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Answers to the Final Exam

Problem 1 For oneimplication,assume
�������

. Thenby Problem1.4, � ��� � ���
, andby Problem2.6(a),

� ���
	��
, thus � ����

. For theconverse,assume� ����
. We showedin classthat � ������� � �����

,
andthus

� � �������
. By Problem2.6(b),

����� � � , andthus
�������

.

Problem 2 First suppose� is one-to-one,andlet ��� �����
. We know that ��� � ��� ��� � � ��� � � � � �!��� � �"� � by Theorem

3K(b). For the converseinclusion,suppose#%$���� � � � � �&��� � ��� � . Then # 	 ��')(+* for some (,$�� and # 	 ��'.-/*
for some -�$ �

. But since � is one-to-one,( 	 - , and thus (�$,�0� � and #�$���� � �0� �1� � . It follows that
��� � ��� �1� ��	 ��� � � � � �!��� � �"� � .
Conversely, supposethatfor all �2� ���3�

, ��� � �,� �1� �4	 ��� � � � � �5��� � �1� � . To show that � is one-to-one,assume��'.(+* 	
��')-/* for (76	 -8$ � . Let � 	�9 (;: and

��	�9 -+: . Then ��� � � � � �<��� � �1� ��	�9 ��'.(+*=: , whereas��� � ��� ��� �>	 ��� � ? � ��	 ? , a
contradiction.Thus, � is one-to-one.

Problem 3 Suppose@ and @5ACB arebothwell-orderingson someset D . Let E be the ordinalnumberof FGD��H@�I . If
D is infinite, then E�6$3J , henceJ $K E by trichotomy, henceJ � E . ThereforeE , andthus FGDL�M@1I , hasan infinite
increasingchain. But this amountsto an infinite decreasingchainin FND��M@ A;B I , contradictingthe fact that @ ACB is a
well-orderon D .

Problem 4 Recallthatanordinal is a transitivesetof transitive sets.If
�

is a non-emptysetof ordinals,then O � is
transitive,andsoareits elements.So O � is anordinal. If

�
is any setof ordinals,then � � is transitive,andsoare

its elements,so � � is anordinal.Sotheanswerto thefirst two questionsis yes.However, theset-theoreticdifference
of two ordinalsis not usuallyanordinal: For instance,P K3Q 	,9 ?R� 9 ?R:S: K 9 ?R: 	�9T9 ?U:T: , which is not anordinal.

Problem 5 Let V bethesetof antichainsin W . Weclaimthat V is closedunderunionsof chains:Considerany chainXY� V . We mustshow that � X is anantichain.Soconsiderany (Z�[-2$ � X . Then (\$^] B and -2$\]`_ for some
] B �a] _ $

X
. Since

X
is a chain,we have ] B �H] _

� ]cb for somed�$ 9 Q �HPR: . So (e�[-&$7]`b . But ]`b is anantichain,
andthus (�6f - . Since (e�[-g$ � X werearbitrary, it follows that � X is anantichain,andthus � X $&V . Thus, V
is closedunderunionsof chainsandhasamaximalelementby Zorn’s lemma.Thiselementis amaximalantichainin
W .

Problem 6 Recallthat hjiSkHlnm 	 PToqp and hriskalcJ 	�t+u
. Thuswe have

hjiSkHlC'.vCm�* 	 'NP oqp * oqp 	 P oqpxw oqp 	 P oqp 	 hriskal`m`y
Problem 7 Let D bea setof cardinals.We know that � D is anordinalby Problem4b. It remainsto beshown that
� D is a cardinal,i.e., that for all z%$ � D , z{6| � D . Sotake z3$ � D . By definitionof union,thereis }~$\D with
z7$~} . Becausez , } , and � D areall ordinals,we have z � } � � D , andthus z3��}g� � D . If z | � D , thenwe
would have z | } by theSchr̈oder-BernsteinTheorem,but this can’t besince z�$7} and } is a cardinal. It follows
that z�6| �3D , asdesired.Thus, �3D is not equinumerousto any smallerordinal,andhenceit is acardinal.

Problem 8 An ordinal is, by definition,a transitivesetof transitivesets.We alsoknow thatordinalsarewell-ordered
by $ , andthusin particularthey are $ -connected.Sotheleft-to-right implicationis trivial.

Conversely, let
�

bea transitivesetthatis $ -connected.To show that
�

is anordinal,we mustshow thateach(2$ �
is transitive. Soconsider#�$!-�$!( . By transitivity of

�
, wehave -8$ � , andthen #�$ � . Since,by regularity, #<6	 ( ,

we have (7$~# or #�$~( by $ -connectedness.But (\$&# is impossible,lest (\$\#!$~-2$~( , which would contradict
regularity. Therefore,theonly possibilityis #�$!( . Thisshows that ( is transitive,asdesired.
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