
MATH 582,INTRODUCTION TO SET THEORY, WINTER 1999

ProblemSet10 — The Relative Independenceof the Regularity Axiom

In this homework, we will show that the regularity axiom doesnot follow from the otheraxiomsof settheory. Let
ZFC

�
beZermelo-Fraenkel settheorywith choicebut without theregularityaxiom. In otherwords,ZFC

�
consistsof

thefollowing axiomsandaxiomschemas:

1. Extensionality.
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.
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3. Union.
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4. PowerSet.
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�02�����013�450768��+�,�
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6. ReplacementSchema.
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7. Choice.
���S� ����
 ��������T!��/�� ( �	�P�	CU
����� ( CV�� ( �W!��CX���#YVC2�Z/O�� �'[ ����
 ������ �R\ 
 [ YV���]4 \ 65�;�^�^<

Wehaveomittedthepairingaxiomandthesubsetaxiomschemafrom thislist, becausewehaveprovedin Problems7.8
and7.9thatthey areconsequencesof thereplacementaxiomschema.

Thegoalof this homework is to prove:

Theorem1. If ZFC
�

is consistent, then the regularity axiom does not follow from the axioms of ZFC
�

.

Theorem1 is half of anindependenceresult.Theotherhalf statesthatZFC
�

, if consistent,doesnotimply thenegation
of theregularityaxiom. We will show this latterstatementin class.Thus,ZFC

�
neitherimpliestheregularityaxiom

nor its negation,andwe saythattheregularityaxiomis independent of ZFC
�

.

This kind of independenceresultis calleda relative independenceresult,becausewe assumeall alongthatZFC
�

is
consistent.If ZFC

�
were,in fact,inconsistent,thenit would imply everything,includingtheregularityaxiom. Since

it is not known whetherZFC
�

is really consistent(althoughmostpeoplehopeso),thehypothesiscannotbedropped
from Theorem1.

We will now prove Theorem1. The outline of the proof is as follows: supposeZFC
�

is consistent. Then there
existssomeuniverse_ of setsin which theZFC

�
-axiomshold. We will use _ to constructa different universe_Z` ,

andwe will show thatall the ZFC
�

-axiomshold in _�` , but the regularity axiom doesnot. Thusit follows that the
ZFC

�
-axiomsdonot imply theregularityaxiom.

Definition. We saythata formula a 
 �JK@Cb�
is a bijection from the universe _ onto itself if it satisfiesthefollowing

conditions: ���B�	CG�	C ` 
 a 
��LK@Cb� (�a 
 �JK@C ` ����CX��C ` �dc���B�	� ` �	C1
 a 
 �JK@Cb� (�a 
 � ` K;Cb�)�e�*��� ` �dc��� � C a 
��LK;CR���C � � a 
��LK;CR�
In other words, a is a function classthat is one-to-oneandonto the entire universeof sets. We will usea more
convenientnotationandwrite f 
 ���

for theuniqueset
C

suchthat a 
��LK;CR�
. Of course,we alsowrite f � : 
 Cb�

for the
uniqueset

�
suchthat f 
��	���ZC

.

Problem1 Verify thattheformula

f 
��	��� gh ikj if
����ll

if
��� j�

if
�W!��l

and
�"!� j

definesa functionclassthatis abijectionfrom theuniverseontoitself. Give two otherexamplesof suchbijections. m
Now let usfix somebijection f of theuniverseontoitself. We definetheuniverse_Z` asfollows:
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Thesets of _�` arethesameasthesetsof _ . In particular, two setsareconsideredequalin _�` if f they areequalin_ . Theelementrelationon _�` , whichwe denoteby
 ` , is definedby�� ` C2�%���� f 
 Cb�d<

(1)

Thus,
�

is consideredto beanelementof
C

in theuniverse_�` if f
�

is anelementof f 
�CR�
in theuniverse_ .

Problem 2 Show that for any set
�
, onehas

��! `Af � : 
n/O�
. Also show that, if f is thebijectionfrom Problem, then/# ` /

. m
Now, if o 
��'pDK><=<><dK;�	? � :>�

is any formula,thenwewrite oq` 
 �'pDK><=<><dK;�	? � :M�
for theformulaobtainedfrom it by changing

to
 ` throughout.We shall show that theuniverse_Z` satisfiesall theaxiomsof ZFC

�
. This amountsto showing

thatwhenever
�

is anaxiomof ZFC
�

, then
� ` holdsin _ .

Empty SetAxiom: To show thattheemptysetaxiomholdsin _Z` , wemustshow that

� ������
 �W! ` ���r<
(2)

Whichsetwill work for
�

? In Problem, wehaveseenanexampleof
/� ` /

, sothat
�$��/

doesnot in generalsatisfy
(2). However, from thefirst partof Problem, we know that for all sets

�
,
�s! `tf � : 
I/��

, andthus(2) is satisfiedwith�$� f � : 
I/��
. Thus, f � : 
I/��

is the“emptyset” of _ ` , andwe denoteit by
/ ` .

Extensionality Axiom:

Problem3 Provethat _Z` satisfiestheextensionalityaxiom,i.e.,provethat�����t�s� �	��
 �� ` �]�%���� ` �#�����������^< m
Union Axiom: Let

�
be any set. We mustshow that thereexists a set

�
suchthat

�� ` �
if andonly if �b& 
 �� `&)(�&  ` �+�

.

Problem 4 Let u �wv#x@y�z){}|t~ f 
 & � , and let
��� f � : 
 u � . Prove that

�] ` �
if f

�] u if f �b& 
 �� ` &P(�&  ` �+�
.

Concludethat _Z` satisfiestheunionaxiom. m
Power SetAxiom: We first needto figureout whatit meansto bea subsetin _�` . By definition,

�
is a subsetof

�
in_�` , in symbols

�W- ` �
, if

���P
n�� ` ������ ` �+�
. Thelatter formula is equivalentto

���P
n�� f 
��	�U���� f 
��1�@�
,

thatis, it is equivalentto f 
 �	�P- f 
n�+�
.

Problem5 Let u �k4=��� f 
��	�B- f 
��1��6
. Provethat u is aset.Let

�$� f � : 
 u � , andprovethat�� ` �$�%����- ` �q<
Concludethatthepowersetaxiomholdsin _�` . m
Problem6 Thebinaryunion,binaryintersection,andsingletonoperationsin _Z` aredefinedasfollows:��3 ` C � f � : 
 f 
 �	�L3 f 
�Cb�@�rK��Y ` C � f � : 
 f 
 �	�LY f 
�Cb�@�rK4=�L6 ` � f � : 
�4=�A6��r<
Verify thattheseareindeedunions,intersections,andsingletonsin _�` , i.e.,show that�X ` ��3 ` C �%� �2 ` �����X ` C�X ` ��Y ` C �%� �2 ` � ( �X ` C�X ` 4M�A6 ` �%� ���.�J< m
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Infinity Axiom: We defineby recursiona map � with domain� : � 
�lD���Z/ ` , and � 
��A����� � 
��L��3 ` 4 � 
��L��6 ` . Let � be
the
�

rangeof � , andlet
��� f � : 
 � �

.

Problem7 Provethattheset
�

satisfiestheinfinity axiomin _Z` , i.e.,/ `  ` �
and

��01
�02 ` ����0+3 ` 4M076 `  ` �+�r< m
ReplacementSchema:Let

�
bea setand

HJ
��LK;CR�
bea formulasuchthat

H ` 
 �JK@Cb�
definesa functionclass.Let u be

thesetof imagesof f 
n�+�
underthis functionalrelation.Then�	C+
 CV u �%� � ��
 �� f 
n�+� ( H ` 
 �LK;Cb�@�r<

If we let
�Q� f � : 
 u � , then �	C1
 C* ` �$�%� � ��
 �� ` � ( H ` 
��LK;CR�;�r<

Thus,thereplacementschemaholds.

Axiom of Choice: Suppose
�

is a setfor which thehypothesisof theaxiomsof choiceholdsin _ ` , i.e.,����
 �� ` �]���T!��/ ` � and
���B�	CU
��� ` � ( C* ` � ( �W!�.C2����Y ` CX�Z/ ` �

hold. Let
� :

betheset
4 f 
��	������ f 
n�+�r6

.

Problem8 Provethat�	��
����� : ���W!��/��
and

�	�B��CU
 ���� : ( CV�� : ( �W!��CX����Y*C2�Z/��d< m
In otherwords,

�1:
satisfiesthehypothesisof theaxiomof choicein _ . Sincetheaxiomof choiceholdsin _ , there

existsaset [ :
suchthat �	��
 ����1:�� �R\ 
 [ :GY*�*�k4 \ 6��@�r<

Sincethelaststatementholdsfor all
�
, it alsoholdsfor f 
 �	�

, sowe get�	��
 f 
 ���B�� : � �R\ 
 [ : Y f 
 �����]4 \ 65�;�r<
Problem9 Let [ betheset f � : 
 [ :>�

. Provethat [ :�Y f 
��	���k4 \ 6
if f [ Y ` ���]4 \ 6 ` . Also, provethat f 
��	�B��1:

if f
�� ` �

. m
Sowe have �	��
��� ` ��� �R\ 
 [ Y ` ���]4 \ 6 ` �@�rK
which is theconclusionof theaxiomof choicefor _Z` . So _Z` satisfiestheaxiomof choice.

Problem 10 Let _�` betheuniverseconstructedasabove from thebijectionfrom Problem. Prove that _�` doesnot
satisfytheregularityaxiom.Hint: Recallthatregularity impliesthatno setis a memberof itself. UseProblem. m
Proof of Theorem 1: SupposethatZFC

�
is consistent.Take someuniverse_ of settheoryin which theaxiomsof

ZFC
�

hold. Let _Z` beconstructedasin thepreviousproblem.Then _�` satisfiesall theaxiomsof ZFC
�

, but not the
regularityaxiom. It follows thattheaxiomsof ZFC

�
donot imply theregularityaxiom. �
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