MATH 285, HONORSMULTIVARIABLE CALCULUS, FALL 1999
Answerstothe Final Exam

Problem 1 Find anequationof the tangentplaneto the surfacez + 1 = ze¥ cos z at the point
(1,0,0).

Answer: We canwrite thesurfaceas f (z,y, z) = 1, wheref(z,y, z) = ze¥ cos z — z. Thetangentplane
thatwe arelooking for will be parallelto the level surfaceof f atthe given point. We alsoknow thatthe
gradientis orthogonato thelevel surface,andthusthegradientof f will beanormalvectorfor thedesired
tangentplane.We calculateV f = (e¥ cos z, ze¥ cos z, —ze¥ sinz — 1) = (1,1, —1). We needanequation
for the planethroughry = (1,0, 0) with normalvectorn = (1,1, —1). Suchanequationsr -n = ry - n,
orz+y—z=1.

Problem 2 Calculatef[ ,, z* + y*> dA, whereD is theunit diskz? + y? < 1.

Answer: Thisis bestcalculatedn polarcoordinates f ,, 22 +y*dA = [[ , r2-rdrdd = [77 [ r* drdf =
21 - 1 =m/2.

Problem 3 Theparametricequations

r = t*—t

y - t4 - t2 7& X
describea curve which hastwo loops,asshown in the illustra-

tion. Calculatethe areaenclosedy oneof theloops.

Answer: Thecure passeshroughtheoriginatt = —1, ¢t = 0, and¢ = 1. Thus,oneof theloopsis traced
outfor 0 < t < 1 (theotherloopis symmetrical) We calculatethe area:

Jzdy = fol xy' dt
Jo (3 — t)(4t3 — 2t)dt
= [, 45 — 6t + 262 dt
= [71 57+ 3¢°]
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Problem 4 Minimize 22 + 432 + 922 subjectto theconstraintryz = 3, for z,y, z > 0.

Answer: We usehemethodof Lagrangemultipliers.Let f(z,y, 2) = 22 +4y% + 922 andg(z, y, 2) = zyz.
Sincef andg aredifferentiablewe know thatall localminimaoccuratpoints(z, y, z) thatsatisfy

Vf(x,y,z) =\ Vg(:c,y,z),
for some)\. Thismeans,

(2z,8y,182) = X\ - (yz, xz, Ty).
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Sowe get\ = 2z /yz = 8y/zz = 18z/zy, and,by multiplying everythingby zyz/2, z? = 4y? = 922

Thuswe havey = z/2 andz = /3. We alsoknow thatthe pointwe arelooking for satisfieghe constraint
ryz = 4/3, thusz®/6 = 4/3, thusz® = 8 or z = 2. It follows that (z,y,z) = (2,1,2/3) is theonly

critical point. Thisis indeedthe globalminimum.

Problen 5 Computethe outwardflux of F(z,y, z) = (22 + siny)i + y%j + (z — 22)yk through
thesurfaceof thecubeld <z <2,0<y<2,0<2< 2.

Answer: By the DivergenceTheoremtheflux is equalto [[f , divF dV, whereE is thecubein question.
We calculatediv F = 2z + 2y — 2y = 2z. Thus, [ p divFdV = [ [ [? 22 dzdydz = 16.

Problem 6 LetF(z,y, z) = (z +e¥)i+ (ze¥ + 2ye*)j + (y°e* + 42)k. Evaluatef,, F - dr, where
C is thecurve with initial point (0, 0, 2) andterminalpoint (1, 0,0) shovn in thefigure.

z

(0,0,2)

(1,4,0)

(2,4,0)

Answer: We calculatecurl F = 0 andconcludethat F is conserative. A potentialfield is easilyfound:
F = Vf wheref = 22/2 + ze¥ + y%e* + 222. Soby thefundamentatheoremfor line integrals,we have
JoF-dr=f(1,0,0) — £(0,0,2) = 1.5 — 8 = —6.5.

Problem 7 Evaluatetheintegral [[ , curl F - dS, whereS is the partof thespherer? + y* + 2% = 1

with z > 0, andF(z,y, z) = (z — y)i+ 7,z + €"*°k. Choosetheupwardorientationfor S.

Answer: By Stokes’ Theorem,[[ ; curl F - dS = [, F - r, whereC is theboundaryof S. Thus,C is the
cure z2 + 32 = 0 with z = 0, orientedin the positive direction.We parameteriz& with 0 < ¢ < 27 as

z(t) = cost
y(t) = sint
z(t) = 0.

We calculater’(t) = (—sint, cost,0) andF(z(t),y(t), z(t)) = (0 —sint)i+ #j;n;t_] + eostsint-0 —
™

o (—sint,cost,1) -

(—sint,cost,1). Now we cancalculatetheline integral: [ F -r = 02" F.r'dt =
(—sint,cost,0)dt = 027T 1dt = 2.

Problem 8 Assumethat f andg arescalarfieldswith continuoussecond-ordepartialderivatives.
Provethatdiv(Vf x Vg) = 0.



Answer:

div(Vf x Vg) = div({(fz, fy, f2) X (9z, 9y 9z))
= diV((fygz — f29y; [292 — [292, fzgy _fygw»
= %(fygz_fzgy)+%(fzgw_fxgz) +%(fwgy_fygz)
= fy:cgz + fygz:c - fz;cgy - fzgy:c
+fzygm + fzgzy - fmygz - fmgzy
+f:czgy + fwgyz - fyzgw - fyg:cz
=0

Problem 9 Use Greens Theoremto evaluatethe line integral

fc 4zxy—4y dr+222 dy, whereC is thepositively orientedcurve N
that consistsof the line segmentfrom (—2,0) to (2,0) andthe x
top half of thecircle 22 + y* = 4. -2 2

Answer: Let (P, Q) = (4zy — 4y, 22%). By Greenstheoremtheline integral [, 4zy — 4y dz + 2z* dy is

equalto
//@_8—13@ //435—4;5— )dA = //4dA

whereD is theregion enclosedy C. Theanswelis 4 timestheareaof D, or 8.



