>2
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Transformations

Doub = Cat(Cat) is cartesian closed, so Doub(A,B) is a double category

A horizontal transformation t: F—=G
e YA a horizontal arrow tA: FA—GA
e Vv: A—e—= A a cell

FA A, GA
Fvl tv l Gv
v Y
FA" —= GA’
tA’
 Horizontally natural
FA A 6a - Gc FA o Fc S 6c

vl t lv lw vl lwt lw
Fi/ v \LG Ga \LG F\l/ Fa \LF w \LG

FA' — GA' — GC’ FA' — FC' — GC’
tA Gg Fg tC’
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Transformations (continued)

e Vertically functorial

FA-A. Ga FA A GlA
FIdAl t(|d ) lGIdA = idFAl id:a idga
Voo Voo
FA . Ga
Fvi tv icv FA—2 . Ga
FA — GA’ = F(v’-v)l t(v'ev) l G(V'ev)
l tA l ll ¢
[ NV Y FA" — > GA"
V ¥ tA”
FA" —> GA"
tA”
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Vertical transformations and cells

A vertical transformation u: F —s— H is the transpose notion (switch
horizontal and vertical)

e VA a vertical arrow uA: FA—— HA

o Vf: A—A' a cell

AL Ea
uA l uf \{'/ uA’

v
HA — HA'
Hf

« Vertically natural
o Horizontally functorial

A double cell assigns to each object A a cell vA

F_ts G FA A GA
u\{l v }/u’ uA\}l vA \{IU'A
H—K HA — KA
t' t'A

satisfying two conditions — horizontal and vertical naturality
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Transformations for Rel

F,G: A—=B quasi-pullback preserving functors
®,¥: Rel(A)—Rel(B) their extensions to Rel

Theorem

(1) Horizontal transformations ®—=¥ are in natural bijection with natural
transformations F—G

(2) Vertical transformations ® —— ¥ are in natural bijection with relations

V >—=FxG

in the category QPB(A,B) of quasi-pullback preserving functors and
quasi-cartesian natural transformations

Question: Is QPB(A,B) a regular category?
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Kleisli
T=(T,n,u)is a monad on A
We get a double category KI(T)

/14—>f 113 A-f.B

My e g — l - lw

C——D TC — TD
g Tg

e Every horizontal arrow f: A—=B has a companion

A A
\f
ﬁ‘i B (fe=[nB-f])
B i,r]B
B
e f: A—=B has a conjoint iff T(f) iso
B B
. {8
' i 1B (F* =[(TH)~*-nB])
A V(7)1
TA
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Tabulating Kleisli

Proposition
KI(T) has tabulators iff A has pullbacks along nA’s

Proof.
A . A
f/l X———A f/’ N
X ¢ ol ,]Xl _ lv X = TB
N TN
B TX ——=TB B

e The tabulators are not effective
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Double functors on Kl

Theorem

Double functors KI(T)—=KI(S) correspond to monad morphisms T—=$

Morphism of monads:
(Y, 9): T—S (T=(AT,n,u), S=(B,S,x,v))

A—\P>B
v
TL 7 ls
A—>B
v
T S
w17 s s 2V, ssw

VNN o

‘PT%S‘I’ ‘{’TT-S‘I’
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Transformations of monad morphisms

(D,0), (¥, ¥): T—S
A Street 2-cell t: (®,¢)—=(¥,v) is

e a natural transformation t: ®—Y¥
« satisfying

oT — T~ 9T
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Other transformations

A Lack-Street 2-cell u: (®,¢p) —— (¥, v) is
e a natural transformation u: ®—SV¥

o satisfying

T ———— > SO

|s

uT SSsvy

&

SYT — SSY — S¥Y
Sy vy
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Double category version

Theorem

Let (®,¢) and (¥,y) be monad morphisms T—=S giving rise to double
functors ®,¥: KI(T)—=KI(S). Then

(1) horizontal transformations ®—=%¥ correspond to Street 2-cells
(@, ¢)—(¥,v)

(2) vertical transformations ® —s—W¥ correspond to Lack-Street 2-cells
(®,0) ——(¥,v)
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Lax morphisms of monads

o A lax morphism of monads (®,¢)

vz |
A——NA
@
satisfying
T T
T ’ T 2 oTT

NN iz

To — —=oT 7o — —oT
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Lax vs oplax

o (W,v) was oplax

M) 2 emary ki) — ) i)

.

A—s N A———B
[ v
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Lax and oplax together at last

The double category Monad

E
&

N <—e— =

~

() (")

a

P <—e—=

|

(©.0)
v'o—2Ls v

voT —2T L oyT

V' T'® osvy

o

SV —— S'ov
S'a
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Fear of hexagons

A’—>B’

N
—>B’
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Properties of Monad

Theorem
(1) (®,¢) has a companion iff ¢ is iso

(2) (®,¢) has a conjoint iff ® has a left adjoint

(3) Monad has tabulators and they are effective
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The tabulator
The tabulator of (¥,y): (A, T,n,u) ——(B,S,x,v) is given by the comma
category ¥ | B with monad

T\|S
Y| |B——V¥|B

A
AvA—LoB) —  (TAvTA s swa_2P.

e

(A YA—B)

-
L

SB)
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Eilenberg-Moore for a change

A lax morphism (®,¢): T—=T' gives an algebraic functor over ®

A
(TA—2> A) — (T' 0 A2 0 TA—225 0 )

EM(T) 2P ()

]

A— A
0]

But what about oplax morphisms (¥,y): T ——S7
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Profunctors make a cameo appearance

EM(Y,y): EM(T) ——EM(S)

EM(¥,v): EM(T) x EM(S)—Set

An element of EM(Y,v)((A,a),(B,b)) is x: YA—B

A
wTA Y sya >, sB
Ya b

YA B
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EM extends to cells in Monad

T () T
v, )l a l(‘I”'w’)
( u/¢ i
S ——§'

(0.0)

EM(T) — ) emery

(w,w)i EM() }(wcw’)
EM(a): (YA—>B) — (VoA—“2s0va—2-0B)

EM: Monad—s Cat
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Cat

ON<—+——D
O<+—w

o| v |

e A B,C,D categories
e F,G functors
e P,Q profunctors

P: A°P xC—=Set ,Q: B°° x D—>Set
e t natural transformation
t: P(-,=)—Q(F-,G=)

o Composition of profunctors uses coends, and is not associative on the nose

Cat is a weak double category
EM: Monad—sCat is a lax double functor
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Double categories

(Ehresmann) A double category is a category object in Cat

p1 do
A: Ay xp, A1 —= Aj=<—id— Ay
P2 i
P2 Aixag*
Ay xpgA1 — A Apxp Al — Ay xp A1
o do e :
AL ——Ao A xp Al —— A
1
Double functor
Apxp, AL A Ag
FixpyF1 F1 Fo
B1 xg, B1 B Bo
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Weak double categories

A (weak) double category is a weak category object in €at

A: Ay XAoAl

A xpoA1 L

p1 \ do

Ap — Ag

dy
Double functor
A xpa A1

F1><F0F1‘

B1 xg, B1

do
—> Aj<—id— Ag
d1
Agxa. e

0
Apxp Al — Ay xp A1

.XAOA:[‘ a/g ‘.

A1 xpa A1 . A;
A Ag

F1 Fo
B, Bo
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Lax double functors of weak double categories
A (weak) double category is a weak category object in €at

P1 do
A: Ap xp, A1 —> Aj<—id—— Agp
p2 d
P2 Aixpge
ApxpgAl — Ay Apxpo Al —> Ay xp AL
AL — Ao A1 xp A . A;
1
Lax double functor
. id
A1 xa, A1 A; Ag

FixpyF1 ‘ (Pﬂ F1 beo Fo

B1 xg, B1 B; Bo
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Full circle

And, this is where the story begins...
Thank you!
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