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Answers to the Final Exam

Problem 1 Find an equationof the tangentplaneto the surface ���������
	�������
� at the point� ����������� .
Answer: We canwrite thesurfaceas �����
�! ��#"%$'&)( , where �����*�! +�#"�$'&,��- �*.0/21 "435" . Thetangentplane
thatwe arelooking for will be parallelto the level surfaceof � at thegiven point. We alsoknow that the
gradientis orthogonalto thelevel surface,andthusthegradientof � will beanormalvectorfor thedesired
tangentplane.We calculate67�8&:9;- � .0/21 "��!�<- � .0/21 "���3=�<- � 1#>@? "A3B(DCE&:9F(G�H(G��3I(DC . Weneedanequation
for theplanethrough JLKM&)�F(G�#N��#NO$ with normalvector PQ&)9F(G�H(G��3I(DC . Suchanequationis JSR�P�&,JLK=RLP ,
or �UT5 V3W"V&X( .
Problem 2 CalculateYZY\[ �^]_�a`b]
ced , where f is theunit disk �^]g�h`+]Aij� .
Answer: Thisisbestcalculatedin polarcoordinates.klk [ � ] TI ]�mOn &hk;k [po ] R o m o m%q &hk ]FrK k_sK oGt m o m%q &uGv R sw & v
xGu .

Problem 3 Theparametricequations� � y t\z y` � y w z y#]
describea curve which hastwo loops,asshown in the illustra-
tion. Calculatetheareaenclosedby oneof theloops.
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Answer: Thecurve passesthroughtheorigin at {|&X34( , {|&hN , and {E&X( . Thus,oneof theloopsis traced
out for N~}�{E},( (theotherloop is symmetrical).Wecalculatethearea:

kV� m  & k sK �b �� m {& k sK ��{ t 3W{!$0����{ t 3 u {#$ m {& k sK ��{F�g3���{ w T u { ]�m {& � w � { � 3 �� { � T ] t { t�� sK& w � 3 �� T ]t& � K�� s ] �#� � Ks K �& ws K ���
Problem 4 Minimize �^]_�a��`b]E�,����] subjectto theconstraint�^`���� wt , for ���0`
������� .
Answer: Weusehemethodof Lagrangemultipliers.Let �����
�! ��#"%$�&�� ] T��� ] T8�G" ] and �����*�! +�#"�$|&��+ �" .
Since � and � aredifferentiable,weknow thatall localminimaoccurat points ���
�! ��#"%$ thatsatisfy

67�����
�! ��#"%$�&��pRD6V�<���
�! ��#"%$��
for some� . This means,

9 u �*���� +�H(H�G"%Cg&h�7RO9� �"��!�+"��!�+ �C �
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Sowe get �Q& u � x  �"�&��� x ��" &¡(H�G" x �b , and,by multiplying everythingby �+ �" xGu , � ] &¢�� ] &��G" ] .
Thuswe have  U&�� xGu and "V&�� xG£ . Wealsoknow thatthepointwearelooking for satisfiestheconstraint�b �"W&¤� xG£ , thus � t x �¥&¤� xG£ , thus � t &¡� or �B& u

. It follows that 9��
�! ��#"%CU&¦9 u �H(G� u2xG£ C is the only
critical point. This is indeedtheglobalminimum.

Problem 5 Computetheoutwardflux of § � ���0`
�����M� � �^]=�¨��©�ªM`���«��¨`b]¬M� � � z,® ���#`+¯ through
thesurfaceof thecube �°i��±i ® , ��iX`²i ® , ��i³��i ® .
Answer: By theDivergenceTheorem,theflux is equalto klk;kµ´~¶ >¸·g¹ m�º , where » is thecubein question.

Wecalculate¶ >¸·'¹ & u �~T u  V3 u  U& u � . Thus, k;k;kµ´U¶ >¸·g¹ m�º & k ]K k ]K k ]K u � m � m  m "U&�(H� .
Problem 6 Let § � ���0`
�����=� � ����	 � ��«e� � �
	 � � ® `�	G¼H�½¬g� � ` ] 	G¼µ�������#¯ . EvaluateYO¾ §�¿ c�À , whereÁ

is thecurvewith initial point
� ������� ® � andterminalpoint

� ����������� shown in thefigure.
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Answer: We calculate.�ÂeÃ�Ä�¹ &jN andconcludethat ¹ is conservative. A potentialfield is easilyfound:¹ &a67� where ��&�� ] xGu T5�<- � T± ] - ¼ T u " ] . Soby thefundamentaltheoremfor line integrals,we havek ¾ ¹ R m JM&����F(G�#N��#NO$�3����N��#N�� u $|&�( �ÆÅ 3��I&¨3Ç� �ÆÅ .
Problem 7 Evaluatetheintegral YZY'È �É�Ê�Ë §Q¿ c�Ì , whereÍ is thepartof thesphere�^]<��`b]b�5��]M�Î�
with �8Ï:� , and § � ���0`
�����=� � � z `���«+� ÐÐDÑ � � Ñ ¬\�,	 Ð � ¼ ¯ . Choosetheupwardorientationfor Í .

Answer: By Stokes’ Theorem,k;k È .�ÂeÃ�Ä0¹ R m�Ò & k ¾ ¹ R�J , where Ó is theboundaryof Ô . Thus, Ó is the
curve � ] T5 ] &�N with "V&�N , orientedin thepositive direction.WeparameterizeÓ with N~}Õ{E} uGv as

����{#$Ö& .0/21 { <��{#$×& 1#>½? {"b��{#$Ø& N �
WecalculateJD�;��{!$|&X9Ù3 1#>@? {�� .0/21 {��#NOC and ¹ ������{#$��! <��{#$��#"b��{#$!$E&³�N�3 1#>@? {#$FÚDT ÛlÜ!ÝHÞÛßÜ!Ý Ñ Þ � Ý�àâá Ñ Þ½ã T - ÛlÜ!Ý�Þä Ý�àâá�Þä K�å &9Ù3 1#>½? {�� .0/21 {��H(DC . Now we cancalculatetheline integral: k ¾ ¹ RLJI&,k ]FrK ¹ RDJ � m {E&¨k ]FrK 9Ù3 1#>@? {�� .0/21 {��H(DCµR9Ù3 1#>½? {�� .0/21 {��#NOC m {E&�k ]FrK ( m {�& uGv .

Problem 8 Assumethat æ and ç arescalarfieldswith continuoussecond-orderpartialderivatives.
Prove that è ©½é �Zê æìë ê ç �'�¢� .
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Answer:

¶ >¸· �;6p� í 6V��$Ö& ¶ >¸· �!9;� Ð ��� � ��� ¼ C_íQ9î� Ð �F� � �F� ¼ C!$& ¶ >¸· �!9;� � � ¼ 3Q� ¼ � � ��� ¼ � Ð 3�� Ð � ¼ ��� Ð � � 3�� � � Ð C!$& ïï Ð �;� � � ¼ 3�� ¼ � � $�Tðïï � �;� ¼ � Ð 3�� Ð � ¼ $
T�ïï ¼ �;� Ð � � 3�� � � Ð $& � � Ð � ¼ T±� � � ¼ Ð 3�� ¼ Ð � � 3�� ¼ � � ÐTM� ¼ � � Ð T�� ¼ � Ð � 35� Ð � � ¼ 35� Ð � ¼ �TM� Ð ¼ � � T�� Ð � � ¼ 35� � ¼ � Ð 35� � � Ð ¼& N

Problem 9 UseGreen’s Theoremto evaluatethe line integralY2¾ �%�^` z ��`Sc��E� ® � ] c�` , where
Á

is thepositivelyorientedcurve
that consistsof the line segmentfrom

� zV® ����� to
� ® ����� andthe

tophalf of thecircle �^]_�a`b]Ç�¢� . 2-2
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Answer: Let 9ñ'��ò4C�&X9����b V3¥�� �� u � ] C . By Green’s theorem,theline integral k ¾ ���b I3¥�� m �~T u � ]�m  is
equalto ó�ó

[ ��ô òô � 3,ô
ñ
ô  $ mOn &

ó|ó
[ ����3�������3¥�%$ m%n &

ó�ó
[ � m%n �

whereõ is theregionenclosedby Ó . Theansweris 4 timestheareaof õ , or � v .
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