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Answers to Problem Set 3 (Revised)

Problem 3.8 Considerany set
�

. Then

���������
	 � �� ��������� ��� ��� ��	 � (by definitionof ����� )�� ������������� � ����� ��� ��� � � (by definitionof union)�� ����� � � ����������� ��� ��� � ��� ����� � � � �!�"����� � (by definitionof ����� )�� ��� 	$# ����� �&%�� � �' (by definitionof union)

Theproof for “ (*),+ ” is similar.

Problem 3.9 If we replacethe union operationby intersectionin the previous problem(assumingthat
�

is non-
empty),thecorrespondingresultis not true. For a simpleexample,let

�.- #�# �0/ �21 �3' � # �0/ �24 �*'�' , where 165- 4 . Then�����
7 �8- �����
9 - 9 , whereas7 # ����� �:%�� � �'�- 7 #�# /;'�'<- # /;' . However, theinclusionfrom left to right
is still valid, namely�����=7 �?> 7 # ����� �&%�� � �' . Comparetheproof to thatof Problem3.8:

���������
7 � �� ��������� ��� ��� ��7 � (by definitionof ����� )�� ���������A@B� � ����� ��� ��� � � (by definitionof intersection)� �C@B� � � ����������� ��� ��� � � (*)�� �C@B� � � � �!�"����� � (by definitionof ����� )�� ���!7 # ����� �&%�� � �' (by definitionof intersection)

Notice that in the stepmarked (*), the converseimplication doesnot hold:
����@B�EDFD�D

implies
@G�<���HD�DFD

, but not the
otherway around.

Problem 3.11 Assumethat I and J arefunctionswith ����� I - ����� J . Assumethat I � � �K- J � � � for all � in
thecommondomain.We claim that I - J . We will show this by proving I > J and J > I (recall that functions
aresets,namelycertainsetsof orderedpairs). SosupposeL � I . Then,since I is a function, L is anorderedpair,
i.e., L -M� ��� ��� for some��� � . By definition of I � � � , we have I � � ��-8� . Since � is in the domainof I , we have
J � � �N- I � � � by hypothesis,andthus J � � �N-O� . This implies L -P� ��� ��� � J by definitionof J � � � . This proves
I > J ; theconversefollowsby asimilar argument.

Problem 3.15 Let
�

bea setof functionssuchthat for any Q �SR!� � , either Q > R or R > Q . We claim that 	 � is
a function. First, noticethateachelementof 	 � is anorderedpair, andthus 	 � is a relation. To prove that it is a
function,considerany

� ��� ��� and
� ��� ��TA� in 	 � . We have to show that

�6-=��T
. First,by definitionof union,we know

that
� ��� ��� � Q and

� ��� ��TA� �UR for someQ �SRU� � . By hypothesis,we know thateither Q > R or R > Q . We do a case
distinction:if Q > R , then

� ��� ��� �UR , whichimplies
�6-
��T

, sinceR is afunction.Similarly, if R > Q , then
� ��� ��TA� � Q ,

which againimplies
�-
��T

, since Q is a function. In eithercase,
�V-=��T

, andwe aredone.

Problem 3.29 Given QXW;Y[Z]\ , define J:W^\:Z`_=Y by J � 1 �a- # �E� Y % Q � � �a- 1 ' . Assumingthat Q is onto
\ , we want to show that J is one-to-one.Soconsider1b�*1 T � \ with J � 1 �c- J � 1 TA� . We have to show 1 - 1 T . Since
Q is onto,we know that thereis some

/ � Y with Q �0/��H- 1 . It follows,by definitionof J , that
/ � J � 1 � , andthus,/ � J � 1 TC� by hypothesis.Usingthedefinitionof J again,this in turnsimplies Q ��/��d- 1 T , andthus 1 - Q ��/��d- 1 T ; we

aredone.

Theconversedoesnot in generalhold. In otherwords,it is possiblefor J to beone-to-oneevenif Q is not onto. To
beprecise:if thereis at mostoneelementof \ that is not in the rangeof Q , then J will still beone-to-one.Proof:
Assumethatthereis atmostoneelementof \ thatis not in therangeof Q . SupposeJ � 1 �e- J � 1 TA� . If 1 is in therange
of Q , then 1 - 1 T followsasabove; similarly if 1 T is in therangeof Q . Theonly caseleft is if neither 1 nor 1 T is in the
rangeof Q ; in this case,1 - 1 T by hypothesis.

However, if thereareat leasttwo differentelementsof \ thatarenot in therangeof Q , then J will not beone-to-one:
Let 1b�*1 T besuchdifferentelements,then J � 1 �d- J � 1 TC�e- 9 but 1K5- 1 T , andhenceJ is notone-to-one.
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Problem 3.30 Let IOWf_=YgZh_=Y have themonotonicitypropertyi >kj � _=Y � I � i �l> I ��j � . Define

\ -nm # i > Y % I � i �o> i ' and p -gq # i > Y % i > I � i �3'�D

Note that I � Y �6> Y , andthusthe set # i > Y % I � i �> i ' is non-empty, makingthe above intersectionwell-
defined.

(a) Let r betheset # i > Y % I � i �o> i ' , sothat \ - 7 r . We claim that I � \ �d- \ .

s First, we claim that I � \ �U> \ . So take any L � I � \ � . To show that L � \ , consideran arbitrary
i � r ; we have to show that L � i . By definition of \ , we know that \ > i , and henceby
monotonicity, I � \ �c> I � i � , which implies L � I � i � . On theotherhand,sincei � r , we know that
I � i �c> i , andthus L � i . Sincei � r wasarbitrary, this proves L � \ , andwe have I � \ �H> \ as
desired.s To prove theconverse,\ > I � \ � , we usethe fact thatwe alreadyknow I � \ �t> \ . By monotonicity,
this implies I � I � \ �u�v> I � \ � , andhence,wehave I � \ � � r . It follows that \ - 7 r > I � \ � .

Now, let w betheset # i > Y % i > I � i �*' , sothat p - 	 w . We claim that p - I � p � .
s First, we claim that p > I � p � . So take any L � p . Thenthereexists somei � w suchthat L � i .

By definitionof w , we know that i > I � i � , andthus L � I � i � . Also, since p - 	 w , we know that
i > p , andhenceby monotonicity, I � i �o> I � p � . It follows that L � I � p � , asdesired.s To prove theconverse,I � p ��> p , we usethe fact thatwe alreadyknow p > I � p � . By monotonicity,
this implies I � p �v> I � I � p �u� , andhence,we have I � p � � w . It follows that I � p �v> 	 w - p .

(b) SupposeI � i �d- i . Then i � r , andhence\ - 7 r > i . Similarly, i � w , andhencei > 	 w - p .

Homework for Feb. 5:

1. We gave two definitionsof linearorderin class,onein termsof x andonein termsof y . Show that they are
equivalent,i.e., show thatif

� Y � x � is a linearorderin thefirst sense,andif onedefines

� y � W �� � x �Nz � -=� �
then

� Y � y � is a linearorderin thesecondsense;andif
� Y � y � is a linearorderin thesecondsense,andif one

defines � x � W �� � y �N{ �|5-=� �
then

� Y � x � is a linearorderin thefirst sense.

2. Provethata relation } on Y is anequivalencerelationif andonly if, for all ��� � � Y ,

� } �O�V�~@ L � Y � � }�L ��� }tL �3D

3. Suppose
�

and � areequivalencerelationson setsY and \ respectively, and QEW�Y�Z�\ is a function. Prove
that thereexistsa function R WBYN� � Z�\V��� satisfying R ��� ���A� ��-P� Q � � � �A� for all ��� Y , if andonly if � �N�
implies Q � � � �EQ ����� , for all ��� � � Y .

Chapter3, Problems34,36,41,44,45. Chapter6, Problem22 [or 18]. Chapter7, Problem1.
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