11 -1
. The eigenvalues of the matrix {O 0 ~1} are:

0 2 -3
A.2,3 4
B.-3,3,4 N —
C.0,1,3 A | '\ N |
D.-3,0,4 O N | s ((/\,D
u1, 2,1 -2
70,0, 2 O - A\ T3 /,\+5 |
=N+ A+ 2
\\\lV/j\\:l ) //\Z:——\ D) (/\3:_,&
1 -2 -3
. Find the main diagonal of the inverse of {MQ 2 4 }
-3 0 2
A)@, —7/2, —1) |
T (5/2, 7/2, 3/2) S | o o & A —|
C. (2, 1, -1) [A( IB]'“-\) | -
D. (-1, —7/2, 3) 0O l O |—4 —= ‘
E. (7/2, 2, —1) . | 2
F. (2, 1, —7/2) O © ( 3 3

- 2 2~
S A = |4 _T

L3

.

Y
!
A




3. Solve the following equation for A:

- 1 3
At—[100]'01)= 1|2 4
6

S A O A
. | 3 N |

=2 4 l+|olle 1T=[y &

=6 e S
1o 3

S, A=
vk 6

4. For a non-homogeneous system of 12 equations in 15 unknowns, answer the following three

questions:
. . A
o Can the system be inconsistent? r% _
o Can the system have infinitely many solutions? \Ked‘
o Can the system have a unique solution? 0

A. No, Yes, No. : e
. Yes, Yes, Yes. ‘

D. No, No, No.
E. Yes, No, Yes.
F. No, No, Yes.

(O Yer, Yoo o n ( A /b v A

%"‘VWJL, =15 - mﬁﬁA >3




Let U = span{(1,-2,3,4),(=3,6,—5,—16), (—1,2,—5,—2)} be a subspace of R%. Then

5.

© dimU? is
0 Yl — 2 B‘V 4 | - 3 4
géuzm{% 6 -5 AL ™o o | -
.3
o \l A =5 —
b - ° o o o]

(,Q‘W(,(z zf,,&"nqﬁulﬂv1 4”W&A: 4”;:02

6. The dimension of S = {A = [i Z} € My ] A= A} is:

4 EJ-«MN L L= b=c

C

S AR RN
200 ST T gl s

( check ot )
C /{'g /(0 ((u, >

St o N = O

Sl Cloh==

~ ol S =




7.

Which of the following statements are true?

(1) BEach spanning set for R™ has exactly n vectors. WLS% ( C G ue\opuve > n )
(2) If {u, v, w} is linearly independent, then {u,v} is also linearly independent. "5{1/(/&
(3) If A is an n X n matrix, then det A = (—1)" det(A"). fa/é&{/ (M A = Led At)
(4) I:f A is an n X n malrix, then dimcol A = n. »:Fa,ég{/) Am W H= rark A=< hr
(5) If A is an n x n matrix, the dimker A =n —rank A. £/ 10

(6) The set of nxn diagonal matrices is a subspace of the vector space of of all n xn matrices.’é‘{@{j(

é All six are true.
(2), (5) and (6).
C. (1), (2) and (4).
D. (3), (2) and (6).
. (4), (5) and (6).
F. (2), (3)-and (5).

Let A and B be two matrices such that det A = —2 and det(B') = 3. Find det(AB).

31 clob (AR =(let A ) Coled B)
B = (oletA\) (et BE)
I'. -5/2 | |




A

9. What is the dimension of the subspace/\of R? spanned by (1, 1, 1), (=1, 1, =1), (1, 1, 3)

and (0, 2, 1) 7 (ﬁi |
A0
B. 1
.4

F. These vectors do not span a subspace.

S ~——

Lo e (o
M'} v -t ’—lz = 1w o + o v g | o
( o o 1L o o |
ko T 6 | - b oo
N
A




10. Consider the linear system

x - y - =z =1
X + z = P
y + gz = 3

a) If [A]b] is the augmented matrix of the system above, find rank A and rank[A|b] for all
values of p and g¢.

4
o
o
DX
9
0T
y 1
M\

<
>
2>
N
@w
¥V
o R
@




10b) Find all p and ¢ so that this system has
i) a unique solution,
ii) infinitely many solutions, and
iii) no solutions.

\

DI gaa, tha Yk A=yakAlL]=3 @/

<o e &ysﬁm /uvs o \\«c{/)wZ%Q Solwtisy |

D I g=a B =4 /%m Namh A= ’faﬂl/,é[/‘\“a]»;l\%
So th Syshm hos ‘”"f““z@@ ey Colrutionss

l—~
1) }Jf 7= M»e;g%m o A= A2 3= [A]b)]
So #ha byS'IsL/wv fox, oo Qolwten // peadaed
10c) In case (ii) above, give a complete geometric description of the set of solutions.
Hi=2 W p=4
[/A\'b].*'—i}jl »_! ‘w' | _ﬂ_>‘ O || 4

O e} O

O J O O O | @)
4 ___t m j"/’w/‘/&[ (SOMQS“’L 2
3—at = (%7, 2= 3.0+t -2, |

ﬁ /if feR

It 4 o0 Lo ﬁ/z/{o"ff@/t (4 3 O) WO, s o&//fﬂfm

("‘l — ol ) // h
-y 8

e




1 -1 -1
11. Let A=|-1 1 -1}.
-1 -1 1

a) Find det(A — 2I3) and hence conclude that 2 is an eigenvalue of A.

- — - —I
]A"Uflf J\ —((—1 l

— =1 —

1

{ b) Find a basis of E; = {z € R | Az = 2z}. :
§ .
k1) = e | T o e [
E < W‘” (~ V) S el - - =iz 0 o @
8 ‘ O o O

v - -a~1

170 kel gc’m)()?/ <'—(’O’”8 -
= ¢ QV‘MQ €.




1 -1 -1
11 ¢) Check that (1,1,1) is an eigenvector of A = li~1 1 ~1} .
. -1 -1 1

I 1l , |
h “[Z'\ :’{“S coenl U 1 D200y

~N

S0 Al s 1) w5 an edgenvects of A cortespmd
fo %&,Mbwﬂf/év&/- N=—( | /

11 d) If possible, find an invertible matrix P such that P7YAP = D is diagon al and give this
diagonal matrix D.

Bﬁ b) am/o( C) ., —we fanie OKVY‘WE '(“DZVWVF (w?}, ~—-‘7}\

[ i‘“@ ' |

- 10




12. Let W ={(z,y,2) ¢ R® |z —y — 22 = 0}.

a) Find a basis of W and give the dimension of V.

(X%~ 2)=C1+22 5 0~ Z2>=7( 5| ,0)+Z(&°, )
S W=sFend(i 5 1,0) (a0,
0 {u>h;> wwi;rﬁwééw-(04<w%ag,
§ 3%(“[,03 (2, o;i)%vﬁ&ﬁwﬁ Ofl/\/
(/ ol W= 2 (0(2 et [ - 0 ) T ek g

S = 5[(!,470) (200)

b) Find an orthogonal basis of W. 0 o0 . S
Wi Vr g s T 2l e )
RCERERE S S e (U

uil“([s[)0>

wuo)

M, = 9\703l>w
Ma=C [T+ 2

(s l}o)

= (a0 1) =0 ,ed=01, 1, 1)

11




12¢) Find the best approximation to (1,0,0) by vectors in W.

The besd afprtencomatinl o (L 50, 0) by kelys oo

: A | ([, yo)e(l 5|50 o
Mw(ho)o};,(ﬁ O{+(> ( . 3((3( oY) l\ﬁ
)

+ L0 (Loh D
L+ 1+

— 7| l | { | i
— (=2 2 30>'%<§“)'“§)_3!"->

— (5 ( (
| (

(%

-
3




13. a) Let A be areal n x n matrix. Give 4 additional different statements which are equivalent
to:
Az = b is consistent for all b € R™.

)

ﬁfﬂ%o

(I1) M«/@ 4 - n

w4, =) X=0
- e

Ho ot 9 A opom M7
7 oA ol

y IV PN /QW/J R~
13




13b) State (in the box) whether the following are true or false. If true, explain why, if false, give
a numerical example to illustrate.

i) If a 5 by 3 matrix A has rank 3, the system Az = 0 has a unique solution. [ "([/{"1,(& I

’Taﬂ’k/{{/—\:\g S So
ol (P A) =3 —Aunk A=3—
Sy AX=0 /w/s o WM/%M Solwtisn X= o

i) If a 5 by 5 matrix A satisfies A3 =0, but A # 0, then A is invertible. [ ~{ a,ég.q_,

=0 = (&(éﬁ) =0 = M’zﬂ'c‘? so /71w nol mw«»&/f&
‘ O ‘ \ O O O
Ex. /L\: |

o O O (@) e
o o | 0 ¢

O

o

Q

[ ][ A’Oa_/\'—*%o7

ety |
bk A 5 et Swrtolle («?ﬁ”f/i/\,.\. <55

14




14. Let u=(1,0,0,1),v = (0,1,1,0) and w = (1,0,0,~1) be vectors in R*.

a) Carefully show, by any method, that {u;v,w} is linearly independent.

/YW//{A:B > \\’{%54/7“(/\/2“

DR u:‘:OlOf{:O) wd, ev= 07U = Y ;o a/u(u‘wH 4y

DA&Q&QAAEM C@JU&QQ Qc[u :

e U”lé}v&.{f{»} obud. b WQ R RS
0 oo

Q|
O g ‘
b) Find k& vector z € R? so that {u,v,w ,4} spans R?, and support your answer.

T | o o ( T
B=|v | S |o |
“W ( O
7 @) O ( O S [
L0 ©o o -2

.WM/&B:,LF , \.\\°fu-,.@/)mdjz3_(;s =S
”\w {M)/\/ YWD Z_:?)-—z% O [OOVS'Z/:S. é_f le_ AQ/QO%

OK"’“’VP\L{— /“l” So §M>$’3'W52%G%aws KL‘N

15
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14c) If (z1,22,%3,24) € span{u,v,w}, find formulae in terms of z1,z9, 73 and z4 for the scalars
c1,c2 and c3 such that (21,22, 23,24) = c1u + cov + caw.
\/\___/ i

’ X
N 4/ .
S(W(’e /[/( /(/QS (Q\C\/- fn X’ﬂ / C‘;L: Lu QaX'w
ot AO ‘&‘dv f il (i fent
) T -
Ho &/g(ﬁm&% t :

\ y 7
o o= M
L

16




14c) If (z1,22,23,24) € span{u,v,w}, find formulac in terms of x1,z2,z3 and x4 for the scalars
c1, c2 and cg such that (zy,z9,23,%4) = c1u + cov -+ caw.

. oo K
LQ/‘% [/\l b]"—:— o | o | Xz
| O l o | Xa
- T ] Kkme T
Tl [AlLT— oo 2
o | O X o
O O o} Kz —X
Lo o [ ]| %-%4 )
=

I COT AN ,x@esﬁm«{u v w} %A\

%wv s&fzsé/w [A{ L,j Jos @é@m So ’?(3 —Xoa=0
Tha ww?vw\/ Solu e s (CuCz) Cz) —wobtly

X
=0T L=, ca= T

<C’X\ R CIN X%)X%)“*"C/\’U("t‘cz/\/-f‘ Cz W '5f ?(L:%5>

16




