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We give a finite presentation by generators and relations for the group O, (Z[1/2]) of n-dimensional
orthogonal matrices with entries in Z[1/2]. We then obtain a similar presentation for the group of
n-dimensional orthogonal matrices of the form M/+/2, where k is a nonnegative integer and M
is an integer matrix. Both groups arise in the study of quantum circuits. In particular, when the
dimension is a power of 2, the elements of the latter group are precisely the unitary matrices that
can be represented by a quantum circuit over the universal gate set consisting of the Toffoli gate, the
Hadamard gate, and the computational ancilla.

1 Introduction

There is a beautiful correspondence which relates certain quantum circuits and matrices over rings of
algebraic integers [3, 5, 6, 11, 13]. A first instance of this correspondence arises in the study of circuits
over the gate set {CCX,H ® H }, where CCX is the Toffoli gate and H ® H is the twofold tensor product
of the Hadamard gate. In this case, the correspondence takes a particularly simple form: a unitary
matrix M can be exactly represented by an n-qubit quantum circuit over {CCX,H ® H} if and only if
MeO, (Z [%] ), where O,, (Z [%]) is the group of orthogonal dyadic matrices. A second instance of the
correspondence follows as a corollary of this first one: circuits over the gate set {CCX,H} correspond
to orthogonal matrices of the form M /+/2%, where M is an integer matrix and k is a nonnegative integer.
These matrices form the group of orthogonal scaled dyadic matrices. The above gate sets are ubiquitous
in the theory of quantum computation [1, 4, 9, 17, 14].

The correspondence between quantum circuits and matrix groups exposes the mathematical structure
underlying certain gate sets, thereby enabling exact and efficient manipulation of circuits. These insights,
along with applications such as compiling [7, 10, 12, 15, 16] and verification [2], motivate the study of
the relevant matrix groups.

In this paper, we give a finite presentation by generators and relations for the group O, (Z[%]),
following the approach initiated in [8]. It was shown in [3] that O, (Z [%]) is generated by the collection
of 1-, 2-, and 4-level operators of type —1, X, and H ® H. To give a presentation of O, (Z[%]) we
introduce a finite list of relations among these generators and show that two words over the generators
denote the same element of O, (Z [%D if and only if one word can be converted into the other using a
finite number of applications of the relations. Remarkably, the relations can be stated independently of
n. As a corollary of our main result, we obtain a similar presentation for the group of matrices of the
form M //2* mentioned above.

The paper is structured as follows. In Section 2, we introduce the generators, along with some basic
definitions. In Section 3, we give a detailed presentation of the exact synthesis algorithm of [3]. In
Section 4, we introduce the relations and prove our main result: the relations are sound and complete. In
Section 5, we use the results of Section 4 to give a presentation of the group of orthogonal scaled dyadic

matrices. We draw some final conclusions in Section 6.
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2 Generators

Definition 2.1. The ring of dyadic rationals is defined as Z [%] = {% |ueZke N}.

Definition 2.2. Let ¢ be a dyadic rational. A natural number & is a denominator exponent of t if 2kt € 7Z.
The least such k is called the least denominator exponent of t and is denoted by lde(z).

We extend Definition 2.2 to matrices as follows. A natural number k is a denominator exponent of
a matrix M if it is a denominator exponent of all of the entries of M. Similarly, the least denominator
exponent of M is the least k that is a denominator exponent for all of its entries, which we write 1de(M).

Definition 2.3. The n-dimensional group of orthogonal dyadic matrices consists of the n X n orthogonal
matrices with entries in Z [%] . It is denoted O, (Z [%] )

Definition 2.4. The matrices X, H, and K are defined as

111

01 1o L1 -1 1 —1
X_[l 0}’ H‘ﬁ[l —1]’ and K=311 1 -1 1
=1 =1 1

The matrix X is known as the Pauli X gate and the matrix H is known as the Hadamard gate. We
have K = H ® H, where ® is the usual tensor product. We now embed X, H, and K into larger matrices
which will serve as our generators.

Definition 2.5. Let M be an m X m matrix, let m < n, and let 1 < ay,...,a,, < n. The m-level matrix of
type M is the n X n matrix M, ., defined by

1111

B {M,-/J/ ifi=ayand j=ajy

I; j otherwise.

Definition 2.6. The set &, of n-dimensional generators is the subset of O, (Z [%]) defined as

G ={(=D 0 X0 Kiapea) | | Sa<b<c<d<n}

3 Constructive Membership for O,, (Z [%] )

In this section, we present a solution to the constructive membership problem for O,, (Z [%] ), following
[3]. To this end, we describe an algorithm which inputs an arbitrary element M of O,, (Z [%] ) and outputs a
sequence of elements of ¥, representing M. As is common in the quantum computing literature, we refer
to the algorithm as the exact synthesis algorithm. In addition to showing that ¢, generates O, (Z [%]),
the algorithm will play a central role in the rest of the paper.

Lemma 3.1. Let uy,uy,us,uyq be odd integers. Then there exist T\, Ty, T3, T4 € Zy such that

u uy

T o3 3 o (W2 ulz
K[1,2,3,4](_1)[1 (_1)[2](_1)[3](_1)[4] A
Uy “Q

/ / / / .
where u,u,,us,u, are even integers.
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Proof. Because u; =1 (mod 2), we have u; = 1,3 (mod 4). And since —3 =1 (mod 4) there exists
T; € Z, such that (—1)%u; = 1 (mod 4). The claim then follows by computation. O

Lemma 3.2. Letv € Z [%] " be a unit vector. If1de(v) =k > O, then there exists a sequence Gy, ...,G, of
elements of 9, such that 1de(G,---G1v) < k.

Proof. Letw = 2%y, so that w € Z". Since vTv = 1, we have wTw = 4% and therefore Zw? = 4k Note that

w? =1 (mod 4) if and only if w; is odd and that w? =0 (mod 4) if and only if w; is even. Hence the
number of w; such that w? =1 (mod 4) is a multiple of 4. Let wg,,...,w,,, be the odd entries of w in
order of increasing index. We can apply Lemma 3.1 to wy,,...,wy,, then to w,, ..., W, and so on until
the entries of w are all even. This yields a sequence Gy,---,G, € ¥, such that
1 2 1
Gy -Gy = quGl?w: ?W’ = Fw’
where w' € Z". O

Lemma 3.3. LetveZ [%]n be a unit vector. If1de(v) =0, then v = te; for some 1 < j < n, where ¢; is
the j-th standard basis vector.

Proof. If k=0 then v € Z". Since v is a unit vector we then get Zv? = 1. Since the v; are integers, there
must be exactly one j such that v; = 41 while all the other entries of v are 0. O

Lemma3.4. LetveZ [%] " be a unit vector and let 1 < J < n. Then there exists a sequence of generators
Gi,...,Gy €Y, such that G,---Gv = e;.

Proof. By induction on Ide(v). If 1de(v) = 0 then v = +e for some j/, by Lemma 3.3. If e; = e; there
is nothing to do. Otherwise, we can map v to ¢; by applying an optional (—1) generator followed by an
optional X generator. Now if Ide(v) = k > 0 then by Lemma 3.2 there exists a sequence Gp,...,G; of
elements of ¢, such that 1de(G,--- Giv) < lde(v). By induction, there exists a sequence G,1,...,Gy
such that G,---Gp11G,---Giv =e;. U

Lemma 3.4 can be used iteratively on the columns of an arbitrary element of O,, (Z [%D to reduce it
to the identity matrix.
Theorem 3.5. Let M be an n X n matrix. Then M € O,, (Z[%]) if, and only if, M can be written as a
product of elements of 9,.

Proof. The right-to-left direction follows from the fact that ¢, C O, (Z [%] ) For the left-to-right direc-
tion, apply Lemma 3.4 to reduce the rightmost column of M to e,, then proceed recursively. O

The algorithm establishing the left-to-right direction of Theorem 3.5 is the exact synthesis algorithm.
For future reference, an explicit description is given in Algorithm 1.

Intuitively, Algorithm 1 terminates because each iteration of the algorithm rewrites the input matrix
into one that is closer to the identity. We introduce a notion of level which makes this intuition precise.

Definition 3.6. Let M € O, (Z[3]). The level of M is the triple (j,k,€), where
* jis the largest element of [n] such that Me; # ¢;, or j = 0 if no such index exists;
* k=Ide(Me;), or k=0if j = 0; and
« (s the number of odd entries in 2¢(Me;), or £ = 0 if k = 0.
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Algorithm 1: Exact Synthesis

Input : An element M of O,(Z[1])

Output: A sequence Wy,..., W, of words over &, such that W---W M =1
1N—M
2 while N # I do

3 Let j be the greatest integer such that Ne; # e;
4 Letv = Ne;
5 Let k = 1de(v)
6 Let w =2k
7 case k =0do
8 Letv = (—1)%¢, for some a such that 1 <a < j and some T € Z,
9 ifa = jthen W= (—l)fj] // note that T =1 in this case
10 ifa<jthenW:X[a7j](—1)[Ta]
11 end
12 case k > 0 do
13 Let a, b, c,d be the indices of the first four odd entries of w
14 Let T,, Ty, T¢, Ty € Z; be such that (—1)%w; =1 (mod 4) fori € {a,b,c,d}
15 W:K[a7b7c7d](_1)&(_1)&(_1)&(_1)@1}
16 end
17 Output W
18 N <+~ WN
19 end

We denote the level of M by level(M). If level (M) = (j,k,¢) we call Me; the pivot column of M.

Levels are ordered lexicographically and it can be verified that each iteration of the algorithm strictly
decreases the level of N.

4 A Finite Presentation of O, (Z [%} )

Theorem 3.5 shows that the group generated by ¥, is O, (Z [%] ) However, O, (Z [%]) is not free over ¥,
since there are relations among the generators, such as (—1)(;(—1)(;) = /. Our goal is to give a presen-
tation of O, (Z [%]) by generators and relations, adopting the approach of [8]. We start by introducing
some useful terminology.

If A is a set, we write A* for the collection of words over A. We use W to denote words, and we
sometimes write € for the empty word. If W =A;...A,, is a word over A then the length of W is m. We
will be particularly interested in words over &,. Any such word W can be interpreted as an element [W]|

of O, (Z [%] ) by multiplying the generators that compose W. That is, if W = G| ... G, then
Wl=Gi-...-Gp—1-Gn,

where the product is the usual multiplication of matrices. This notion of interpretation induces a first
equivalence relation on .

Definition 4.1. The relation ~ on ¥, is defined by V ~ W if [V] = [W]. Two words V and W such
that V ~ W are said to be semantically equivalent.
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Intuitively, two words are semantically equivalent if they denote the same element of O, (Z[%])
In contrast to this semantic notion of equivalence, we now introduce a syntactic notion of equivalence
which does not rely on the interpretation of words as matrices.

Definition 4.2. The relation ~ on ¢ is the smallest equivalence relation on ¢, containing the relations
of Table 1 and such that if V~ V' and W ~ W’ then VW =~ V'W’. Two words V and W such that V ~ W
are said to be syntactically equivalent.

The relation ~ is the smallest congruence relation on ¢, containing the relations of Table 1. Intu-
itively, two words are syntactically equivalent if one word can be rewritten into the other through a finite
number of applications of the relations contained in Table 1.

We want to show that two words V and W are semantically equivalent if and only if they are syntac-
tically equivalent. This is achieved by establishing the two implications below.

Soundness: Let G and H be words over ¢,,. Then G ~ H implies G ~ H.
Completeness: Let G and H be words over ¢,. Then G ~ H implies G ~ H.

Soundness and completeness together imply that the semantic and syntactic relations coincide. This
yields a presentation of O, (Z [%]) by generators and relations. We prove soundness in Section 4.1 and
completeness in Section 4.2.

4.1 Soundness

Theorem 4.3 (Soundness). Let G and H be words over 9,. Then G ~ H implies G ~ H.

Proof. 1t suffices to show that the relations in Table 1 are sound. This can be verified by direct computa-
tion. U

4.2 Completeness

Algorithm 1 associates a word over ¥, to every element of O, (Z [%] ) Because the algorithm is deter-

ministic, the word it associates to an element M of O, (Z [%]) can be viewed as a normal form for M.
Our strategy to prove completeness is to show that the relations of Table 1 suffice to rewrite an arbitrary
word over ¢, into its normal form.

4.2.1 The State Graph

We start by introducing a useful graph representation for O, (Z [%]) This graph representation is akin
to a Cayley graph for O, (Z [%] ) but is intended to highlight the words produced by Algorithm 1. Recall
that steps 9, 10, and 15 of Algorithm 1 produce short words over ¥, of the form

(=D Xiap) (=D, and Kgpeaq (=D (=D (=D (=D
for appropriately chosen a,b,c,d and 7,, 7y, 7., T;. We refer to these words as syllables.
Definition 4.4. The state graph is the directed graph whose vertices and edges are defined as follows.
¢ The vertices are the elements of O, (Z [%]) and are referred to as states.

* There are two types of edges:

— simple edges, which are triples (s, G,s) where 5,5’ € 0,(Z[1]), G € ¥, and s’ = Gs;
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(=D Kiapea) (=)@ Kiap.ea (1)
Kiap.caXp.a

K[c7d7e7f] K[a7b7c7e]
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(1a)
(1b)

(1o)

(2a)
(2b)
(20)
(2d)
(2e)
(2f)

(3a)
(3b)
(3¢)
(3d)
(3e)
(3)
(32

(4a)
(4b)

(40)

(5a)

(6a)

Table 1: Relations for O, (Z [%] ) One should assume that the indices are distinct and that the relations
are well-formed. For example, in relation (5a) wehavea <b <c<d <e < f.
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— normal edges, which are triples (s, N, s) where 5,5’ € O, (Z [%] ) , N is the unique first syllable
output by Algorithm 1 on input s, and s’ = Ns.

We denote the edge (s',G,s) by s S, § or G:s— s'. We use a double line to indicate that an edge
is normal, as in N : s = 5. When the source and target of an edge (s',G,s) are clear from context we
sometimes simply denote the edge by G.

We note that for every state s # I, there exists a unique normal edge originating at s. Moreover, if
N :s = s is normal, then level(s’) < level(s). As a result, for every state s # I, there exists a unique
sequence of normal edges from s to /.

Definition 4.5. Let G be the following sequence of simple edges

G =y ﬂ>51...s,,_1 ﬂ>s,,.
The level of G, denoted level (G), is the maximum of the levels of the states so, . .. ,s,. Thatis, level(G) =
max{level(sg),...,level(s,)}.

Intuitively, the level of a sequence of edges is the largest level reached by a state along that sequence.

Definition 4.6. Let G, G’ : s — t be two sequences of edges. We say that the diagram

G
~_

G/

commutes equationally if G ~ G'.

4.2.2 The Main Lemma and the Proof of Completeness

Lemma 4.7 (Main Lemma). Let s, t, and r be states, N : s = t be a normal edge, and G : s — r be a
simple edge. Then there exist a state q, a sequence of normal edges N' : r = g, and a sequence of simple

edges G’ : t — q such that the diagram
§ ———
t ——

G/

<

_

commutes equationally and level(G') < level(s).

The proof of Lemma 4.7 is a very long case distinction which can be found in Appendix A. We now
show how Lemma 4.7 can be used to derive completeness.

Lemma 4.8. Let G: s — r be a simple edge, N : s = I be the unique sequence of normal edges from s to
I, and M : r = I be the unique sequence of normal edges from r to 1. Then MG =~ N.

Proof. We proceed by induction on the level of s. When level(s) = (0,0,0), then s =17 and N = €.
In this case, r = G so that M = G and MG = N by relations (1a), (1b), or (1c). Now suppose that
level(s) > (0,0,0). Then s # 1, so that N can be written as N = N'N where N : s = #( is a normal edge
and N’ : 1o = I is a sequence of normal edges. By Lemma 4.7, there exist a state 7, a sequence of normal
edges L : r = 1, and a sequence of simple edges G’ : 1y — f; such that LG =~ G'N, level(G') < level(s),
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and M = L'L for some sequence of normal edges L. Write the sequence G’ as G’ = Gy.... Gy, where
Gy :ty_1 — tp is a simple edge for 1 < ¢ < k. For each ¢, let Ny : t; = I be the unique sequence of
normal edges from #, to /. Note that, by uniqueness, Ny = L'. Since level(z;) < level(s), then, by
the induction hypothesis, NyGy =~ Ny_;. Thus, since = is a congruence relation, we get N’ ~ N;G'.
Hence, N'N ~ N;G’N = L'G'N ~ L'LG and, by the uniqueness of normal edges, we conclude that
N=N'N~NMG =MG. O

Lemma 4.9. Let G : s — I be any sequence of simple edges with final state I and N : s = I be the unique
sequence of normal edges from s to I. Then G ~ N.

Proof. We proceed by induction on the length of G. When G = ¢, then s =1 and N = €. Thus, in the base
case, we have G ~ N. Now suppose that there is a state r such G = GG for some simple edge G: s — r
and some sequence of simple edges G’ : r — I. Let M : r = I be the unique sequence of normal edges
from r to I. By the induction hypothesis, we have G’ &~ M, and, by Lemma 4.8, MG = N. It follows,
since = is a congruence relation, that G’'G ~ MG. Thus G ~ N. O

Theorem 4.10 (Completeness). Let G and H be words over 4,. Then G ~ H implies G ~ H.

Proof. Since G ~ H, we have [G]] = [H]. Lets = [G]~' = [H]]"! and let N : s = I be the unique
sequence of normal edges from s to . By Lemma 4.9, G = N and H = N so that, since ~ is an equivalence
relation, G ~ H. |

S Orthogonal Scaled Dyadic Matrices

As discussed in Section 1, the elements of O, (Z [%]) correspond exactly to quantum circuits over the

gate set {CCX,H ® H}. Replacing the H ® H gate with the H gate results in a more familiar gate set. In
this final section, we give a presentation of the corresponding matrix group.

Definition 5.1. The n-dimensional group of orthogonal scaled dyadic matrices consists of the n x n
orthogonal matrices of the form M //2¥, where M is an integer matrix and k is a nonnegative integer. It
is denoted .%Z,.

The notions of denominator exponent and least denominator exponent, as introduced for dyadic
matrices in Section 2, also apply to scaled dyadic matrices. For elements of .%;, however, one should
consider powers of 1/ /2, rather than powers of 1/2. As aresult, in this final section, (least) denominator
exponents are considered with respect to 1/ V2.

Note that O, (Z [%]) C %,. It is known from [3, Lemma 5.9] that .%, = O,, (Z [%]) when 7 is odd.
When n is even, O, (Z [%]) is a proper subgroup of .%Z, of index 2. As a consequence, we focus on the
case of even n in what follows.

To obtain a set of generators for ., when n is even, it suffices to add /,, ® H to 4,, where [, ), ® H
is the n x n block-diagonal matrix

L, ®H =diag(H,...,H).

For simplicity, when 7 is clear from context, we write / @ H for I, o ® H. Note that, unlike the other
generators, / ® H is a global matrix which acts non-trivially on entries of a vector or matrix.

Definition 5.2. Let n be even. The set of n-dimensional generators is the subset of ., defined as

Fn = (=g Xjap) Kiapea), I @H | 1 < a,b,c,d <n}.
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(I®H) ~ € (7a)
(I@H)K|1234(I®H) ~ K[54 (7b)
(IxH)(-)yUeH) ~ (=DnXn2(=1)py (7c)
I@H)Xgar (I @H) ~ (_1)?;&-11]X[Z7a+1] la—1aat1.at?) (7d)

Table 2: Relations for .Z,

The relation of semantic equivalence is defined on ., as in Definition 4.1. We adapt the relation of
syntactic equivalence on .%,* by adding further relations to account for the additional generator.

Definition 5.3. The relation ~ on .%#, is the smallest equivalence relation on .%,’ containing the relations
of Tables 1 and 2 and such that if V=~ V' and W ~ W' then VW ~ V'W'. Two words V and W such that
V ~ W are said to be syntactically equivalent.

To obtain a presentation of %, we establish soundness and completeness. As for O, (Z [%] ), sound-
ness is proved by computation and is therefore stated without proof. For completeness, we leverage
Theorem 4.10.

Theorem 5.4 (Soundness). Let n be even. Let G and H be words over .%,. Then G =~ H implies G ~ H.

Lemma 5.5. Let n be even. For every word G over 9, there exists a word G' over 4, such that
(I®oH)G~G (I®H).

Proof. By Lemma A.19 and Theorem 4.10, every word in ¢ is syntactically equivalent to one that uses
only (—1)p}, K|12,3.4) and X, 441). The claim then follows from the relations in Table 2. O

Corollary 5.6. Let n be even and let G € .7, If the least denominator exponent of [G]] is even, there
exists G' € 9 such that G = G'. If the least denominator of |G| is odd, there exists G' € 4 such that
G~G'(I®H).

Proof. Let k be the least denominator exponent of [[G]] (with respect to 1/1/2). Through repeated appli-
cation of Lemma 5.5, we can push all of the occurrence of / ® H in G to the right in order to rewrite G
as G'(I® H)" for some ¢ € N such that / = k (mod 2). The result then follows from relation (7a). [

Theorem 5.7 (Completeness). Let G and H be words over %,. Then G ~ H implies G ~ H.

Proof. Let k = 1de([[G]]) = 1de([H])). If k is even, by Corollary 5.6, G =~ G’ and H ~ H' for some
G ,H € ¥;. Thus G’ ~ H and by Theorem 4.10 G’ ~ H'. Hence, G ~ H. If k is odd, by Corollary 5.6,
G~G'(I®H)and Hx~ H'(I®H) for some G',H' € 4. Thus G’ ~ H' and by Theorem 4.10 G’ ~ H'.
Hence, G ~ H. |

6 Conclusion

In this paper, we gave a finite presentation of the groups O,, (Z [%]) and .%,, which arise in the study of
so-called restricted Clifford+7 circuits. A natural extension of this work is to study the matrix groups
which correspond to alternative restrictions of the Clifford+7 gate set. Another avenue for future research
is to interpret the relations of Tables 1 and 2 as relations between quantum circuits and to use them to
optimize restricted Clifford+7 circuits.
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A Proof of the Main Lemma

This appendix contains a proof of the Main Lemma (Lemma 4.7). We first record some important prop-
erties of Kjp 4 in Appendix A.1. Then, in Appendix A.2, we introduce derived relations which are
helpful in establishing that certain diagrams commute. In Appendix A.3, we distinguish between simple
edges and basic edges in order to simplify the proof of Lemma 4.7. The proof of the Main Lemma, a
long case distinction, can be found in Appendix A.4.

A.l Properties of K|, ;, . 41

We start by recording a few useful properties of Kj,; 4. To this end, it will be useful to consider the
vector of residues associated to a vector of integers. For brevity, we will sometimes write u =r;---r,
(mod m) if u; =r; (mod m) for 1 <i<n.

Let u € Z* and define the vectors v and w as

Uy +ur+uz +uy
Uy —uy+us—uy
up+uy —uz —uy
Uy — Uy — U3+ Ug

and w =v/2. Then w = K[y 2,3 4u. Note that while v € 74, for w we have w € Z* or w € Z [%]4

Lemma A.1. Let u € Z* and suppose that uy +us +u3 +us =0 (mod 2). Then K[1 2341 = w for some
w e Z4,

Proof. Write v as above. Then, since u; +up +u3+us =0 (mod 2) and u; = —u; (mod 2), we have
v; =0 (mod 2). The result then follows by setting v; = 2w; and noting that K 234U = v/2=w. U

Lemma A.2. Let u € Z* and suppose that u= 1111 (mod 2). Then

* if the number of entries in u that are congruent to 1 modulo 4 is even, then K|y 5 3 4u = w for some
w € Z* such that w = 0000 (mod 2), and

* if the number of entries in u that are congruent to 1 modulo 4 is odd, then K| 53 4u = w for some
w € Z* such that w = 1111 (mod 2) and the number of entries in w that are congruent to I modulo
4 is odd.

Proof. We know from Lemma A.l that w € Z*. Now write v as above. It can then be verified that if
there are evenly many u; such that u; = 1 (mod 4), then v = 0000 (mod 4), so that w = 0000 (mod 2).
Similarly, if there are oddly many «; such that u; =1 (mod 4), then v =2222 (mod 4), so that w= 1111
(mod 2).

Finally, suppose that u = 1111 (mod 2), that the number of u; = 1 (mod 4) is odd, and that the
number of w; =1 (mod 4) is even. Then by the first part of the lemma we have KJ; 3 4w = 0000
(mod 2). But this is a contradiction since

Kiipsaw=Kno34Kj234u=u
and u = 1111 (mod 2) by assumption. O

Lemma A.3. Let u € Z* and suppose that uTu =2 (mod 4). Then u has exactly two odd entries and
K[ 23,44 = w for some w € 74, Moreover,
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* ifu=1100 (mod 2) then w= 1010 (mod 2) or w= 0101 (mod 2),
* ifu=1010 (mod 2) then w= 1100 (mod 2) or w= 0011 (mod 2),
* ifu=1001 (mod 2) then w= 1001 (mod 2) or w= 0110 (mod 2),
* ifu=0110 (mod 2) then w= 1001 (mod 2) or w= 0110 (mod 2)
* ifu=0101 (mod 2) then w= 1100 (mod 2) or w= 0011 (mod 2)
* ifu=0011 (mod 2) then w= 1010 (mod 2) or w= 0101 (mod 2)

i

, and

Proof. Since uTu =2 (mod 4), u has exactly two odd entries. Thus, by Lemma A.1, Kjozaqu=w
for some w € Z*. Now suppose that u = 1100 (mod 2). Then u; =u; =1 (mod 2) and u3 = uy =0
(mod 2). Note that (f£u3) + (Fus) =2u3 (mod 4). If u; = up (mod 4) we get

up+up +uz +uy 2u1 +2u3

Uy —uy+us—uy 2u3
V= =

uy + Uy — u3 — iy 2u; +2u3

Uy —uy —uz+ug 2u3

so that v=2020 (mod 4) and w =v/2 = 1010 (mod 2). And if u; # up (mod 4) we get

Uy +uy+us~+uy 2u3
S L e e R 7 2u1 +2u3
Uy +uy —uz —ug 2u3

Uy — Uy — U3 +ug 2uy +2u3

so that v= 0202 (mod 4) and w=v/2 =1010 (mod 2). The remaining cases are proved similarly. [J
Lemma A.4. Let u € 7* and suppose that uTu =1 (mod 2). Then u has exactly one or three odd entries
and K 53 4)u = w for some w ¢ Z*. Moreover, for v =2w € Z*, we have
* ifu=1000 (mod 2) oru=0111 (mod 2) thenv= 1111 (mod 4) or v=3333 (mod 4),
* ifu=0100 (mod 2) or u=1011 (mod 2) then v= 1313 (mod 4) or v=3131 (mod 4),
* ifu=0010 (mod 2) or u= 1101 (mod 2) then v= 1133 (mod 4) or v=3311 (mod 4)
* ifu=0001 ( ) 1110 (mod 2) then v = 1331 (mod 4) or v=3113 (mod 4)

) (

) (

) ( , and
mod 2) oru = ) ( .

Proof. Since uTu =1 (mod 2), u has oddly many odd entries. Writing v and w as above, we see that
v=1111 (mod 2) so that w & Z*.
Now, if u = 1000 (mod 2), then

(£uz) + (£u3) + (us) =3up  (mod 4).

Hence, we either have v = 1111 (mod 4) when 3u; =0 (mod 4) or v = 3333 (mod 4) when 3u; =2
(mod 4). This proves the first item. The remaining items are proved similarly. O

Lemma A.5. Let u € Z* and suppose that u = 1111 (mod 4). Then K[ 12341 = 2w for some w' € z*
such that w' = 1000 (mod 2) or w' =0111 (mod 2).
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Proof. Let v € Z* be defined as above. Since u; = 1 (mod 4), we have v; = 0 (mod 4). Moreover,
u; =1 (mod 4) also implies that uy + us =2 (mod 4), so that uy + us = —(up +us) (mod 4), and thus
that up +us = —(up +us) +4 (mod 8). As aresult, vy =v; +4 (mod 8). Reasoning similarly we find
that v3 =v; +4 (mod 8) and that v4 = v; +4 (mod 8). The result then follows by setting v; = 4w/} and
noting that Kjj » 3 qu =v/2 =2w'. O
Lemma A.6. Let u € Z* and suppose that u= 0000 (mod 2) and that uTu =0 (mod 8). Then
Kjpzau=w
for some w € Z* such that w = 0000 (mod 2).

Proof. We have uTu =0 (mod 8). Since the square of an even integer is congruent to 0 or 4 modulo 8
there must be evenly many u; such that ul-z =4 (mod 8). Therefore, there must be evenly many «; such
that u; =2 (mod 4). The result then follows by computation, as in the proof of Lemma A.1. O

Lemma A.7. Let u € Z* and suppose that u= 0000 (mod 2) and that uTu =4 (mod 8). Then
Kiipzaqu=w

for some w € Z* such that w = 1111 (mod 2). Moreover, evenly many of the entries of w are congruent
to 1 modulo 4.

Proof. The first statement is shown as in Lemma A.6. For the second statement, suppose that oddly
many of the entries of w were congruent to 1 modulo 4. Then wy +w, + w3 +wyq =2 (mod 4). Then
(Wi +w2+w3+ws)/2=1 (mod 2). But this is a contradiction since (w; +wy +ws +wy4)/2 = v; and
vi =0 (mod 2) by assumption. O

Lemma A.8. Let u € 73 and suppose that u = 11111111 (mod 2). Then either uTu =0 (mod 16) or
uTu=8 (mod 16).

Proof. Since the square of an odd integer is either 1 or 9 modulo 16, then uTu = x+9y (mod 16) where
x is the number of entries whose square is congruent to 1 and y is the number of entries whose square is
congruent to 9. But x+y = 8, so that uTu =0 (mod 16) or uTu =8 (mod 16) as desired. O

Lemma A.9. Let u € 78 and suppose that u= 11111111 (mod 4). IfuTu =0 (mod 16) then
K1 234 K[5678u = 2w
for some w € Z3 such that w = 10000111 (mod 2) or w = 01111000 (mod 2).

Proof. We know by Lemma A.5 that K[j 53 4K[s5678u = 2w for some w € 78 such that the vector of
residues of w is one of

10001000, 10000111, 01111000, or 01110111.

But, since K is orthogonal and uTu =0 (mod 16), we have 4(wTw) = uTu =0 (mod 16) and therefore
wiw =0 (mod 4) so that w = 10000111 (mod 2) or w= 01111000 (mod 2) as claimed. O

Lemma A.10. Let u € Z8 and suppose that u = 11111111 (mod 4). IfuTu =8 (mod 16) then
Kii 234 K567, =2w
for some w € 78 such that w = 10001000 (mod 2) or w = 01110111 (mod 2).

Proof. Similar to the proof of Lemma A.9. O
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In this section, we show that certain convenient relations can be derived from the relations given in
Table 1. In the derivations, we sometimes use certain relations implicitly: we remove adjacent pairs of
identical generators using relations (1a), (1b) and (1c), we commute generators acting on distinct indices
using relations (2a), (2b), (2¢), (2d), (2e) and (2f), and we change indices using relations (3a), (3b), (3¢),

(3d), (3e), (3f) and (3g).

Proposition A.11. The relations below are derivable.

Xla) Kab.ca)
Xla.d)Klab.c.d)
Xib, | Kiap.c.d)

Xib.d)Kla.b.c.d)

~ KiapedXie.q) (=D (=Dig
~ Kigped Xip.aXje.a Xip.a) (= 1)p) (=1)
~ KapedXp,d

~
~

Kiapc.dX[e.d)

Proof. For relation (8c), using relation (4b), we have

Xip. o Kapea) = (—

(=

Q

)[a]Kabcd]( l)a]Kabcd]( l)a]Kabcd]K[abcd]
)[a]Kabcd]( l)a]Kabcd]( 1)
~ KapeaKaped (=D aKapeda (1)@ Kiapedq (=1

~ Kb Xip,e-

For relation (8a), using relations (4a) and (8c), we have

Xl Klap.c.d)

~ Xipd X(ab) X[b. Klap,c.d

X,/ Xa,p)Klap,c.a) Xibc]

Xiv.o Klape.aXip.a) (= D) (=1 @) Xp.c]
Kiape.aXip,dXp.a) (=D p) (= D@ Xp.e
KiapedXiea) (=D (=Da-

For relation (8b), using relations (4c) and (8a), we have

Xia.a|Klap.ed) =

22

~
~

Xie a1 X (0.0 Xje.d) Klap.c.d)

Xied X, Klab,e.d) Xp.a]

Xie.a) Kiap.e.aXje.q) (= D1 (= D@ Xp.a)
KapeaXp.aXie.aq) (=D (= DiaXpp.a)
Ko earXp.a Xie.aXip.a) (= Dip) (=D

Finally, relation (8d) is the adjoint of relation (4c).

(8a)
(8b)
(8¢)
(8d)

O

Along with relations (4a) and (8c), the relations of Proposition A.11 will allow us to move an x
generator passed a K generator when the X generator acts on two of the indices on which the K generator

acts. The next proposition shows how to move evenly many occurrences of a (—

generator.

1) generator passed a K
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Proposition A.12. The relations below are derivable.

(D (=D Kaped * KapedXadXpa (D (=Dp (=D (=D
(=D (=D Kiapea = KapedXiasXiea (—Dia (= Dp) (=g (=g
(=D (D@ Kapea) ® KapedXaaXp.d(—Dig(=Dp (=g (=D
(=D (=D Kapea) @ KapedXaaXp.d
(=D (=D Kaped = KapedXapnXed
(=D (=D Kiaped = KapeaXadXpa

(=D (=D (=D (= D@Kapea = Kiaped (=@ (=) p (=D (=1

Proof. For relation (9¢), using relations (4a) and (4c), we have

(=D (=D Kapea = (=D p(=DiaKapeaXeaXed
~ (=D (=D @ Xp.a Kiab.ed X

~ Kaped XanXed)-
For relation (9f), using relations (8c) and (9e), we have
(=D (=D @Kiapea = Xp.d (=) Xp.d (=)@ Kiap,cd
~ Xip. (= D) (= D) Klap.c.a)Xip.o]
~ X, Kiap.e.d) Xjap Xje.d X[be]

7

[
R Kiape.d Xip,d Xlap Xe.d) X (b
R Kiaped Xip,d X[a.n) Xb,c| X(b,c Xle.d) X[b.e]
[

~

~ Kiap.ed/Xa.oXpd)-
For relation (9d), using relations (4c) and (9f), we have
(=D (=D Kiapeay = (=D g Xp.a) (=D Xp.aKiap.ea
~ (=D Xp.a) (=D Kiap.ed Xea
Xip.a) (=D (=D Kiap.c.aXjea
~ Xip.a/Kiap.cd Xa.d Xipa) Xc.d

Q

~ Kiaped Xied Xla.d Xp.a)X|c.a)

~ KiapedXiedXia.cdXieaXiedXpaXed
~ Kioped Xja.aXp.e-

For relation (9g), using relation (9f), we have

(=D (=D p (=D (=D @ Kapea = (=1)q
~ X[a7c]X

(=D ) Kap.c.aXjad Xip.a
b (= 1)) (= D) Xja,e) Xp.a) Kla,p,c.d) X(a, X[p,d]

~ Xa. o Xp.d1 Kiab,e.a) Xia,d Xip.a) (= D1 (= D) a1 X[, Xp.a)
~ Xia.d Xpp.a)Kape.a) (=D (=D
~ Kiaped)(—Dig (=D p (=g (=1)a-

223

(9a)
(9b)
(9¢)
(9d)
(%)
(91)
%2

]
[
~ XaXp.a) (= D (= Diag Kiapea) (=D (= D@ Xa. ) Xp.a
[bd
[
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For relation (9b), using relations (9e) and (9g) and multiplying the right-hand side by

(=D (=D p (=D (=Dg (=D (=D (=D (= Dig
we get
(=D (=D gKapea = (=) p(=D@Kaped (=D (=D p (=1 (=1)g
~ Kigped Xjap Xed (= Dig (= D) (=D (= Dig-

For relation (9a), using relations (9f) and (9g) and multiplying the right-hand side by

(=D (=D p (=D (=g (=D (=D (=D (=g

we get

(=D (=D pKiapea = (—D(=D@Kaped (—Dig (=Dp (=D (=D
~ Kiaped) X, Xip.a) (= Dig (= D) (=D (=1)1g-

For relation (9c¢), using relations (9d) and (9g) and multiplying the right-hand side by

(=D (=D p (=D (=g (=D (=D (=D (=g

we get

(=D (D@ Kapea = Dp(=1)gKaped (—Dig (= Dp (=D (=D
~ KiapedXadXip.e (= Dia) (= Dp) (= Dy (=1)1g- O

Corollary A.13. Let W be a word over & of the form

K[a,b,c,d] (_ l)ﬁz‘] (_ I)E] (_ 1)’[%] (_ I)E]K[a,b,c,d]

where T, Ty, T., Tq € Zy and evenly many of T,, Ty, Tc, Ta € Z are even. Then there exists a word V over
{(=DpsXpyq | %,5,2 € {a,b,c,d}} such that V= W.

Proof. By relations (4a) and (4c) and Proposition A.12. O

Corollary A.14. Let W be a word over 4 of the form

/

K[a7b7c7d] (—1)[?{] (_1)[?;] (_1)[%] (_I)FE]K[mhad} (—1)[2‘] (_1)[?;] (_1)[%] (_I)Fj]K[mhad}

where Ty, T, T, Ta, Ty, Ty, Ty Ty € Lo, oddly many of T, T, T, Ty are even, and oddly many of T, 7, , 7., T,
are even. Then there exists a word V over {(—1)y, X}y | x,y,z2 € {a,b,c,d}} such that V=~ W.

Proof. First note that by multiplying by
(=D (=D (=D (=D (=D (= Do) (=D (= Dy

if required, we can ensure that exactly one of 7,, T, T, or T, is odd, and similarly for for 7, 7,, 7., or 7.
Moreover, conjugating the left occurrence of (—1) by X4, and commuting both Xs, we can ensure that
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the left occurrence of (—1) is of the form (—1)(,. Therefore, we can assume without loss of generality
that W is of the form

K[a,b,c,d] (_ 1 ) [a] K[a,b,c,d] (_ 1 ) [x] K[a,b,c,d]

for some x € {a,b,c,d}. If x = a we can conclude by relation (4b). If x = b we have

Kiaped (= DiaKiapea (=D Kiap.ea
~ Kiap.ed) (= Dia Kiab.ed) (=D 51 X(a,0) X(ab) Kiab.e.d
~ Kigpe.d)(— 1) Kiaped Xjap) (— 1 Xap) Klabedl
~ Kiaped) (=D (= Dig) (=D Xp.a Kiab.c.q) (— Dia Kiap.ea Xipa) (— Dip (=D

~ Xap Kiaped) (= D0 Kabed) (—DiaKapea Xpa (= Dp) (= Dig
so that this case reduces to the case of x = a. Similarly, if x = ¢
Kiaped) (= DiaKiapea) (=D Kiaped = Kiaped (D@ Kiaped (=D pXp.d X Klap.ed
~ X[lLC] K[a7b7c7d] (_ 1)[11] K[a7b7c7d] (_ 1)[11] K[a7b7c7d] X[lLC]
andif x=d
Kiape.d) (= D@ Kiap.ed (D@ Kiaped) = Kap.ed (D aKiap.ed (1) XpaXp.daKaped
~ Xipa)Kiap.e.d) (= DigKiap.ea (=D p KapedaXea- B

Proposition A.15. Ler G be one of the words below.

1 Ku3ﬁcd]<—1>ff]<—1>f§]<—1>f;]<—1>f;]1q1234]< D (=D (=15 (=D K1 2cd
2. Kpaca(-1)3 ( D (D (DK 234 (D CDEED R (DK 20
3. Kizea ()i (- D5 (D5 (D Kuzag (D5 (- DE (D5 (D Knsea
4 Kyaea (D5 (=D (D5 (D8 Kuzag (D5 (- DE (D5 (DK sea
5. Kiaea (=D (=D (D5 (D Knzag (D (- DE (D5 (D Knaea
6. Kpsea (—1)5 (- D (= D5 (~ D K24 (— D (- DE (D5 ()i Knaea
7. Kitaea (D0 (=15 (=D (=D K24 (D (D (- DE (DB Kpsea
8. Kpseca(— 1)[%( )é](_1)&(_1)[1;(11]1([1727374](_1)[1;(11](_1)2](_I)E](_l)%K[ZSc7d]
9. Kizea (— 1) (=D (= D5 (~ D K234 (~ D (- DE (- DE ()% Kzaca
10 Ky ge (—1)5 (= Db (= D5 (— D K29 (~ D (- DE (- DE (D)% Kaca
11 Ky s.ea(= D (=15 (= D5 (=D K 2aa (=D (= D5 (- DE (- D5 Kpaca
12. K[2747c7d](_1)[2](_1)&‘](_1)&( D Kizsa (=D (D5 (=D (D5 K 404
Then there exist words V and W over {(—1)(y,X[xy }, with x,y € {1,2,3,4,c,d}, such that

G ~ VK[17273747]W.
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Proof. Let G be one of the words above. Then G has the form
Kio ) (= 1)y (=15 (=D (=D Kpasa (D (=D (D (= DB Kis ed

for appropriate indices o, f3, ¥, and §. We want to show that there exist V and W over {(—1)(y, X[z},
G =~ VK[ 234 W. By Proposition A.12, evenly many occurrences of (—1) can be commuted passed K.
Since K[ 234) & (—1)[41{[1727374] (—1)[6], we can thus assume without loss of generality that G is in fact
of the form

Kigped (=D iaKn234Ksyca o Kiapea(—1)pKn234Ks.y.c.d-

Using this simplification, we illustrate the rewriting strategy for the first two words.

1. In this case, without loss of generality, G is either

Kisea(=DnKn2saKiozea of Kuzeaq(=DpKn2saKi2.ca-
By Propositions A.11 and A.12, in the first case we get

G~ Kj3ca(—DKn234Kn2.ed
~ (=D Kjzea(—Dn (=D Kn2s4 K0 2.4
~ (D) K seaKn234Xn,3Xp4a (=D (=D (=D (=D @K 2.c.q
~ VK 5.caKno2saKpacaqW-

And in the second case we get

G~ Kj13cq (=D Kn234K 2.4

~

~ (=DwKnsea(=Dp (= DwkKn 234K 2.4
~ (= DK s.ca1 K234 X13X2.4K1 2,04
~ VK1 5.cdKn234Kp4caqW-

Hence, to complete the proof it suffices to show that K[y 3 . 4K[1 2,341 K[3 4,c,4) can be written
in the desired form. This is a consequence of relation (5a) since

K 3,00/ K123,4K3.4.ca) = X112 X121 X341 X341 K11 3,001 K[1.2,3,4/ K3 4,0.)
~ X1 29X 4K a.cd X112 X34 K1 234K3.4.0.4)
~ X1 2X34Kp4caKn 234 (=D (D @Kz aca
~VKpacdaKnazaKpacaqW-

2. In this case, without loss of generality, G is either

Kpaca(—DpKn2saKizea of Kpaca(=DwKn2zaKi2.ca-
By Propositions A.11 and A.12, in the first case we get

G~ Kpaca(—DpKpn234K1 204
~ (= DKpaca (=D (=D Kn 234K 2,04
~ (=D Kpaca K 234X13X2.4 (=D (=D (=D (= DK 2.eq
~ VKpacaKn2saKza.caqW-
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And in the second case we get

G~ Kpacag(—DwKn234Kn 2.4

~

~ (=) 31Kpa.cda (=D (=) wKn 234K 2,04

~ (= DpKpaca Ki23.4X0 3 X4 K1 2,04
~ VKp4caKi234Kp4.caqW-

Hence, to complete the proof it suffices to show that K[ 4 . 4 K[12,3 4)K[3.4.c,4) Can be written
in the desired form, which follows directly from relation (5a).

The remaining cases are treated similarly. O

Proposition A.16. The relation below is derivable.

Kie.£,0Klabcd) X(d,e| Klap.c.d| Kle,f.0.1]

~
~

(=D (=D X0 Kie,£.0.1 Kiapc.d1 Xid.e) Kiab,c.d) Kie, .0, Xjan) (1)1 (= Dy

Proof. Using relations (6a) and (8b), we get:

Kie.f.01 Kiap.c.a) Kiap.c.o Kia, f.g,1 Xlan) (= Dia) (= D

~
~

R R R R
B El

Q

Q

Q

Q

Xie 11X (e ) Kie. .00 Klap.c.a Kia,p.c.e) Kid. £, Xjan) (= 1) ja (= Dy
Xie i Kie.£.0 X1 Xig i X0 (= D17 (= D g1 Klape.a) Klabe. Kl .60 Xlap) (= Dia (= Dy
Xie 1 Kle, 1,60 Kiap.c.d) Klape.ol X110 X g X170 (= D17 (= 1) (01Kl 1. Xlan) (= Dia) (= Dy

e Ke.f.gm Kiap.cd Kiape. X1, (=) (D i1 Kia, 100 Xfap) (= Dja) (= Dy

>

e Kie,f.0.0 Kiab.c.d) Kiap.c.o Kid, .00 Xian Xjan) (= Dja (=1

.‘><

e Kie, £, Klap.cx) Kiap.c.o Kia, £.g.0 (= 1) (= 1) a1 X (a1 X (a1

N

e Klef.0.1]

<

[
[
[
tabcd) Kiab.c.o) Kia. £ Xad) X(ad) (— Dia) (=D @) Xja.n Xja
[
[

e,h]K[efgh]Kabcd]K[abce]K[d,f,g,h]X[ad]( D (= 1) a1 Xa,n

a

D1 Ke, .0 Kia b.c.d) Kiap.c.el Kia, 1.6, X[ 1)
A Kie .01 Kiape.d Kap.ee (=D (=) X(1,0Kla.£.0

—1) (=

=) (=1)

D@ (=D Ke,r,2 (=D (D11 X 1,0 Kl p.c.d) Kiab.c.e) Kl 1,0
=1 (=1)

[

[
[
la A Xlen) Kle.f g0 Klap,c.d Kap.c.e Kl f.g.0)
H (=

;
<

[

[

[

[

[

[

[

tei Kje.7.6.0 Klab.c.d) Kiab.e.) Kld. £.6. Xja.a) (= Dia) (= D a1 X (0.1 (a1 X[,
[

le,

[

le,

le,

e, Do) (=D Kje. .60 Klab.c.d) Kiap.c.e| Kid.£.6.1]
[

ah]( 1)[a](_ )[h]K[e,f,g,h]K[a,b,c,d]K[a,b,c,e]K[d,f,g,h]'

A.3 Basic and Simple Edges

Definition A.17. The subset ¥, C ¥, is defined as

Gy = {Xaar1 K234, (=D [ 1 <a<n—1}. (11)

The elements of &, are called basic generators and an edge G : s — ¢ is called a basic edge if G is basic.
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Definition A.18. Let G € ¢,. The extent of G is the largest subscript appearing in G. That is,
extent(X|, ) = b, extent(Kj,pcq) =d, and extent((—1)y) =a.

The extent of a sequence G = G| - - - G, is max{extent(G;) | | <i<n}.

Lemma A.19. For any simple edge G, there exists a sequence of basic edges G' such that
1. G'=~G,
2. extent(G') = extent(G), and

3. level(G') =level(G).

Proof. See [8]. |

A.4 The Proof

We start with a version of the Main Lemma for basic edges, from which the full version of the Main
Lemma will follow.

Lemma A.20. Let s, t, and r be states, N : s = t be a normal edge, and G : s — r be a basic edge. Then
there exist a state q, a sequence of normal edges N* : r = ¢, and a sequence of simple edges G* 1t — ¢

such that the diagram
§ ——
Nﬂ N*
t ———

G*

~

BN

commutes equationally and level(G*) < level(s).

Proof. We proceed by case distinction. Since r, t and N are uniquely determined by G and s, it suffices
to distinguish cases based on the pair (G,s). Let v; and v, be the pivot columns of s and r, respectively.
Let level(s) = (j,k,m), where j is the index of v, in s, k = 1de(vy), and m is the number of odd entries in
2%y,. We consider the cases G = Xppr1, G= (—1)[1], and G = K| 534 in turn. For each choice of G,
we distinguish further subcases depending on whether k = 0 or k > 0. Figure 1 represents the first three
levels of the case distinction.

Casel. G =X 1)

Subcase 1.1. k=0. Then v, = (—1)%e,, where 7, € Z; and 1 < a < j. We now consider the cases j < x
and j > x in turn. For each choice of j we distinguish further subcases corresponding to different values
of a.

Subcase 1.1.1. j <x. Then X[, ) acts non-trivially on the previously fixed columns and this case is
therefore retrograde.

Subcase 1.1.2. j > x.
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— G = X[xpc-‘rl]

tko
k>0

— {a,b,c,d} N {x,x+1} =0

— |{a7b7cad}m{x7-x+l}‘ =1

—— {a,b,c,d} N{x,x+1}| =2

— G=Kpi234

Lk:O

s a=4

——a>4

— k>0

s {a,b,c,d}n{1,2,3,4}| =0
——— [{a,b,c,d} N{1,2,3,4}| = 1
- {a,b,c,d}n{1,2,3,4}| =2

—— [{a,b,c,d} N{1,2,3,4}| =3

— |{a,b,c,d}ﬂ {1’2’3’4}| =4

Figure 1: The case distinction.
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Subcase 1.1.2.1. a ¢ {x,x+ 1}. Then v, = v;. Hence, level(r) = level(s) and, from both s and r, the
algorithm prescribes X, j(— 1)[2‘1‘]. We complete the resulting diagrams as follows, depending on whether
x+1=j(left) orx+ 1 < j (right).

X[x,erl] rr+1]
§ —— r § —— r
X[a,x+|](1)ﬁﬁﬂ Xigrn) (=D Xiaj) (= ﬂ Xia (=D
t > q t > q
X[a.,x] X[xx+l]

The diagrams commute by relations (2b), (3a) and (3b) since

ot 1] (D@ X1 = X 11X e 1] (= Dig) 2 X 11X [0 (= D1a] = Xja g Xapr1) (=1 (g

and
Xia ) (=D @ X s 1) = Xia, 1 X 1] (= Dig) = X 11X, (— Dia) = Xja g Xja 1] (— 1)

Moreover, the level property is satisfied since level(z),level(q) < level(s).

Subcase 1.1.2.2. a € {x,x+ 1}. Then X[xx+1) acts non-trivially on vy and so v, # vs. If j=x+1, then
the diagram to complete is one of the diagrams below, depending on whether a = x (left) ora =x+ 1

(right).

We then complete the diagrams as follows.

X[x,x+1] r x+1]

N
(*I)E&rl] XHH,
t

The diagrams commute by relation (3c) and relations (1a) and (3c), respectively. Moreover, the level
property is satisfied since we have level(g) = level(r) < level(s) in both cases. Now if j > x+ 1, then the
diagram to complete is one of the diagrams below, depending on whether a = x (left) or a = x+ 1 (right).

r
q

Xpeern) (=14 > I

~
Qe N

—
t

S

XVY+1 xx+1

r N
H' [x+1.j x+| X, )(= [H—]]ﬂ
t

We then complete the diagrams as follows.

-

J
J

X (=D

S~

xerl] X[XJH’I]

X[x+17j](_l)§l+1] X[x+14,j](_1)‘[il+1]

i l

_

~ L
s
=e

X[x x+1]



S. M. Li, N. J. Ross & P. Selinger 231

Both diagrams commute by relations (3a) and (3c) and the level property is satisfied since we have
level(r) < level(s) and level(g) < level(s) in both cases.

Subcase 1.2. k > 0. Let u = 2Xv and let a,b, c,d be the indices of the first four odd entries of u. In this
case, N is of the form

K[a,h,c,d] (_ I)EZ] (_ 1)’[%] (_ I)FCC] (_ I)EZ;] )
where T, Ty, ¢, Tg € Zp. We have |{a,b,c,d} N{x,x+1}| € {0,1,2}. We consider each one of these
cases in turn.

Subcase 1.2.1. [{a,b,c,d} N{x,x+1}| =0. If x+ 1 < j, then X[, ;) acts trivially on the previously
fixed columns and doesn’t affect the number of odd entries in u. Hence level(r) = level(s) and the first
four odd entries in the integral part of v, also have indices a, b, ¢, and d. Thus the diagram to complete
is the one shown below.

X [xx+1]

|

N
K[mdml);:](1)&(1){5(1>ﬁﬁﬂ Kiapea (=D& (=D (=DE5(=1)[
t

_

We then complete the diagram as follows.

X [xx+1]

S
K[mdml);:](1)&(1){5(1)% Kiapea (=D& (=D (=DE5(=1)[4
t

||

_

X [ex+1]

The diagram commutes by relations (2b) and (2c). Moreover, the level property is satisfied because
level(t) <level(s) and level(q) < level(r) =level(s). Now if x+1 > j, then X . ) acts non-trivially on
the previously fixed columns and the case is retrograde.

Subcase 1.2.2. [{a,b,c,d}N{x,x+1}| =1.

Subcase 1.2.2.1. |{a,b,c} N{x,x+ 1}| = 1. Then x+ 1 < d and there are six subcases to consider,
depending on whether x € {a,b,c} orx+ 1 € {a,b,c}. These cases can be uniformly represented by the
diagram

where, for an index p € {a,b,c}, we have p' =xif p=x+1and p’ =x+ 1 if p =x. We can then
complete the diagram as follows.

X [xx+1]

T Ty T

S
a T C T a’ c
K[amz](l)ﬁ,](1)[5(1)[}(1)[{5’]ﬂ Kie (= Dy (= Dy (=1 (=D
t

||

S

X [ex+1]
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The diagram commutes by relations (2b), (3c), (3d), (3e), (3f) and (3g) and the level property is satisfied
since x+ 1 < d implies that level(r) = level(s) and therefore that level(r) < level(s) and level(q) <
level(r) = level(s).

Subcase 1.2.2.2. d = x+ 1. This case is similar to the previous one and the completed diagram is given
below.
x.d]
§ ———r
Kiapexr) (=D (=D (=15 (- [d]ﬂ K[a.b‘r‘x](71)3](71)‘[%](71)&(71)[3
t —>

q

To see that the diagram commutes and that the level property is satisfied, one can reason in the same way
as in Subcase 1.2.2.1.

Subcase 1.2.2.3. d =x. Let e =d + 1 and let u, be the e-th component of u. If u, is even, then the
indices of the first four odd entries of the integral part of v, are a, b, ¢, and e. We can then reason as
Subcase 1.2.2.1, using the completed diagram below.

r

N —>
K[aﬁb,c,d](—wm(—1)&(—1)@(—0% H fabee (=D (=D (=DE=1)E
t —> q

de

If u, is odd, then the indices of the first four odd entries of the integral part of v, are a, b, ¢, and d, and
the diagram to complete is the one given below.

k
=

r

T T

K (~D (=D (- D (-1 Kiapea/ (DS (D (DD

R

q

In this case, there are at least two quadruples of odd entries in u. Let f, g, and /& be the indices of the first
three odd entries of u after e and write u for the vector composed of the first eight odd entries of u. Then,
by Lemma A.8, we have 7T = 0 (mod 16) or uTz = 8 (mod 16). We consider both of these cases in
turn.
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Subcase 1.2.2.3.1. w7z =0 (mod 16). Then we consider the diagram below.
s e,
Kiabea)(=D[(=Dh (=D (=14 Kiabea)(=DE(=DH (=D (=D
! q
Kiespa (=D (=D (=D (= 1)k Kie (D (DA (DB
I q1
(=D (=D Xae (=D (=D Xae
t; 92
Kiap,c.a Kiap.ca)
t; q3
Kie.sg Kie.r.g
X,

To see that the diagram commutes, note that the occurrences of (—1) in the top part of the diagram can
be commuted past X and K and cancelled, using relations (1b), (2b), (2d) and (2e). The fact that the
diagram commutes is then a consequence of relation (6a). We now verify that the diagram satisfies the
level property. The first two edges descending from s are prescribed by the algorithm. Thus

K[a7b7c7d](_l)ﬁ](_l)ﬁ};}(_l)ﬁ](—l)%ﬁ =
with w = 00001111 (mod 2), so that level(t;) < (j,k,m — 1) < level(s). Similarly,
Kie pe (=D (=D (=D (=1 jyw = w1

with w; = 00000000 (mod 2) so that level(t;) < (j,k,m —2) < level(s). Moreover, by Lemma A.9, we
know that w; = 2w} with w} = 10000111 (mod 2) or W} = 01111000 (mod 2). Hence,

S

(=D (=D X[, W1 = W2

with W, = 2w, and W), = 00001111 (mod 2) or w), = 11110000 (mod 2). Thus level(r,) = level(z;) <
(j,k,m—2) <level(s). By Lemma A.l, we have

Kigpeaqw2=w3 and  Kj, o pW3 =Wy
with w3 = 2w} and Wy = 2w/, for some W}, W/, € Z3. Hence, we get
level(ts),level(3) < level(ry) < level(s).
We can reason analogously with the right hand side of the diagram to show that
level(qa),level(gs),level(g2),level(q;),level(g),level (r) < level(s).

This proves that the diagram satisfies the level property.
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Subcase 1.2.2.3.2. ™z =8 (mod 16). Then we consider the diagram below.

Xjd.el
S —————r

Kiaea(~ D (DB (=D (- Kiapea(~ D (DB (=D (1)

t q
Kiespa (=D (=D (=D (= 1)k Kie (D (DA (DB
h qi
(=D (=D Xan (=D (=D Xasn

t; q2

Kiap,c.a Kiap.ca)
t; q3

Kiep.gm Kiep.gm

X

To see that the diagram commutes, note that the occurrences of (—1) in the top part of the diagram can
be commuted past X and K and cancelled, using relations (1b), (2b), (2d) and (2e). The fact that the
diagram commutes is then a consequence of Proposition A.16. We now verify that the diagram satisfies
the level property. The first two edges descending from s are prescribed by the algorithm. Thus

K[a7b7c7d] (_I)EZ] (_l)ﬁ};] (_I)Ef] (_l)g]ﬁ =w
with w = 00001111 (mod 2), so that level(t;) < (j,k,m — 1) < level(s). Similarly,
Kie pe (=D (=D (=D (=1 jyw = w1

with w; = 00000000 (mod 2) so that level(s;) < (j,k,m —2) < level(s). Moreover, by Lemma A.10,
we know that w; = 2w/ with W} = 10001000 (mod 2) or w) = 01110111 (mod 2). Hence,

(=D (=D Xanw1 = w2

with W, = 2w/, and W), = 00001001 (mod 2) or w), = 11110110 (mod 2). Thus level(r;) = level(z;) <
(j,k,m—2) <level(s). By Lemma A.l, we have

Kigpeaqw2=w3 and  Kj, o pW3 =Wy
with w3 = 2w} and Wy = 2w/, for some W}, W/, € Z3. Hence, we get
level(ts),level(3) < level(ry) < level(s).
We can reason analogously with the right hand side of the diagram to show that
level(qa),level(gs),level(g2),level(q;),level(g),level (r) < level(s).

This proves that the diagram satisfies the level property.
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Subcase 1.2.3. |[{a,b,c,d} N{x,x+ 1}| = 2. Then the diagram to complete is one of the diagrams
below, depending on whether {x,x+ 1} = {a,b} (top), {x,x+ 1} = {b,c} (center), or {x,x+ 1} = {c,d}
(bottom).

Xiap]
§ ——— 7
a T C 7
K[a,b‘,c‘,d](_I)E;](_l)[f](_I)E:C](_l)[j]ﬂ Kapea(=1 (=D (=D 5 (=14
! q
Xpel
§ ———— r
T c T,
K[mb,c,d](_l)[a](_1)[;](_1)‘{(](_1)[5]ﬂ Kiabea(=1E (D[ (=D G (=14
! q
Xlea)
§ ——— 71
T c T,
K[a,bﬁc,d](—1)M(—1>[,f](—1);](—1>[j]ﬂ Kapea(~1DEEDHEDEEDE
! q
We then complete the diagrams as follows.
Xja)

S r
K[a,b,f,,n(1>{.ﬁ<1){5<1>{5<1>{,ﬁﬂ ﬂlqa,b,c,d](1>;ﬁ<1>f,;<1>{;j<1>;ﬁ
t

(=D (=D pXpa

Xip.e]
S —— r
Kiapea (=D (=D ( l)fjj(l)ﬁf{]ﬂ Kiapea) (=D& (=D (DS (=1
—_—
: Xip.e] 1
Xlca)
S —
K[amw);:](1)&(1)&(1)ﬁﬂ Kiapea(=DE (=D E (DI (=D
t ———
Xp.a) 1

The diagrams commute by relations (2b), (2d), (3c), (4a), (4c) and (8c). Moreover, the level property is
satisfied in the three diagrams since the level of s is unaffected by X, ) so that level(z) < level(s) and
level(q) < level(r) = level(s).

Case2. G=(—1).

Subcase 2.1. k =0. Then vy = (—1)%e,, where 7, € Z; and 1 < a < j. We now consider the cases a = 1
and a > 1 in turn. For each choice of a we distinguish further subcases corresponding to different values
of j.
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Subcase 2.1.1. a = 1.

Subcase 2.1.1.1. j = 1. Then 1, = 1, r = I, and the completed diagram is given below.

s
(-Umﬂ
t

The diagram commutes since ~ is reflexive and the level property is satisfied since level(¢) = level(g) <
level(s).

<~

(=D
—
€
&

_Q

Subcase 2.1.1.2. j > 1. Then v, = (—1)%*!e; and the completed diagram is given below.

(=D

§ — 1
X[],j](—l)‘[rﬁﬂ HX[L,](l)m“
I ——4

€

The diagram commutes by relation (1b) and the level property is satisfied since level(¢) = level(g) <
level(s).

Subcase 2.1.2. a > 1.

Subcase 2.1.2.1. j = a. Then (—1)(; acts trivially on v, and so v, = v;. Hence, the completed diagram
is given below.
s
t
(=D

The diagram commutes by relation (2d) and the level property is satisfied since level(r) < level(s) and
level(g) < level(r) = level(s).

Subcase 2.1.2.2. j > a. Then (—1)(; acts trivially on v; and so v, = v;. Hence, the completed diagram

is given below.
s
Xia,ji (-Ufj‘]ﬂ
t
(=D

The diagram commutes by relations (2b) and (2d) and the level property is satisfied since level(z) <
level(s) and level(g) < level(r) = level(s).

T

Subcase 2.2. k > 0. Let u = 2Xv, and let a,b, c,d be the indices of the first four odd entries of u. In this
case, N is of the form

K[a,h,c,d] (_ I)EZ] (_ 1)?;;] (_I)Ef] (_ 1)?5] )
where T, T, T, Ts € Z». We have a = 1 or a > 1. We consider each one of these cases in turn.
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Subcase 2.2.1. a=1. Then (—1) [1] acts non-trivially on v, and so v, # v,;. Hence, the completed diagram
is given below.

The diagram commutes by relations (1b) and (2d) and the level property is satisfied since level(t) =
level(g) < level(r) = level(s).

Subcase 2.2.2. a > 1. Then (—1)(; does not affect the odd entries of v;. Hence, the completed diagram
is given below.

Kiaea (=D (DB (D5~

The diagram commutes by relations (1b), (2d) and (2e) and the level property is satisfied since level(t) =
level(g) < level(r) = level(s).

Case3. G= K[1727374] .

Subcase 3.1. k =0. Then vy = (—1)%e,, where T, € Z, and 1 < a < j. We now consider the cases a = 1,
a=2,a=3,a=4,and a > 4 in turn. For each choice of @ we distinguish further subcases corresponding
to different values of j.

Subcase 3.1.1. a=1.

Subcase 3.1.1.1. j = 1. Then 7; = 1. Hence, from s, the algorithm prescribes (—1);). The level of r is
(4,1,4) and, from r, the algorithm prescribes

K234 (=D (=Dp;, X4y Xps, and  (=1).
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We complete the resulting diagram as follows.

K234
— sy

s
(U[l]ﬂ K234 (=D (=Dp
1

The diagram commutes by relations (1a), (1c) and (9d) since

(=D X3 Xn 4K 234 (=D (=D K2z = (=11 X23 X149 X)1 4 Xp3)
Moreover, the level property is satisfied since level(z),level(g4) < (1,0,0) = level(s).

Subcase 3.1.1.2. j = 2. Then, from s, the algorithm prescribes X[LZ](_I)[TQI]- The level of r is (4,1,4)
and, from r, the algorithm prescribes

Kiosq(=Dp(=Dp), Xpa, Xps,  and Xpg(=1)g.
We complete the resulting diagram as follows.

K234
— s r

S
X[l,z](l)[rll]ﬂ Kii234(=Dp (=D
t

X

e X3
q3

X[l,z](*l)[fll]

q4

The diagram commutes by reasoning as in the previous case. Moreover, the level property is satisfied
since level(z),level(q4) < (2,0,0) = level(s).
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Subcase 3.1.1.3. j = 3. Then, from s, the algorithm prescribes X[173](_1)[111]' The level of r is (4,1,4)
and, from r, the algorithm prescribes

Kji234(=Dp(=Dp, X4, and X[173](—1)[Tf]-

We complete the resulting diagram as follows.

K234
s ————— r
7
D) Kpi 234/ (=D (=Dp
t q1
X1.4]
X2 s
[1,3](* )[1]
q3

The diagram commutes by relations (1a), (1c), (3a), (3b) and (9d) since

X3 (DX g Kp 254 (=D (=D 3K 23,4 2 X (=D X0 9 X04Xp 3
~ X1 3Xp3)(— 1)
~ X[ 2 X3 (— 1)
Moreover, the level property is satisfied since level(z),level(g3) < (3,0,0) = level(s).

Subcase 3.1.1.4. j = 4. Then, from s, the algorithm prescribes X[174](—1)[711]. The level of r is (4,1,4)
and, from r, the algorithm prescribes

Kiasq (D (D5 (D5 (=D, and X4

We complete the resulting diagram as follows.

Ki1234)
s —— r
1){ﬁﬂ K234 (=D (=D (=D (=D
t q
X
(1.4]
(=D DD
q2

The diagram commutes by relations (1c¢), (2b), (2d), (3¢c) and (9g) since
X 4K 234 (D (D5 (D5 (DK 234 = Xpa (=D (=D (D5 (1)
~ (_1)[111](_1)[2]( )[3]X[1 4]( )[111]
Moreover, the level property is satisfied since level(z),level(g2) < (4,0,0) = level(s) and the extent of

(—l)ﬁ](—l)fz'](—l)[ 3 is strictly less than 4.
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Subcase 3.1.1.5. j > 4. Then, from s, the algorithm prescribes X[, j](—l)ﬁ‘]. The level of ris (j,1,4)
and, from r, the algorithm prescribes

K234 (—1)[11'](—1)[121}(—1)[131](—1)[14{]7 and X ;.

We complete the resulting diagram as follows.

K234
s ——— 1
T
X[l‘j](l)“l]ﬂv K[1,2,3,4](*1)61](*1)8](*”;31](*1);1]
t q1
X .
[1,J]
(=D (=D~
q2

The diagram commutes by reasoning as in the previous case. Moreover, the level property is satisfied
since level(r),level(q2) < (/,0,0) = level(s) and the extent of (—1)[72‘](—1)673l (_1)[2] is strictly less than
J-

Subcase 3.1.2. a =2.

Subcase 3.1.2.1. j=2. Then 7, = 1. Hence, from s, the algorithm prescribes (—1)(5. The level of r is
(4,1,4) and, from r, the algorithm prescribes

Kiozq(—Dp(=Dp), Xpg. Xpz and  (=1)p.
We complete the resulting diagram as follows.

K234
— sy

s
(U[z]ﬂ K234 (=D (=Dp
1

The diagram commutes by relations (1a) and (9d)

(=D Xp3 X1 4K 234 (=D (=DK1 234 ~ (=) Xp.3X)1 4 X014 X02,3
~ (—1)[2] .

Moreover, the level property is satisfied since level(z),level(g4) < (2,0,0) = level(s).
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Subcase 3.1.2.2. j = 3. Then, from s, the algorithm prescribes X[273](—1)F22]. The level of r is (4,1,4)
and, from r, the algorithm prescribes

Kji234(=Dp(=Dp, X4, and (—1)[22]-

We complete the resulting diagram as follows.

s K234 -
X[2,3](1)[722]ﬂ Kiips4(—Dp(=Dp
t q
Xn4
A
-1
q3

The diagram commutes by relations (1a), (3¢) and (9d)

(—1)[132]}([174]1([1727374} (=D (=) 3K 234 ~ (—1)%]X[174]X[174]X[273]
~ (—1)[22])([273]
~ Xp 3 (—1)[722].
Moreover, the level property is satisfied since level(z),level(g3) < (3,0,0) = level(s).

Subcase 3.1.2.3. j = 4. Then, from s, the algorithm prescribes X[274](—1)F22]. The level of r is (4,1,4)
and, from r, the algorithm prescribes

K234 (—1)[112] (_1)[%“ (—1)& (—1)[2]“, and  X[1 4.

We complete the resulting diagram as follows.

K254
S —— r
T
X[2~4](_1)[22]ﬂ Kiasag(-DF0E T (~DZ 05"
t q1
X,
1.4
(—1)[112](—1)[722](—1)[3])([1.2])([2.3]

q2

The diagram commutes by relations (1a), (3a), (3b), (3¢) and (9¢). Indeed, when 7, =0,

Xi.4K1 234 (=D (=)@K 234 ~ Xp 4 Xi12X3.4
~ X1 X3 X 24
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and when 7p = 1

XK 2349 (=D (=D K234 = XpaXn 2X3.4 (=D p (=D (=D (=1
~ (=D (=D (=DpXn 2X23Xp.4(=1)q-
Moreover, the level property is satisfied since level(z),level(¢3) < (4,0,0) = level(s) and the extent of
(—1)?12] (—1)[122] (_I)E]X[l,Z]X[Zﬁ] is strictly less than 4.

Subcase 3.1.2.4. j > 4. Then, from s, the algorithm prescribes X}, (—1)[722]. The level of ris (4,1,4)
and, from r, the algorithm prescribes

Kioaq (CDE (D5 DR D, and X

We complete the resulting diagram as follows.

Ki123.4
s —— 1
X[z;](l)[%ﬂ Kiasa(-DEEDET DR EDET

t q1

X

[1.J]]

(—DE(~DE (13X X534 !
q2

The diagram commutes by relations (1a), (3a), (3b), (3c) and (9e). Indeed, when 7, =0,

X1, j1Kn 234 (=D (=D wKn234 = Xn, X2 X3.4
~ X jX(12)X3.4

and when 7, = 1

XK 234 (=D (DK 234 = X1 X 2Xp.4 (- D (=D (=D (=D
~ (=D (=Dp (=D wXp X34 X0, (= Dp-
Moreover, the level property is satisfied since level(z),level(g3) < (,0,0) = level(s) and the extent of
(—1)[122](—1)[732](—1)[74{]X[172]X[374] is strictly less than j.
Subcase 3.1.3. a = 3.

Subcase 3.1.3.1. j=3. Then 7, = 1. Hence, from s, the algorithm prescribes (—1)(3. The level of r is
(4,1,4) and, from r, the algorithm prescribes

Ki234(=Dp(=Dp Xp4g and  Xpz(—1)p-
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We complete the resulting diagram as follows.

K234
— s r

s
(U[z]ﬂ K234 (=D (=Dp
I3

The diagram commutes by relations (1a), (3¢) and (9d)

Xp3) (= DX 4Kn 234 (=D (=1)EKi234 = Xp3) (- D X4 X 4 Xp )
Moreover, the level property is satisfied since level(z),level(g3) < (3,0,0) = level(s).

Subcase 3.1.3.2. j =4. Then, from s, the algorithm prescribes X[374](—1)[T33]. The level of r is (4,1,4)
and, from r, the algorithm prescribes

Kio34(=15 (=15 (= 1)&“ (= l)ﬁrl and X[ 4.

We complete the resulting diagrams as follows.

K234
S ——r
&wm—naﬂ Kpaza (-1 (05 0E T 0E
h qi
Hmmﬁwﬁl Xj14
t
? XnaXps) 7

The diagram commutes by relations (1c¢), (2b), (2d), (3a), (3b), (9a) and (9f). Indeed, when 73 =0,
Xn4K1 234 (=) (=)@K 2,34 ~ Xp 4 X131 X124
~ X131 X3 X34
and when 73 = 1
X aKn234 (D (= DK 234 = X 4X0 3 Xp4 (=D p (=D (=D (=1
~ X1,3X23) (=D (=D (=D Xpa (= Dp)-

Moreover, the level property is satisfied since level(r;),level(g2) < (4,0,0) = level(s) and the extent of
X131 X3 (— l)ﬁ] (— 1)[723] (— I)E] is strictly less than 4.
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Subcase 3.1.3.3. j > 4. Then, from s, the algorithm prescribes X[3 j (—1)[73‘]. The level of ris (4,1,4)
and, from r, the algorithm prescribes

1 1
Kipag (DR (D (D5 (=Dg"  and - X,
We complete the resulting diagrams as follows.

K234

S —— 1
T 1 1
Xnﬂ<1niﬂ Kiasg (D05 (=05 (D"
h qi
<%<ﬁ<%l X1

th ——
2 X131 X4 P

The diagram commutes by relations (1c), (2b), (2d), (3a), (3b), (9a) and (9f). Indeed, when 73 = 0,

X111 K234 (=D (=D wKn234 = Xn, X031 Xp.4
~ X131 X4 X3,
and when 73 = 1
X1 K234 (=D (=D Kn2za = X jXp 3 Xpa (= Dp (=D (=D (1) 4
~ X1 31X24 (= Dy (= Dy (= D X3, (= 13-

Moreover, the level property is satisfied since level(z;),level(¢2) < (/,0,0) = level(s) and the extent of
X[1’3]X[274](—1)[Tf] (—1)[% (—1)[2] is strictly less than j.

Subcase 3.1.4. a = 4.

Subcase 3.1.4.1. j =4. Then, 7, = 1. Hence, from s, the algorithm prescribes (—1)(4. The level of r is
(4,1,4) and, from r, the algorithm prescribes

Kjioza(=Dp (=D and  Xp j.

We complete the resulting diagram as follows.

s K234 .
(_1)[4]ﬂ Kiasq(=Dm(=1Du
n q1
(—1)[1](—1)[2](—1)[3{ X4
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The diagram commutes by relations (1a) and (9c)

X1 aKn234 (D= D@ K234 = Xn4Xp 4Xp3 (=D p (=D (=D (=g
~ X3 (=D (=D (=D (=1

Moreover, the level property is satisfied since level(r;),level(g2) < (4,0,0) = level(s) and the extent of
Xp 31 (= 1)) (1) (—=1)p is strictly less than 4.

Subcase 3.1.4.2. j > 4. Then, from s, the algorithm prescribes X} (—1)[7:“]. The level of r is (4,1,4)
and, from r, the algorithm prescribes

K234 (— I)E]H (= I)E]H (=D and X

We complete the resulting diagrams as follows.

K234
— T

T,
X4 (=D Kiaa(-Df D5 0E T (-0

Pl

n q1

(1)[1](1)[2](1)[3{ Xn,j1

th ——
2 Xp.3)X[1.4 P

The diagram commutes by relations (1c), (2b), (2d), (3a), (3b), (9¢) and (9d). Indeed, when 74 = 0,
X1 K234 (=D (=) 31K 234 = X, Xn 4 X3
~ X3 X(14X4,j
and when 74 = 1
X1 Kn 2341 (=D (= DK 23,40 = Xp X4 X3 (= D (=D (=D (=D
~ X 31X(14 (= Dy (= Dy (= Dig X, jj (= 1) -

Moreover, the level property is satisfied since level(t;),level(g2) < (j,0,0) = level(s) and the extent of
X[273]X[174](—1)[1] (—1)[2] (—1)[3] is strictly less than j.

Subcase 3.1.5. a > 4.

Subcase 3.1.5.1. j = a. Then, 7, = | and v, = v,. Hence, level(r) = level(s) and, from both s and r, the
algorithm prescribes (— 1)(4- We complete the resulting diagram as follows.

Ki1234
—
—

K234

The diagram commutes by relation (2¢). And the level property is satisfied since level(z),level(g) <
level(s).
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Subcase 3.1.5.2. j > a. Then, v, = v,;. Hence level(r) = level(s) and, from both s and r, the algorithm

prescribes X[, j;(— 1)[2‘1‘]. We complete the resulting diagrams as follows.

K234

<~

s —
X[a.j](—l)ﬁ,]ﬂ X1 (=D
{ ———

N

K234

The diagram commutes by relations (2c) and (2e). Moreover, the level property is satisfied because
level(z),level(q) < level(s).

Subcase 3.2. k > 0. Let u = 2Xv, and let a,b, c,d be the indices of the first four odd entries of u. In this
case, N is of the form

Kl DSVEC
where 7,, 7,7, Tq € Z. We have |{a,b,c,d} N{1,2,3,4}| € {0,1,2,3,4}. We consider each one of

these cases in turn.

Subcase 3.2.1. |{a,b,c,d} N{1,2,3,4}| =0. Then5<a<b<c<dsothatuj=up=uz =uys =0
(mod 2). Write # for the vector composed of the first four entries of u. Then since all of the entries of
u are even and since the square of even number is either 0 or 4 modulo 8, we have #T# =0 (mod 8) or
u'u =4 (mod 8). We consider both of these cases in turn.

Subcase 3.2.1.1. wTu =0 (mod 8). Then, by Lemma A.6, the first four entries of the integral part of the
pivot column of r are even. Hence level(r) = level(s) and, from r, the algorithm prescribes

Knea I DR DR D

We complete the resulting diagram as follows.

Kn234
S ——r
a T C 7
Kasea(~DF-DH-DEE] Kiapea (— D (-1 (~ 1) (1)
t —————
K234 q

The diagram commutes by relations (2e) and (2f) and the level property is satisfied since level(z) <
level(s) and level(g) < level(r) = level(s).

Subcase 3.2.1.2. 4Tz =4 (mod 8). Then, by Lemma A.7, the first four entries of the pivot column of
r are odd. Moreover, by Lemma A.7 evenly many of these entries are congruent to 1 modulo 4. Hence
level(r) = (j,k,m+ 1) and, from r, the algorithm prescribes

K[1,2,3,4] (_1)[111](_1)[122](_1)%](_1)&] and K[a,b,c,d](_l)ﬁ](_l)ﬁ](_l)& (_1)[?11]

for some 71,75, 73, Ty € Z, such that evenly many of 7|, 7}, 74, T4 are even. As result, by Corollary A.13,
there is a word W over {X,(—1)} such that extent(W) < 4 and

Ko (D (D5 (= Da (D g K 254 = W.
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We complete the diagram as follows.

Ki1234
S ——— r
Ta T Tc Td ! A A /
K[a,b?c,d](—1)M(—1)[,,](—1)[6.](—1)[{,@ Kiaa(- D[ (=13 (—DE (=D
t q1
T c T,
N K[a‘bﬁzd]( l)ﬁ,](*l)[ll,’](*l)ﬁ](*l)[j]
q2

The diagram commutes by relations (2¢) and (2e), since

K[1727374](—1)[Tﬁ(—1)[122](—1)[?]( D ]K[1 234 = W.

Moreover, the level property is satisfied since level(z),level(q2) < level(g;) = level(s) and the level of
is invariant under the action of W, because W is a word over {X,(—1)} and extent(W) < a.

Subcase 3.2.2. |{a,b,c,d} N{1,2,3,4}| =1. Then | <a <4 and 5 < b < ¢ < d. We now consider the
casesa=1,a=2,a=73, and a = 4 in turn.

Subcase 3.2.2.1. a = 1. Then, from s, the algorithm prescribes
7 - T,
K1 pcdl (_1)[111](_1)[1};] (_1)[1] (_1)[5]'

Moreover, by Lemma A 4, level(r) = (j,k+ 1,1) and, writing 7 for the first four entries of the integral
part of r, we have 7= 1111 (mod 4) or 7= 3333 (mod 4). Hence, from r the algorithm prescribes

Kjiosa (=D (=g (=5 (=D
where the value of 7 depends on whether 7= 1111 (mod 4) or 7= 3333 (mod 4). Now, since

Kiosa(=Dj (=D (=05 (=D @Kn2s4 = (=D (=D (=15 (=1,
by relation (9g), we know that from ¢g; = (K[172’374](—1)[71](—1)[72}(—1)[731(—1)@]);" the algorithm pre-
scribes
K[l,b,c,d]( )Fl]ﬂ-( l)ﬁl,’](_l)ﬁ] (_l)ﬁ
We therefore complete the resulting diagram as follows.

Ki1234
§ —— r
Kp,bﬁc,d](—1){1‘]<—1>;ﬁ<—1>ﬁ3<—1>;ﬁﬂ Ki 23 (= DRy (=D (=D (- DFy
t q1
nte % T “d
(71)5](71)‘{3](71)@] K[Lb@d](*l)[]] (71)[b](71)[c](71)[d]
q2

The diagram commutes by relations (1b), (1c), (2d), (2e) and (9g)
Kitpea (=D (=D (D (D K234 (=D (DE (=D (=D iKn 254
~ Kt pea ()5 (=18 (~DE (D7 (- D)y (1D (~ D (- Dy
~ (1) (~ 1)y (= DfKitpea (= DT (18 (< Dfs (~ 1)

(=
Moreover, the level property is satisfied since level(r) < level(s), level(g2) < level(q;) = level(s) and

(— 1)[12] (— 1)[73] (— 1)[14] cannot increase the number of odd entries.
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Subcase 3.2.2.2. g = 2. Then, from s, the algorithm prescribes

K[z,b,c,d] (—I)E] (_I)F;;] (_1)[%] (_1)&-
Moreover, by Lemma A .4, level(r) = (j,k+1
part of r, we have 7= 1313 (mod 4) or 7 = 31

Jor

Kit234 (=D (- D5 (DR (=D’

where the value of T depends on whether 7 = 1313 (mod 4) or 7 = 3131 (mod 4). Now, since

K234 (—1)[11] (—1)[12J]r1 (—=1)f:

,1) and, writing 7 for the first four entries of the integral
31 (mod 4). Hence, from r the algorithm prescribes

[3](—1)[?11([1,2,3,4] ~ X121 Xp3,4(
by relations (9b) and (9e), we know that from g = (K[ 234 (=D (—1)[72]“(—1)[13] (—l)ﬁrl)r the algo-
rithm prescribes

1= DE (=D (-

K[ngd]( )mH( I)E};] (_ 1)[1;] (_ I)Td

ld)"
We therefore complete the resulting diagram as follows

K234
§ ——— 1
Konea-DBEDHDEE] K24 (D5 (DR (-
t q1
72+f T Tc Td
X %5 (= Dfy (= Dy (- Dy Kitpea D (DD

The diagram commutes by relations (1b), (1c), (2b), (2¢), (2d), (2e), (3¢), (3d), (9b) and (e)

Kitpea (<15 5= )% (<D (=D Ko (<D (< D5 (= D5 (=05 Kz
~ K1 pea (=D (D5 (=D (=D E X0 2Xp.4 (D) (CDE (=D (D
w&ummm—ﬂm4><1mKuwu DB (~)% (— 1% (~D)%.

Moreover, the level property is satisfied since level() < level(s), level(qz) < level(g;) = level(s) and

X2 X34 (— 1)[11] (— 1)[72] (— 1)[13]( )[4] cannot increase the number of odd entries .

Subcase 3.2.2.3. a = 3. Then, from s, the algorithm prescribes

K pea(~DF (=D (=D (D,
Moreover, by Lemma A 4, level(r) = (j,k+1,1) and, writing 7 for the first four entries of the integral
part of r, we have 7 = 1133 (mod 4) or 7= 3311 (mod 4). Hence, from r the algorithm prescribes
Kinaa4 (= Dfy (=D (D Dy

where the value of T depends on whether 7 = 1133 (mod 4) or 7= 3311 (mod 4). Now, since

Koz (=1 (=Dj (—1)[T3T1 (—1)[14?1{[1,2,3,4] ~ X131 Xpa (D (=D (=D (=D,
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by relations (9a) and (9f), we know that from q; = (K[; 23 4 (—1)[71] (—1)[72] (—1)[?]’1(—1)[?]’1)1” the algo-
rithm prescribes

Kiea (=D (D (=D (- Dig-
We therefore complete the resulting diagram as follows
Ki234)

— > r
Koea (DR (D (D (-1

~ =,

K[l_z‘g.q(fl)a](fl)@]( D DR

(4]
3+7T
- . \ ﬂ ped) (=D (= 1) H(=Df(= )

The diagram commutes by relations (1b), (1c), (2b), (2¢), (2d), (2e), (3¢c), (3d), (9a) and (9f)
K1 pea (= )mﬂ( 1)@’](—1)[15](—1)@1}1([1 254/ (= 1)y (=

~ K1 pea (— )[Tf]ﬂ(—l) (-1

) ( 1)T+1(_)
IE
~ X3 Xpa (=D (=D (=1)

(=D X0 3 Xpa (=D (=D (=

K124

D (=D
4]K3bcd]( ) ( )[TZ( 1) ( )[Z}-
Moreover, the level property is satisfied since level(z) < level(s), level(g2) < level(q;) = level(s) and
X131 X4 (—1)[71] (—1)[72]( )[ 4 cannot increase the number of odd entries.
Subcase 3.2.2.4. a = 4. Then, from s, the algorithm prescribes

K[4,b,c,d] (_l)a] (_1)[?;] (_1)[%] (_1)%-
Moreover, by Lemma A .4, level(r)
part of r, we have 7 = 1331 (mod 4

= (j,k+1,
yor7=311

1) and, writing 7 for the first four entries of the integral
3 (mod 4). Hence, from r the algorithm prescribes

Kit234 (=D (D5 (D5 (D

where the value of T depends on whether 7 = 1331 (mod 4) or 7= 3113 (mod 4). Now, since
K[1,2,3,4}(—1)[11](—1)[1;{1(—1)[13?(—1)@]1([1,2,3,4] ~ X[1.4Xp3)(

A A A
by relations (9¢) and (9d), we know that from g; = (K[j 23 4 (—1)[71] (—1)[72?(—1)[733’1(—1)[74])1’ the algo-
rithm prescribes

Kt pea (=D (=D (=1 (=D
We therefore complete the resulting diagram as follows
Ki234)

|

S
Kasea-DHEDGDEE]
t
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The diagram commutes by relations (1b), (1c), (2b), (2¢), (2d), (2e), (3¢), (3d), (9¢) and (9d)
K[l,b,c,d]( )[1]-”( l)g](_l)[%}( I)H [234](_l)ﬁ](_I)FzJ]rl(_l)[i-J]rl(_l)[i;qK[l234]
~ K pea (=D (D5 (=D (=D X0 4 Xpa (D) (- DE (=D (- Dy
~ Xi1 X (D (1D (— Dy K (— D (- D3 (~ D (1%

Moreover, the level property is satisfied since level(r) < level(s), level(qz) < level(g;) = level(s) and
X2 X34 (— 1)[11] (— 1)[72] (— 1)[13]( )[4] cannot increase the number of odd entries .

Subcase 3.2.3. |{a,b,c,d}N{1,2,3,4}| =2. Thena,b € {1,2,3,4} and 5 < ¢ < d. We now consider the
cases {a,b} ={1,2},{a,b} ={1,3}, {a,b} ={1,4},{a,b} ={2,3}, {a,b} ={2,4}, and {a,b} = {3,4}

in turn.

Subcase 3.2.3.1. {a,b} = {1,2}. Then, from s, the algorithm prescribes
K[1727c7d] (_ l)ﬁ] (— 1)5] (—I)FCI] (_ 1)’[21] )

Moreover, by Lemma A.3, level(r) = level(s) and, writing 7 for the first four entries of the integral part
of r, we have 7 = 1010 (mod 2) or 7= 0101 (mod 2). We consider both cases in turn.

Subcase 3.2.3.1.1. 7=0101 (mod 2). In this case, from r, the algorithm prescribes

K[1737c7d] (—1)[111] (—1)[733] (_1)[2:] (_1)%'

By Proposition A.15, there exist words V and W over {(—1)(q,X[x,)}, With x,y € {1,2,3,4,¢,d}, such
that

/

K[1737c7d](_1)F11](_1)[?]( D (=D iKn 234 (=D (D EED5 (DK e # VK239 W.
Hence, we can complete the diagram as follows.

K234
r

§ ———
Kitz.ea (DI (DB (=D ﬂ Kits.ca(~ ) (- D (<D (D
t —Vraw 4
The diagram commutes by construction. To see that the level property is satisfied, first note that
level(t),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(,,X[x,}, they can neither increase nor decrease the number
of odd entries. As a result, because VK]|; >34 W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[j 534 W) < level(s)

as desired.
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Subcase 3.2.3.1.2. 7=0101 (mod 2). In this case, from r, the algorithm prescribes

Kaea (DB DG D

By Proposition A.15, there exist words V and W over {(—1)(y,X[x, }, With x,y € {1,2,3,4,¢,d}, such
that

Kpaea (=03 (=D (D5 (D @K 254 (D (D5 DG (D5 K 2.ea = VK234 W-

Hence, we can complete the diagram as follows.

K234
§ —— r
7 2 7 7 , i
K[],Z,c,d](—1)[1](—1)[2](—1)[6-](_1)[{1]ﬂ Kpaea(=Dg (=1 (=D (=D
f——
VK1 254W 1

The diagram commutes by construction. To see that the level property is satisfied, first note that
level(z),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(y, X[y}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; ;3 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[j 534 W) < level(s)

as desired.

Subcase 3.2.3.2. {a,b} = {1,3}. Then, from s, the algorithm prescribes
K[1,3,c,d] (_ l)ﬁl (_ 1)[133] (_1)[%] (_ 1)[3} .

Moreover, by Lemma A.3, level(r) = level(s) and, writing 7 for the first four entries of the integral part
of r, we have 7= 1100 (mod 2) or 7= 0011 (mod 2). We consider both cases in turn.

Subcase 3.2.3.2.1. 7= 1100 (mod 2). In this case, from r, the algorithm prescribes

Kuzea-Di(-D D D

By Proposition A.15, there exist words V and W over {(—1)(y,X[x }, With x,y € {1,2,3,4,¢,d}, such
that

Kita.ea) (=1 (=13 (=D (DK 234 (=D (D (D5 (DK 3.0a) = VK23.4W.
Hence, we can complete the diagram as follows.

K234

~

s
! 2 T Td 1 5
K[1~3-,c-,d](_1)[1](_1)[3](_1>[c](_1>[z1]ﬂ Kt ea(= D (=D F (=D (=D
t

|

LS

VK1 254W
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The diagram commutes by construction. To see that the level property is satisfied, first note that
level(t),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1),,X[x,}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; ;3 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level (VK| 234 W) < level(s)
as desired.

Subcase 3.2.3.2.2. 7=0011 (mod 2). In this case, from r, the algorithm prescribes

/

Ki34.ca(— 1){?} (- 1)[12 (— 1)[%] (= 1)[1211}'

By Proposition A.15, there exist words V and W over {(—1)(y,X[x, }, With x,y € {1,2,3,4,¢,d}, such
that

/

Kiaea/ (=1 (=D (=D (=D E K232 (=D (D EEDE (DK s.ea = VK234 W-
Hence, we can complete the diagram as follows.

K234

<

/

§ —————
1 3 T iz A
K[l,g,c,d](—1)[1](—1)[3](—1)[6.](—1>[d]ﬂ K[3V4‘(.‘d](71)[23](71);“](71)[’5(71)%

f —

LS

VK1 254W

The diagram commutes by construction. To see that the level property is satisfied, first note that
level(t),level(q) < (j,k,m—1) < level(s).
Now, since V and W are words over {(—1)(,, X[y, }, they can neither increase nor decrease the number
of odd entries. As a result, because VK[; ;3 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,
level(VK[j 534 W) < level(s)

as desired.

Subcase 3.2.3.3. {a,b} = {1,4}. Then, from s, the algorithm prescribes
K[1747c7d] (_ l)ﬁl (_ l)a] (_1)[%] (_ 1)[3} :

Moreover, by Lemma A.3, level(r) = level(s) and, writing 7 for the first four entries of the integral part
of r, we have 7= 1001 (mod 2) or 7= 0110 (mod 2). We consider both cases in turn.
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Subcase 3.2.3.3.1. 7= 1001 (mod 2). In this case, from r, the algorithm prescribes
K[1747c7d] (_1)[111] (_1)[12] (_1)[%] (_1)[3}'

By Proposition A.15, there exist words V and W over {(—1)(q,X[x,)}, With x,y € {1,2,3,4,¢,d}, such
that

/

Kt aea) (1) (=D (=D (D5 K 234 (D (D (D3 (DK aca = VKi234W.

Hence, we can complete the diagram as follows.

Ki1234
§ —— r
7 / /
Kita.ca) (=D (=1 B ﬂ Kitaca (=D (=D (=1 (=14
P w4
VK[12349W

The diagram commutes by construction. To see that the level property is satisfied, first note that
level(z),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(y, X[y}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; 53 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level (VK1 234 W) < level(s)

as desired.

Subcase 3.2.3.3.2. 7=0110 (mod 2). In this case, from r, the algorithm prescribes

Kpjsea(— )[22]( 1)[133] (_1)[75] (_1)[15}.

By Proposition A.15, there exist words V and W over {(—1)(y,X[x, }, with x,y € {1,2,3,4,¢,d}, such
that

K[2,3,c,d](_1)[22](_I)S](_1)[%](_I)Fg]K[l,ZQA](_I)Fg](_l)ﬁ](_l)a]( )[ ]K[14cd] NVK[l 234]W

Hence, we can complete the diagram as follows.

Ki1234
§ —— > r
T - / / i
Kit aea) (=D (=D ( ﬂ Kpseaq(-DE (DG (DD
' —x w4
VK[12349W

The diagram commutes by construction. To see that the level property is satisfied, first note that

level(t),level(q) < (j,k,m—1) < level(s).
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Now, since V and W are words over {(—1)(y, X[y}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; 53 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[; 534 W) < level(s)

as desired.

Subcase 3.2.3.4. {a,b} = {2,3}. Then, from s, the algorithm prescribes
Kosea (- CDRCDHDE:

Moreover, by Lemma A.3, level(r) = level(s) and, writing 7 for the first four entries of the integral part
of r, we have 7 = 1001 (mod 2) or 7= 0110 (mod 2). We consider both cases in turn.

Subcase 3.2.3.4.1. 7= 1001 (mod 2). In this case, from r, the algorithm prescribes

,L.I

Kiaca (—1)[11] (—1)[12{] (—1)[%] (_1)5}'

By Proposition A.15, there exist words V and W over {(—1)(q,X[x }, with x,y € {1,2,3,4,¢,d}, such
that

Kiiaca)(— 1)[111} (= 1)[12 (DD @K 254 (D@ (D5 (D3 (D5 Kpsea = VK234 W.
Hence, we can complete the diagram as follows.

K234

<

§ ———
23 3 T T 1 /
K[2~3-,c-,d](_1)[2](_1)[3](_1>[c](_1>[z1]ﬂ Kt (=D (=D (=D (=D
t ———————

(S

VK1 254W
The diagram commutes by construction. To see that the level property is satisfied, first note that
level(t),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(,, X[y, }, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; 3 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[; 534 W) < level(s)

as desired.

Subcase 3.2.3.4.2. 7= 0110 (mod 2). In this case, from r, the algorithm prescribes

K[2737c7d] (—1)[122](—1)[133](_1)[75](_1)@1]'
By Proposition A.15, there exist words V and W over {(_1)[X]7X[x7y]}, with x,y € {1,2,3,4,¢,d}, such
that

T/

Kisea)(=1) 3 (=15 (D (D5 K 234 (D (D (D5 (D5 K230 ~ VKi234W.
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Hence, we can complete the diagram as follows.

K234
§ ———— r
) 73 c % , A X
K[z.s.c.d](l)[z](1)[3](1)§](1)[d]ﬂ Kpseaq(-DE (DG (=DE(DH
f————
VK(1234W g

The diagram commutes by construction. To see that the level property is satisfied, first note that
level(z),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(y, X[y}, they can neither increase nor decrease the number
of odd entries. As a result, because VK[; 53 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[j 534 W) < level(s)
as desired.
Subcase 3.2.3.5. {a,b} = {2,4}. Then, from s, the algorithm prescribes
K[2,4,c,d] (_I)E](_I)EZ] (_1)[12] (_1)&1]'

Moreover, by Lemma A.3, level(r) = level(s) and, writing 7 for the first four entries of the integral part
of r, we have 7= 1100 (mod 2) or 7= 0011 (mod 2). We consider both cases in turn.

Subcase 3.2.3.5.1. 7= 1100 (mod 2). In this case, from r, the algorithm prescribes
K[l,z,c,d] (_I)S](_I)E] (_1)[12] (_1)&1]'

By Proposition A.15, there exist words V and W over {(—1)(q,X[x }, with x,y € {1,2,3,4,¢,d}, such
that

Kpea) (=D (=D 3 (D5 (DK 254 (D (D5 D (DG K aca = VK234 W-

Hence, we can complete the diagram as follows.

K234
§ ———————— r
T T, c Td / !
K[z.4.c.d](1)[§](1)[;‘](1)ﬁ.](1)[{1]ﬂ Kt 2ea (=D (=D 3 (=15 (=1
t ————————
VK[12349W q

The diagram commutes by construction. To see that the level property is satisfied, first note that
level(z),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(,,X[x,}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; 3 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[j 534 W) < level(s)

as desired.
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Subcase 3.2.3.5.2. 7=0011 (mod 2). In this case, from r, the algorithm prescribes

K[3747c7d] (—I)S] (—1)[2‘] (_1)& (_1)%'

By Proposition A.15, there exist words V and W over {(—1)(q,X[x }, with x,y € {1,2,3,4,¢,d}, such
that

Kizaea)(=1) 3 (=D (=D (D5 K 234 (D (DE (DR (D5 K240 ~ VKi234W.

Hence, we can complete the diagram as follows.

K234
§ —— r
2] ™4 T T A /
K[2,4,c,d](—1)[2](—1)[4](—1)[6.](—1)[{,% K[3V4>(.>d](71)[23](71);“](71)[’5(71)[&;}
t ——————
VK1 254W 1

The diagram commutes by construction. To see that the level property is satisfied, first note that
level(z),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(y, X[y}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; 53 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level(VK[j 534 W) < level(s)

as desired.

Subcase 3.2.3.6. {a,b} = {3,4}. Then, from s, the algorithm prescribes
Kis e (DR DR DHD:

Moreover, by Lemma A.3, level(r) = level(s) and, writing 7 for the first four entries of the integral part
of r, we have 7 = 1010 (mod 2) or 7= 0101 (mod 2). We consider both cases in turn.

Subcase 3.2.3.6.1. 7= 1010 (mod 2). In this case, from r, the algorithm prescribes

K304 (—1)[? (—1)[133] (—1)[1;] (—1)%-

By Proposition A.15, there exist words V and W over {(—1)(q,X[x }, with x,y € {1,2,3,4,¢,d}, such
that

Kiis.ea) (=)0 (=3 (D (D E K 234 (D (D E (DR (D 5K 40 ~ VKi234W.
Hence, we can complete the diagram as follows.

K234

~

/

S
Kisea(—D2 (=D (=) (=1)/ K DT (DB () (1)
Baed T HE T TVt Vi) 134 (=D (= Dz (=g (=D

t

|

(S

VK1 254W
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The diagram commutes by construction. To see that the level property is satisfied, first note that
level(t),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(,,X[x,}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; >34 W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level (VK| 234 W) < level(s)

as desired.

Subcase 3.2.3.6.2. 7=0101 (mod 2). In this case, from r, the algorithm prescribes

Kpsea IV

By Proposition A.15, there exist words V and W over {(—1)(y,X[x, }, With x,y € {1,2,3,4,¢,d}, such
that

Kipaea)(=1) 3 (= D (=D (D5 K 234 (D (D (D3 (D5 KB 4ca = VKi234W.
Hence, we can complete the diagram as follows.

K234

<

/

S —————
Kisea(—D3 (=D (=1)F (1) K D2 (D) (YR ()
Baed RN VT Vg T ) acd (=D (D (=D (=Dg

f————

(S

VK1 254W
The diagram commutes by construction. To see that the level property is satisfied, first note that
level(t),level(q) < (j,k,m—1) < level(s).

Now, since V and W are words over {(—1)(,,X[x,}, they can neither increase nor decrease the number
of odd entries. As a result, because VK|; 3 4W contains a single occurrence of K, it cannot raise the
level of the state to level(s) and also lower it back to level(g). Thus,

level (VK1 234 W) < level(s)

as desired.

Subcase 3.2.4. |{a,b,c,d} N{1,2,3,4}| =3. Then a,b,c € {1,2,3,4} and 5 < d. We now consider the
cases {a,b,c} ={1,2,3}, {a,b,c} ={1,2,4}, {a,b,c} ={1,3,4}, and {a,b,c} = {2,3,4} in turn.

Subcase 3.2.4.1. {a,b,c} = {1,2,3}. Then, from s, the algorithm prescribes
Kuzaa (=D (DR (-DE (-G

Moreover, by Lemma A.4, level(r) = (j,k+1,1) and, writing 7 for the first four entries of the integral
part of r, we have 7 = 1331 (mod 4) or 7=3113 (mod 4). Hence, from r the algorithm prescribes

K234 (=D (=D (D5 (=D
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where the value of T depends on whether 7 = 1331 (mod 4) or 7 =3113 (mod 4). Now, since
K[1727374}(—1)f1](—1)[?{1(—1)[T3T1(—1)@]K[1727374] ~ X4 X3 (D (=D (=D (=D,

by relations (9¢) and (9d), we know that from g1 = (K] 234 (—1)[71] (—1)[1;]’1(—1)[?]’1(— )[4])1’ the algo-
rithm prescribes
Kpsaa (D5 (D5 (D5 " (=Dj

2] B 4] ld]*
We therefore complete the resulting diagram as follows.
K234
§ ———— 7
Kinaaa (DR D300 Kitaa(~Df (<D5 (—D5 (-1,
? q

‘L'+T 72+T T|+T T4
(l)ﬁ](1)[4](1)[d]X[4,d]X[l,2]X[2,3]m Feasal=Dg (=D (g™ (=g

The diagram commutes by relations (1a), (1b), (2b), (2¢), (2d), (2e), (3a), (3b), (3¢), (3d), (3e), (3f), (32).
(8b), (9¢), (9d) and (91)

Kpaaa ()5 (CDF (D5 (DK 234 (D (D (CDET (DK 234
~Kpsaa(— )mﬂ( 1)[T§]+T(—l)afr(—l)%x[m]x[zﬁ}(—1)[T1](—l)fz](—l)é](—l)ﬁq
~Kpsaa (D= ){%( 1)%} (—1)[2} (—1)$]X[174]X[273]
~ K340 (= DX aXps (D (D5 (D5 (D

Q
)

Q

D (=D (= DiaKps4.0X3.aX12X23X3.4(—
D (=D (=D g X.a X 2Xp3 X341 K254 (—

Q

~ (=D Kp34aXn 4 XpaXpaXp 3 (- )&(—1)&(—1)&(—1)@’]

~ (=111 K340 X4 X1 2 X023 X5.4) (— 1)[11](—1)[122](—1)[133](—1)@1}

~ (=D K244 X4 X3.aXp.aX0 2Xp.3 X34 (— 1)[11'}(—1)[122](—1)[133](—1)@]
(=1
(=1

/\/‘\

Moreover, the level property is satisfied since level() < level(s), level(qz) < level(g;) = level(s) and
(—1)[71] (=D @ (= 1)1 X 4.0 X[1,2X2,3X[3.4) cannot increase the number of odd entries .

Subcase 3.2.4.2. {a,b,c} ={1,2,4}. Then, from s, the algorithm prescribes
Kiszaa Dl (DR DG i

Moreover, by Lemma A 4, level(r) = (j,k+
orr =

part of r, we have 7 = 1133 (mod 4) o

K224 (Dl (D DF DR
where the value of 7 depends on whether 7= 1133 (mod 4) or 7=3311 (mod 4). Now, since

Kjiosa(—=1f (=D (—1)[T3T1 (—1)[14?1{[1,2,3,4] ~ X131 Xpa (D (=D (=D (=D,

1,1) and, writing 7 for the first four entries of the integral
3311 (mod 4). Hence, from r the algorithm prescribes
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by relations (9a) and (9f), we know that from g = (K[1»273a4](_1)[11](_1)[r2}(‘U{T;]rl(—l)ﬁl)r the algo-
rithm prescribes
Kpsaa (D5 " (~DE " (=D (=D

We therefore complete the resulting diagram as follows.

K234
—

h)
Kinaaa(-Df D3R Kita g (~ Dy (~ DR (- D (1!
t

+T T|+T T2+T Td
(l)ﬁ](1)[3](1)[d]X[3,d]X[3,4]X[I,3]m Kasaa(“VE 0 0D

The diagram commutes by relations (1a), (1b), (1c), (2b), (2d), (2e), (3a), (3b), (3¢c), (3d), (3e), (4a),
(8c), (9a) and (9f)
Ko (~ D% (D5 (- DB (D8 Ky aa g (- Dfy(~ Dy (- D5 (15 Ko
~Kp3aa(— )[%H( 1)[131]“(—1)[%“( 1)[T]X[1 3 X4 (D) (=D (=15 (=D
~ KpzaaXp, 3]X[24}(—1)[111]FUE}(‘UE]FU&FU%

Q
)

~ K3 4.0 X1.2X1 2 X013 X 2.4 (— 1)[111( 1)[122](—1)[13;](—1)&(—1)%
~ X1 21K 340 X233 X012 X 2.4 (— 1)111( 1)[122](—1)[13;](—1)&(—1)%
~ X1 2 X3 K 240 X0 2 X4 (-1 (— 1)&(—1)&(—1)&(—1)%
~ X112 X3 (— Dy (= Dia X, X4 (= Dz K2y (= Dy (=D 5 (=D g (=D
~ (— 1)[1]( D) (= D@ X 2Xp3Xp.a X4 Kn 2,44 (— 1)[111](—1)[122}(—1)&](—1)%
~ (=D (=D (=D @ X0 Xp 4 X0 31X 2K 240 (D (D5 (D E (1D

Moreover, the level property is satisfied since level(r) < level(s), level(g2) < level(q;) = level(s) and
(—1)[71] (=131 (= 1)1 X[3,0)X[3,4X[1,3X[1,2) cannot increase the number of odd entries.

Subcase 3.2.4.3. {a,b,c} = {1,3,4}. Then, from s, the algorithm prescribes
Kinaaa (DR DR D

Moreover, by Lemma A .4, level(r) = (j,k+1,1) and, writing 7 for the first four entries of the integral
part of r, we have 7 = 1313 (mod 4) or 7= 3131 (mod 4). Hence, from r the algorithm prescribes

Kitasa (=i (DR (=D (- DE!
where the value of T depends on whether 7 = 1313 (mod 4) or 7= 3131 (mod 4). Now, since
K[l,2,3,4](_1)ﬁ]( )Fi]i»l( l)é](_l)aTlK[lvzﬁA] %X[172]X[3’4](_1)F1](_1),{2](_1)’{3](_1)@]’

[27374711] ( )[:1] ( 1)[3] ( — I )[ ] (_ I )[Ed] .
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We therefore complete the resulting diagram as follows.
K234

—r

S
eIl | Koz (-1 (- D (- D (D!
t

T1+7T T3 +T 73+T T
( )[]X[lz]m K[2.3‘4.d]( )[2‘] ( 1)[54] (*1)[3] (*1)[5]

The diagram commutes by relations (1b), (2b), (2d), (2e), (3¢), (3d), (8c), (9b) and (9e)
K[2,3,4,d]( )erT( l)gﬁf(_l)ﬁrr( )[d] [1,2,3 4](
~Kpsaa(—Dp (DT (=g (1)
~ Kps4.aXn12Xp.4) (—1)[11']( Dy (= )E](

3
(—
(—

=

Kii34.a(— )[1]

Q
)

1)1]( )[E]“(—l)fg](—l)ﬁlKu,m]
[‘IX[121X34( Dy (D5 (=D (=1

D (=D
~ X2 XpaKnsaa (D (D5 (EDE DD
~ (DX 2XpaKn a0 (D (CDE (D5 (D

Moreover, the level property is satisfied since level(r) < level(s), level(g2) < level(q;) = level(s) and
(— )[ 1]X[l 2)X[3,4] cannot increase the number of odd entries.

Subcase 3.2.4.4. {a,b,c} ={2,3,4}. Then, from s, the algorithm prescribes
Koasa~D DRV i

Moreover, by Lemma A 4, level(r) = (j,k+
or7=3

= 1) and, writing 7 for the first four entries of the integral
part of r, we have 7= 1111 (mod 4) o

233 (mod 4). Hence, from r the algorithm prescribes
Ko (=D (=D (=15 (=D
where the value of T depends on whether 7= 1111 (mod 4) or 7 = 3333 (mod 4). Now, since
Kiosa (=D (=D (D5 (=D gKn2s4 = (=D (=D (=15 (=D,

by relation (9g), we know that from ¢; = (K[1727374](—1)[71](—1)[72](—1)[73](—1)[ ])r the algorithm pre-
scribes

Keaaa (=D " (DF " (D (D

We therefore complete the resulting diagram as follows.

K234
S ————r
Koasa(-DF DT DEDH] Kivas(— Dy (~ D (- DRy (- Dfy
t q1
T+1T 3+T TY+T 7
(_UErl] K[273.47d](_1)[22] (_1)[33] (_1)[2‘] (_1)[5]
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The diagram commutes by relations (1b), (2d) and (9g)

Kpzaa(— )mﬂ( 1)§]+T(—1)ﬁ]ﬂ( )[d]K[1234]( D (=D (=D (=D Kp2s4
~Kpsaa (D5 (DE T (D ET D E D (D5 (D E (D
~Kpzaa)(—1 )[1](—1) 5(= )T;( ) (= )5]

%K[2,3,4,d](—1)[122](—1) (— )[2( 1) [(=Dfy-

Moreover, the level property is satisfied since level(z) < level(s), level(qz) < level(g;) = level(s) and
(— 1)[11] cannot increase the number of odd entries.

Subcase 3.2.5. |{a,b,c,d} N{1,2,3,4}| = 4. Then the first odd entries of u are odd and for 1 <i <4,
there is 7; € Z; such that u; = (—1)% (mod 4). We now consider the cases

T1+Hh+713+4=0 (mod2) and T,+m+n3+7=1 (mod?2)

in turn.

Subcase 3.2.5.1. 71+ 7+ 73+ 7 =0 (mod 2). Then, by Lemma A.2, we have level(r) < (j,k,m—1) <
level(s). From s, the algorithm prescribes

L GEER I G VG DS TG DA TG DI

where evenly many of the 7; are odd. By Corollary A.13, there exists a word V over {(— I)M D }, with
x,y € {1,2,3,4}, such that K[1727374](—1)[71'](—1)[122](—1)[733](—1);‘]1([1727374] ~ V. Hence, we can complete
the diagram as follows.

K234

s ———
K D) (=DR2 (-3 (-1 T4ﬂ
[1,2.3,4]( )[1]( )[2]( )[3]( )[4] v
t

The diagram commutes by relations (1b) and (1c¢), since
Kii234(=D{ (=15 (=D 5 (= D@Knzsa ~V.

Moreover, the level property is satisfied since level(z),level(r) < (j,k,m—1) < level(s) and a word over
{(=1)py, X, } cannot increase the number of odd entries.

Subcase 3.2.5.2. 7|+ T+ 73+ 7 =1 (mod 2). Then, by Lemma A.2, we have level(r) = level(s).
From s and r, the algorithm prescribes

/

Koz (=D (D5 (DD and Kiasg (=D (=05 (=D 5 (=D,

respectively, where oddly many of the 7; are odd and oddly many of the 7/ are odd. By Corollary A.14,
there exists a word V over {(—1),Xx,}» with x,y € {1,2,3,4}, such that

T/

Kii232(=Di (=15 (=15 (= DK 25.4(— )[Tf]( 1)[122}(—1)[?]( K234 = V.
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Hence, we can complete the diagram as follows.

The diagram commutes by relations (1b) and (1c¢), since

/
T 7

Kaa (=05 (D5 (D5 (D@ K 2sa (D (D g (D E (D Kp2ae = V.

Moreover, the level property is satisfied since level(7) < level(s) and level(g) < level(r) = level(s) and a
word over {(—1)(y,X[x,) } cannot increase the number of odd entries.

O

Lemma A.20 provides a restricted version of the Main Lemma. We now show that it implies the full
version.

Lemma A.21. Suppose N* : s = t and M* : s = r are (possibly empty) sequences of normal edges with
a common source. Then there exists a sequence of simple edges G* : t — r such that the diagram

s
t T> r
commutes equationally and level(G*) < max(level(r),level(r)).

Proof. Since there is at most one normal edge from any given state, either N* must be a prefix of M*
or vice versa. Therefore, there exists a sequence of normal edges either P* : t = r or Q* : r = ¢. In the
former case we take G* = P*, and in the latter case we take G* = Q*_l. O

Lemma (Main Lemma). Let s, t, and r be states, N : s =t be a normal edge, and G : s — r be a simple
edge. Then there exist a state q, a sequence of normal edges N* : r = g, and a sequence of simple edges

G* : t — q such that the diagram
§ ———
Nﬂ N
t ———

G*

~

BN

commutes equationally and level(G*) < level(s).

Proof. By Lemma A.19, there exists a sequence of basic edges H* = H; ... H; such that H* ~ G and
level(H*) = level(G). For 1 < j <k, assume that H; : s; — 51, with sy = s and 53| = r.
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For each 1 < j <k, let N; : s; — t; be the normal edge originating at s;. Note that Ny =N : 5 — 1.
By Lemma A.20, there exist a state g, a sequence of normal edges N*; : 5;,1 = ¢;, and a sequence of
simple edges H*; : 1; — g; such that the diagram

Hj
Sj ——— Sjt1

b=, "%

commutes equationally and level(H}) < level(s;).
Moreover, for every 1 < j <k—1, Nj:sji1 = g; and Njiy @ sjp1 = tj41 are two sequences of
normal edges with a common source. Hence, by Lemma A.21, there exists a sequence of simple edges

F’ : q; — tj41 such that the diagram

Sj+1

7\

qj > Tjt1

commutes equationally and level(F}) < level(s;).
Now let g = g; and define G* : t — g by G* = H.F;_ H;_, ... F;HSFTH]. Then the diagram

s —
Nﬂ .
t ————

commutes equationally and level(G*) < level(s), as desired. O

~

N
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