
MATH 285, HONORS MULTIVARIABLE CALCULUS, FALL 1999

Answers to the Second Midterm

Problem 1 (8 points) Usea tangentplaneapproximationto approximate
���������	��
����� ���

.

Answer: Let ������������� � 
"!$# . Thetangentplaneapproximationfor � nearapoint ��� � ��� � � is
������������%&����� � ��� � �(')�+*	��� � ��� � ��,-�.')� # ��� � ��� � ��,.�/�

where ,-�0�1�324� � and ,-�5�6�724� � . We calculate�+*	���������8�:9+�/; ! # and � # ���<���	�=�1� 
 ! # . If we take��� � ��� � ���6�?>��A@B� , we get:���C@�DFEGEH�A@�DI@	>J�K% ���?>��A@B�<')� * �?>��A@B��LM�N2O@�DI@	>J�<')� # �?>��A@B�PL$@�DI@	>� >Q249=LJ@�DI@	>R'S>TLU@�DI@	>� @�DFEGVHD
Problem 2 (8 points) Find theaveragevalueof thefunction W �YX<�QZ\[ �*J] ;�^`_�a �Yb ; �dc�b ontheintervaleI��f$gBh

.

Answer: Theaveragevalueof �����i� on theinterval j @���kUl is�;nm ;� �����d�Hop� � �;qm ;� m �*J] ;drAsut ��v ; �Hopv�op�� �;qm �� m ;?w� rAsut ��vN;J�HoB�8oBv� �;qm �� k+v rAsut ��v ; �Hopv� �; x 2zy{ r ��v ; �}| ��� �; 2 �; y{ r >�D
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Problem 3 SupposeW ��X�f��d� is a functionsuchthat ��W Z���X ;O� ��f � X � �7��g�� .
(a) (5 points) Usethenullclinemethodto sketchthevectorfield ��W .

Answer:

(1,1)

y=x2

x+y=2

y

x

(-2,4)
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(b) (5 points) Determineall localmaxima,minima,andsaddlepointsof W . DoesW haveaglobal
maximumor minimum?

Answer: The critical points of � occur where �+*S��@ and � # ��@ . In the above sketch, we
seethat this happensat ���<���	�z���N28kH���M� and ���������3���?>��$>J� . We do the secondderivative test:� ���+*"*�� #`# 2�� ;* # �&k+��LY�N2�>J�$27�N2�>J� ; ��>M2�k+� . Wefind that

�
isnegativeat ���<���	�n�1�?>��$>J� , making�?>��$>J� a saddlepoint. Also,

�
is positive at ���������Q�\�N28kH���M� , making �N28kH���M� into a local maximum

or minimum. Since �+*+�P�N28kH���M����2�� is negative, we find that ���N28kH���M� is a local maximum. This
canalsobeseenby looking at theabove sketchandusingthefact that thegradientalwayspointsin
thedirectionof greatestincrease.� hasnoglobalmaximaor minima. If wekeep�7� @ fixed,wefind that o}�(�+oB�3� � ; , thus �����<�A@B���� 
 ��9O'�� , thus � su� *J��  �������A@B�n��'�¡ and � su� *J�£¢/  �������A@B����2=¡ .

Problem 4 (10 points) Franny says:“I know adifferentiablefunction W ��X�f��d� suchthat¤¤ X W ��X�f���TZ¥X�� *J¦ # ¦ and

¤¤ � W �YX�f�d�RZ:��� *J¦ # ¦ �
Zooey says:“And I know adifferentiablefunction § �YX�f�d� suchthat¤¤ X § ��X�f���TZ:�/� * ¦ # ¦ and

¤¤ � § ��X�f���TZ6X�� * ¦ # ¦ �
Oneof themis lying. Whichone,andhow doyou know?

Answer: Oneway to checkthis is by Clairaut’s Theorem.CheckingFranny’s function,we have¨¨ � ¨¨ � ������������� � ! *J¦ # ¦ LJk+�H� ; � and
¨¨ � ¨¨ � ������������� � ! *J¦ # ¦ LUk+�/� ; D

If Franny reallyhadsucha function ����������� , thenby Clairaut’s Theorem,thetwo expressionswouldhave to
beequal,but they arenot. SoFranny is lying. On theotherhand,for Zooey’s function,we get¨¨ � ¨¨ �n© ���������n� ! * ¦ # ¦ '4� ! * ¦ # ¦ LJk+�M� ; � and

¨¨ � ¨¨ �<© ���������n� ! * ¦ # ¦ '4� ! * ¦ # ¦ LJk+�/� ; D
Thesefunctionsare indeedequal,which makes Zooey’s claim plausible. You did not have to find the
function © , but in caseyou’re curious,hereis apossibledefinition:

© ���<���	�q��ª *
#� ! w ¦ opv�D

Problem 5 Considerthefunction W which is definedasfollows:

W ��X�f��d�QZ¬«® if
X&¯Z°�

and
�±Z¥X ;�

otherwise.

(a) (4 points) Is W differentiableat
�}��f�	�

?

Answer: � is notcontinuousat �C@��A@B� , because� su� *J� � �����<��� ; ��� � su� *J� � >O�1> , whereas���C@��A@B���@ . Since � is not continuous,it is certainlynotdifferentiable.
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(b) (10 points) Prove thatfor everyunit vector ²³ , thedirectionalderivative ´¶µ· W ����f"�	� exists.

Answer: Informally, thereasonis thatany fixedline throughtheorigin hasasmallstretchnear(0,0)
where � is constantlyzero.

f(x,y) = 0 here

x

y

More formally: Let ¸¹ ��ºC»¼��½"¾ be any fixed unit vector. The directionalderivative
� µ· ���C@��A@B� is

definedasthelimit

� s¿�À � � ���YÁ�»/��Á¼½"�Â2Ã���C@��A@B�Á �\� su�À � � ���YÁ�»/��Á¼½"�Á D
We considertwo cases:Case1: »��°@ . In this case,���YÁ¼»¼��Á/½"���:���C@���Á/½"���°@ for all Á , thus,the
above limit existsandis equalto zero. Case2: »�Ä�:@ . By definitionof � , we have ���YÁ�»/��Á¼½"�Å�Æ>
only when Á¼½7�Ç�YÁ¼»�� ; and Á�» Ä�\@ , i.e., when Á¼½7�ÈÁ ; » ; , which happensonly at Á¶� ÉÊ ¦ . Thus,
when Á is sufficiently small (namely, when Ë Á<Ë/Ì¥Ë�ÉÊ ¦ Ë ), thenwe have ���YÁ�»/��Á¼½"�Q��@ . It follows that� su� À � �QÍ+Î À Ê"Ï À É�ÐÀ �S@ .
In eithercase,thelimit exists.
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