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ProblemSet9 — Zorn’sLemma

Problem 1 If
���������

is a partially orderedset(=poset),thena chain is a subset	�
 � suchthat for all � ���� 	 ,� �� or
�� � . Show thatany posethasamaximalchain,i.e., a chainthatis nota propersubsetof any otherchain.

Problem 2 ProveZorn’s lemmafor posets:If
���������

is a posetsuchthatany chainhasanupperboundin
�

, then
�

hasa maximalelement.Hint: useProblem1.

Problem3 Givea directproofof theWell-OrderingTheoremfrom Zorn’sLemma.Hint: Considertheset

������� 
�������� � is awell-orderon somesubsetof � .  
Problem 4 A subsetof the Euclideanplane, �!
#"��$" , is calledconvex if for any two points % ��&'� � , the line
segmentconnecting% and

&
is containedin � . In otherwords, �(
)"*�+" is convex iff for all % ��&+� � andfor all, � " with - � , �/. , , %1032 .54 ,76 &�� �98

(a) Provethatany subset: of theEuclideanplanehasa maximalconvex subset.

(b) Giveat leastthreedifferentexamplesof maximalconvex subsetsof thefollowing subsetof "/��" :
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Problem5 (Teichm̈uller-Tukey lemma)Assumethat
�

is anonemptysetsuchthatfor everyset I ,

I � �KJML
everyfinite subsetof I is amemberof

�
.

Show that
�

hasa maximalelement,i.e.,anelementthatis not a subsetof any otherelementof
�

.
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