ACSC/STAT 3703 Assignment 6 solutions

1. Let Xj = ]ij and S = Z?:l )(]‘7 where ]1, ]2, ceey Ina Bl, BQ, Ceey Bn
are independent.
Bj has moment generating function Mp (2).
I; = 1 with probability g;, and I; = 0 with probability 1 — g;.
It follows that Ele”ili*|I; = 0] = E[e"] = 1 and E[eP/#|[; = 1] =
MBj (Z)
(a) Combine these to find Mx (2) = Mp,,(2) = ElePili?].

My,() = Ele"%] = P(I; = O B[] + P(I, = 1 E[e™)

= (1 —¢j) + ¢;Mp;(2)
(b) Now find Mg(2).

Just form the product of the previous, from 7 =1 to j = n.
2. (9.63)

(a) E[S] = E[NYE[Y!]. E[NL] = 2(1.5). E[Y!] is calculated using
theorem 8.7 as

E[Y" = E[X AN175] — E[X A 50
From the appendix,

EX Nc]=afl(a+1,¢/0) 4+ c(1 —T'(a, ¢/0))

where I'(a, ) can be calculated in R as pgamma(x,alpha,1).

VIS = E[VISINU+V[E[S|NT]] = B[NV [y J+(E[Y )" V[N

From theorem 8.8,



E[(Y")? = E[(X Au)* ] — E[(X Ad)?])+2*d(E[X Ad] — E[X Au))
From the appendix,

E[(X ANe)] =ala+1)0T(a+2,¢/0) + (1 —T(a,c/h))
)

and V[Nt = 2(1.5)(2.5) = 7.5.

d=50
u=175

Exc=function(c,alpha=2,theta=100){
return(alpha*theta*xpgamma( c/theta,alpha+l)+c*(1-pgamma(c/theta,al
> Exc(u)
[1] 134.8348
> Exc(d)
[1] 48.36734
EYL=Exc (u)-Exc(d)

>
>
>
>
+

\4

Exc2=function(c,alpha=2,theta=100){
return(alpha*(alpha+1)*theta”2*pgamma( c/theta,alpha+2)+c”2x(1-pge

vV + V V

\4

Exc2(u)

[1] 20683.65

> Exc2(d)

[1] 2379.587

> EYL2=Exc2(u)-Exc2(d)+2*d* (Exc(d)-Exc(u)); EYL2
[1] 9657.314

>

> VYL=EYL2-EYL"2

>

> VS=3*%VYL + EYL"2 *7.5; VS
[1] 62616.72

>

(b) negative binomial with r = 2 and § = 1.5P(X > 50). P(X >
50) = 1 — pgamma(50/100, 2) ~ .91, giving 5§ ~ 1.365.

2



(c) for > 50, P(X > z|X > 50) = P(X >2NX > 50)/P(X >
50) = P(X > x)/P(X > 50). The distribution function is 1 minus
this. In R, P(X < z) is given by pgamma(x,alpha,theta).

- (9.69)

S = 230:01 I;B;, where I; is Bernoulli with success probability ¢; = .03

(.07) [.10] for j=1 to 400 (401 to 700) [701 to 900], and B; is exponential
with mean 6; = 5, 3,2 respectively for the three groups. E|I;] = gj,
V(IJ) = q]‘(l — Qj), E[Bj} = 9]’ and V[Bj) = (9? Also E[]]Bj] =
E[IJ}E[B]] and

VII;Bj| = V(EL;B;|L;))+E(V[I;B)|1}]) = VILI(E[B))*+E[L;]V[B)].
For the exponential distribution, the variance is the square of the ex-
pectation, and so

VIL;B)] = 67(q; + ¢;(1 — q;)) = 05(2¢; — ¢

Calculate mean E[S] and g = /V(S) of S using these results, then
find s so that P(S > s) = .05 using P(Z > (s — F[S])/og) = .05,
which gives s = 1.64505 + E[S].

E(S) = 400(.03)(5) + 300(.07)3 + 200(.1)(2) = 163

V(S) = 400(25)(.06—.03%)4+300(9)(.14—.07*)+200(4)(.2—.1%) = 1107.07

The premium to be charged is s = 1.645 % 1/1107.07 + 163 = 217.73.



