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Preliminary Definitions Goal Results
let R = K|xg,...,x,) and I C R a homogeneous ideal. Extend L'vovsky's result to toric surfaces, i.e., ind a combinatorial bound on the Lemma. Foralld > 2, (R/Ixr)qg = (R/Iak)a.
Definition. A (graded) minimal free resolution of R/I is an exact sequence of free regularity of toric surfaces. Theorem. For all £ > 2, reg(Ak) = 2.
R-modules i . N . = | ook at toric §urface5 which are defined by an incomplete Iinear. Se.ries.. The came reey s Fold o %
Fo: 0+ R/ I+ Fy+ Fi+ ...« F,+<0 = [nclude all points on the boundary of a polygon and exclude all its interior
| L | pDoINts.
with F; = €D, R(—j)"» and no constant terms in any of the maps. * These are usually not normal, but may be smooth. Proof Sketch of Theorem

Definition. The graded Betti numbers of R/I are the integers 3, ;. These values

are encoded in a Betti diagram Betti(R/I), where entry b; ; in column ¢ and row j " Use the short exact sequence of sheaves

Is the value 5@'77;+j. Setup 00— fmk(d) — ﬁpzlk—l(d) — ﬁmk(d) — 0
Definition. The Castelnuovo-Mumford regularity (or simply regularity) of R/I is to eventually get a short exact sequence
reg(R/I) = max{j : Bii; # 0} 4 — (0 0 3) 0= R/I — R/Iqn — N — 0.
- '] - \030 = By the lemma, N Is generated is only generated by degree 1 monomials
Fquivalently, it is the index of the bottom row of Betti(R/1). Y VDS | B /8 B 7 UC8 >
= reg(R/Iy) < max(reg(R/Ix), N) = reg(R/Iq1) = 2.
Definition. A coherent sheaf .# on P" is m-regular if J Conv(A) \ Int(A)
L oar AN |
H{(#(m —i)) =0 11 012---000 Proof Sketch of Lemma
for all ¢ > 0. The Castelnuovo-Mumford regularity (or simply regularity) is 000---321 | | |
inf{m - HI(F(m —i))=0foralli>0}. | - lShqvvmg .(R/]D]Ck)dk: (R/Ir)q for d > 2 amounts to a computation with the
14 | homogenize attice points or LI". -
= We are done if for any py, p» € O, we can write p; + ps = ¢1 + ¢ With
k
. 012---000 q1,q2 € U".
Monomial Curves i—looo... 391 e I ———
-
Definition. The monomial curve with exponents a; < ... < a,_1 In P" is the ] : : . 321012 . 2 S
curve C' C P" of degree d = a,, parameterized by 319 ¢ ® | ’ p1+p2= g T Z - ;L
.l n : d _d—ayiypaq d—Q,_140,-1 1d
p: P*—P" with (s,t) — (s s "t ... s it ). Hollow Polygons 0 5
2 o4t—9 9—r0 L ]
Theorem [L'vovsky; 1996]. let A = (0,a4,...,a,) be a sequence of non- . 0k 0 | e s =12] "+
negative integers such that the g.c.d. of the a;'s equals 1, and let C be the Definition. Suppose A = (0 0 k) The hollow triangle of length k is A" = A. 6 3
corresponding monomial curve. Then C'is m-regular, where N 17 ! ! ! ! 0 3
= 15’%};”{(&@ al_l) + (CL] &]_1)}’ 0 i ° ° ° ] 3 1
.e., m is the sum of the two largest gaps in A. N o1 2 3 4
Example . Smooth is Not Enough
o o o o 3 3
o 1 2 3 4 5 6 7 ’ | a °7
a’O a’l @2 a3 0 1 2 3 0 1 2 3 4 5 6 - 7 -
5 - 6 -
0357 Betti Tables for Ak 41 .
A(0357)H(7420> . -
. 3_
o(s, 1) = (37, St P t7) 01 2 3 4 5 6 78 2 N
0 1 e s total ' 1 17 53 91 108 83 37 9 1 1-
. N
Io = <£L’§ — L4143, jSl))x2 — ZC%:C%, xil — CE%ZL’QZE3> Bettl(Ag) - 011 S ' S B o 1 2 3 4 5 6 7 8 0
B2 2 1. 17 433 8 . . . . T
0 Rflo = R o, R(=5)7 40 2. . 10 55 100 83 37 9 1 01 2 3 4 5 .. 01 2 3 4 5 ..
vea(Ie) = 4< (a; — ag) + (ay — ay) = 3+ 2 — I totaol 1 54 385 1462 3608 6456 ... totaol 1 74 633 2883 8593 18953 ...
1 54 2028 7845 1 4672 29106 18162 ... o | o ] | |
Betti(A) — tOtaO : o4 989 2028 78A0 18957 SU593 54672 29100 1816 1. 52 280 730 1128 1050 ... 1. 73 486 1627 3388 4620 ...
o B | 5'4 266 462 1%4 1'5 2 81 600 2040 4416 ... 2 1 144 1218 4983 13541 ...
' ' ' ' ' o 3 2 24 132 440 990 3 3 38 222 792
2. . 123 1566 7671 18942 30393 34972 29106 18162 ...
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