MATH 582,INTRODUCTION TO SET THEORY, WINTER 1999
Problem Set10— The Relative Independenceof the Regularity Axiom

In this homewvork, we will shav thatthe regularity axiom doesnot follow from the otheraxiomsof settheory Let
ZFC~ beZermelo-Fraenél settheorywith choicebut without theregularity axiom. In otherwords,ZFC™ consistsof
thefollowing axiomsandaxiomschemas:

1. Extensionality VAVB[Vz (x € A<=z € B) = A= B].

2. Empty Set. ABVz (z ¢ B).

3. Union. VA3IBVz[r € B <> 3b(zebAbe A).

4. Power Set. VA3IBVz (x € B <z C A).

5. Infinity. JAl e AAVa(a e A= aU{a} € A)].

6. ReplacemenBchema. Vit ...Vt VA [Vz Yy Vya (¢(z,y1) A d(x,y2) = y1 = y2)

= 3BVy(y € B<= 3z (z € AN ¢(z,y)))].

7. Choice. VANz(z € A= #0)AVaVy(z € ANye AN #y=>zNy=0)
= 3CVz (z € A= Fw(C Nz ={w})).

We have omittedthepairingaxiomandthesubsetixiomschemdrom thislist, becauseve have provedin Problems/.8
and7.9thatthey areconsequencesf thereplacemenaxiomschema.

Thegoalof thishomevork is to prove:

Theorem 1. If ZFC™ is consistent, then the regularity axiom does not follow from the axioms of ZFC™.

Theoreml is half of anindependenceesult. Theotherhalf stateghatZFC™, if consistentdoesnotimply thenegation
of theregularity axiom. We will shaw this latter statemenin class.Thus,ZFC™ neitherimpliesthe regularity axiom
nor its negation,andwe saythatthe regularity axiomis independent of ZFC™.

This kind of independenceesultis calleda relative independenceesult,becausave assumall alongthatZFC™ is
consistentlf ZFC™ were,in fact,inconsistentthenit would imply everything,including the regularity axiom. Since
it is notknown whetherZFC™ is really consisten{althoughmostpeoplehopeso), the hypothesisannotbe dropped
from Theorem.

We will now prove Theoreml. The outline of the proof is asfollows: supposeZFC™ is consistent. Thenthere
existssomeuniverse? of setsin which the ZFC™-axiomshold. We will use% to constructa different universe?/’,
andwe will show thatall the ZFC™-axiomshold in %', but the regularity axiom doesnot. Thusit follows thatthe
ZFC™ -axiomsdo notimply theregularity axiom.

Definition. We saythataformula R(x,y) is abijection from the universe % onto itself if it satisfiesthe following
conditions:

Ve VyVy' (R(z,y) A R(z,y") =y =y');
Ve Vz'Vy (R(z,y) A R(z',y) = =z =2');
Vz Iy R(z,y)
Vy 3z R(z,y)

In otherwords, R is a function classthat is one-to-oneand onto the entire universeof sets. We will usea more
cornvenientnotationandwrite F(z) for the uniquesety suchthat R(z, y). Of coursewe alsowrite £~ (y) for the
uniquesetz suchthatF(z) = y.

Problem 1 Verify thattheformula

1 ifz=0
Fz)=< 0 ifz=1
z ifz#0andz #1

definesafunctionclassthatis a bijectionfrom theuniverseontoitself. Give two otherexamplesof suchbijections.&

Now let usfix somebijection F' of theuniverseontoitself. We definethe universe%’ asfollows:



Thesets of %' arethe sameasthe setsof % . In particular two setsareconsideredequalin %' iff they areequalin
% . Theelementelationon %', whichwe denoteby €', is definedby

re'ys= e Fy). 1)

Thus,z is consideredo beanelemenbf y in theuniverse?’ iff z is anelemenbof F(y) in theuniverse?/ .

Problem 2 Shaw thatfor ary setz, onehasz ¢’ F~1(()). Also shaw that,if F is the bijectionfrom Problem, then

0e . L)

Now, if E(zg,...,z,—1) isary formula,thenwewrite E' (xq, .. ., zx_1) for theformulaobtainedrom it by changing
€ to €' throughout.We shall shav thatthe universe?’ satisfiesall the axiomsof ZFC ™. This amountso shoving
thatwhenever A is anaxiomof ZFC~, then A’ holdsin % .

Empty SetAxiom: To shaw thattheemptysetaxiomholdsin %', we mustshaw that
3IBVz (z ¢ B). 2)

Which setwill work for B? In Problem, we have seeranexampleof ) €’ (), sothat B = () doesnotin generakatisfy
(2). However, from thefirst partof Problem, we know thatfor all setsz, = ¢’ F~1((), andthus(2) is satisfiedwith
B = F~1(p). Thus,F~1() is the“empty set” of %', andwe denoteit by (".

Extensionality Axiom;
Problem 3 Provethat% ' satisfieghe extensionalityaxiom,i.e., prove that

VAVB[Vz (z €' A<=z €' B) = A= B]. &

Union Axiom: Let A beary set. We mustshaw thatthereexistsa set B suchthatz €' B if andonly if 3b(z €’
bAbe A).

Problem4 Letc = Uycp(a) F(b), andlet B = F~'(c). Provethatz €' Biff x € ciff Ib(x € bAb € A).
Concludethat%' satisfieghe unionaxiom. &

Power SetAxiom: We first needto figureout whatit meango beasubsein %’. By definition, z is asubsebf A in
', insymbolsx C' A,if Vz(z € z = z € A). Thelatterformulais equialentto Vz (z € F(z) = z € F(A)),
thatis, it is equivalentto F'(z) C F(A).

Problem5Letc = {z | F(z) C F(A)}. Provethatcis aset.Let B = F~!(c), andprovethat
z€ Bz C A

Concludethatthe power setaxiomholdsin %7’. &

Problem 6 Thebinaryunion,binaryintersectionandsingletonoperationsn %' aredefinedasfollows:

zUy = F Y (F(z)UF(y)),
zN'y = F~YF(z)NF(y)),
{z} = F'({z}).
Verify thattheseareindeedunions,intersectionsandsingletonsn %', i.e., show that
z€ Uy < z€axvzey

z€znN'y < z€eaxnz€ey a
z€ {2z} & z==2.



Infinity Axiom: We defineby recursionamap f with domainw: f(0) = @', andf(n*) = f(n) U’ {f(n)}'. Letn be
therangeof f, andlet A = F~1(n).

Problem 7 Prove thatthe set A satisfiegheinfinity axiomin %/, i.e.,

0'e"A and Va(a€ A=alU {a} € A). Y

ReplacementSchema:Let A beasetand¢(z,y) beaformulasuchthat¢'(z,y) definesafunctionclass.Let ¢ be
the setof imagesof F'(A) underthis functionalrelation. Then

Vy(y € c<= Jz(z € F(A) A ¢ (z,y)).

If welet B = F~1(c), then
Vy(y € B« Jz(x € AN¢ (z,y)).

Thus,thereplacemenschemaholds.
Axiom of Choice: Supposeé is a setfor which the hypothesiof the axiomsof choiceholdsin %', i.e.,
Vi(zr €' A=x#0") and VaVy(ze€ AANye Anz#y=>an y=0)

hold. Let A; betheset{F(z) | x € F(A)}.

Problem8 Provethat

Vr(zr € Ay =z #0) and VzVy(ze AiAyeAiAz#y=znNy=0). &

In otherwords, 4, satisfieghe hypothesif theaxiomof choicein % . Sincethe axiomof choiceholdsin %, there
existsasetC; suchthat
Vz (z € A1 = Jw (C1 Nz = {w})).

Sincethelaststatemenholdsfor all z, it alsoholdsfor F(z), sowe get
Vz (F(z) € A1 = Jw (Cy N F(z) = {w})).

Problem9 Let C bethesetF~!(C,). ProvethatC, N F(z) = {w} iff C N’ 2 = {w}'. Also, provethatF(z) € A,
iff z €' A. &

Sowe have
Vz(z € A= Juw(CN z={w})),

whichis the conclusionof the axiomof choicefor %'. So %' satisfiegthe axiomof choice.

Problem 10 Let %' bethe universeconstructecasabove from the bijectionfrom Problem. Prove that%' doesnot
satisfytheregularity axiom. Hint: Recallthatregularityimpliesthatno setis amemberof itself. UseProblem. &

Proof of Theorem1: SupposehatZFC™ is consistent.Take someuniverse? of settheoryin which the axiomsof
ZFC™ hold. Let ' beconstructedasin the previousproblem. Then%' satisfiesall theaxiomsof ZFC ™, but notthe
regularity axiom. It follows thatthe axiomsof ZFC™ do notimply theregularity axiom. O



