
MATH 316, DIFFERENTIAL EQUATIONS, WINTER 2000

Answers to the Final Exam

Problem 1 (9 points) A tankinitially contains200litersof purewater. A mixturecontainingaconcentration
of 6 grams/literof saltentersthetankata rateof 2 liters/min,andthewell-stirredmixtureleavesthetankat
thesamerate.Find anexpressionfor theamountof salt in thetankat time

�
. How muchsalt is in thetank

after120minutes?What is the limiting amountof salt in the tankas
�����

? (You mayusethe fact that���	��
 �������� ).
Answer: If � is theamountof salt in the tank, then �������������� "!#�%$'&)('� *��+�+ &�(,� �-��+�+.� *�-+�+ . Solving

this, we get �0/ ��1 �324( �)� �65 � ��78:9;9 . Pluggingin the initial condition �0/ � 1 � � , we get 5��324( �)� , thus�</ �=1 �324( �)� �>24( �)�?� � 78:9;9 . At
� �324( � , we have �</@24( � 1 �324( �)� �>24( �)�?� � 8�AB98:9;9  24( �)� �>24( �)� & ����� �24( �)� � � $ � ��CED � . As

�F�G�
, we have � � 78:9;9 � � andthus �0/ ��1F� 24( �)� .

Problem 2 (9 points) For eachof thefollowing differentialequations,stateits orderandtype(for instance,
linear, non-linear, separable,exact,homogeneous,etc).Find thegeneralsolutionto eachequation.

(a)
H?IH � � I �KJ I �� � .

Answer: This equationis first-orderandhomogeneous.We do the standardsubstitution
I �3L � ,I � �ML J L � � to get L J L � � �ML J L � , thus L � �ML �ON � . This is now separable:

H L N L � � H � N � , thus�'2 N LP�RQTS � J6U , or LV�W�'2 N /BQTS � J6U 1 . Substitutingbackfor
I �XL � , we get

I �Y� � N /BQTS � JZU 1 .
(b)

2� H?[H � � [ / � � �Z2 1 .
Answer: This equationis first-orderand separable.We have

H?[ N [ �\/ �@] � �=1 H � , thus QTS'^ [ ^0��`_ N Da� � �4N ( JbU , thus
[ �>c �edTf=g _ � d A g �=h	i or

[ �R5 �4dTfjg _ � d A g � .
(c) /;( [ ] I J [ _ 1 H?IHk[ J D [ ] I �W� � [ � I � .

Answer: This equationis first-order. It is of theform lm/ [on�I 1�p=qp�r Jbs / [tn�I 1 � � , where lu/ [tn�I 1 �( [ ] I J [ _ and s / [tn�I 1 �XD [ ] I J � [ � I � . Wecheckthattheequationis exact: vwl N v [ ��$ [ � I J D [ ]
and v s N v I �xD [ ] J $ [ � I . We find thecommonantiderivative y#/ [on�I 1 � [ ] I � J Iz[ _ . Thus,the
generalsolutionis y#/ [tn�I 1 � U , or

[ ] I � J Iz[ _ � U .

(d)
I � �{� I � J ( I .
Answer: This equationis second-orderandlinear. Assumingsolutionsof theform

I � �e| d , we get
thecondition } � �W} J ( , which is satisfiedfor }~�M( and }~���K2 . Thus

I � � � d and
I � � � d are

two linearly independentsolutions.Thegeneralsolutionis
I �R� � �4� d J � � �)� d .

Problem 3 (9 points)

(a) Find threelinearly independentsolutionsof thesystemHH ���[ � �� �'2 �'2 2� � �'2� 2 (
�� �[ �
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Answer: First, we find theeigenvaluesof thematrix. Theeigenpolynomialis /��'2#��� 1 /��#� 1 /;(��� 1 �6/��'2���� 1 /��K2 1 �x/��'2���� 1 /��V�b2 1 � � Thus,wehave aneigenvalue � � �Y�'2 of multiplicity one
andan eigenvalue � � ��2 of multiplicity two. The correspondingeigenvectorsare: for � � �3�'2 ,L � ��/@2 n � n � 1@� , and for � � ��2 , L � ��/@2 n �'2 n 2 1@� . Also, thereis a generalizedeigenvector for� � �x2 , which is L ] �x/ � n � n 2 1 � . Thus,threelinearly independentsolutionsare:

�[ / ��1 � �� 2�� �� � � d and �[ / �=1 � �� 2�'22
�� � d and �[ / �=1 � �� 2�'22

�� � � d J �� �� 2
�� � d �

(b) Determinethesolutionwhichsatisfiestheinitial condition

�[ / � 1 � �� 2( 2
�� �

Answer: Thegeneralsolutionis

�[ / ��1 �R� � �� 2�� �� � � d J � � �� 2�'22
�� � d J � ]��� �� 2�K22

�� � � d J �� �� 2
�� � d��� �

Pluggingin theinitial condition,we get�� 2( 2
�� �R� � �� 2�� �� J � � �� 2�'22

�� J � ] �� �� 2
�� n

whichyields � � � � , � � �Y��( , � ] � � .
Problem 4 (9 points) Find thegeneralsolutionof thesecond-orderlineardifferentialequation� � I � � J $ � I � J D I �XD J 2 � � �
Hint: For thehomogeneouspart,try solutionsof theform

� | , andfor thenon-homogeneouspart,try solutions
of theform 5 Ju� � .
Answer: Wefirst solvethehomogeneousequation

� � I � � J $ � I � J D I � � . Trying
I � � | , wegetthecondition� � }{/�}a�R2 1`� |��w� J $ � } � |.�	� J D � | � � . Dividing by

� | we get }"/�}'�X2 1 J $E} J D�� � , or } � JZ� } J D�� � ,
which is satisfiedwhen }6���'2 or }b����D . Thus the generalsolution of the homogeneoussystemisI ��� � � �	� J � � � � _ . We now look for a particularsolutionof the non-homogeneoussystemof the formI ��5 J6� � . Pluggingthis into thenon-homogeneousequation,we get $ � �YJ Dw/B5 J�� ��1 �xD J 2 � � , or2 � � � J D?5x��D J 2 � � . This is satisfiedwhen 5Y��2 and � ��2 . Thus,

I ��2 J � is a particularsolution.
Thegeneralsolutionof thenon-homogeneoussystemis

I �R� � � �	� J � � � � _ J 2 J � .
Problem 5 (9 points) Calculate�4� , where5 is thefollowing matrix:5>��� ( 2� 24 
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Answer: We usediagonalization.The eigenvaluesare ( and 2 , and the correspondingeigenvectorsare/@2 n � 1@� and /��'2 n 2 1@� , respectively. Then ¡¢��£ �	� 50£ is adiagonalmatrix,where£R� � 2 �'2� 2P  and ¡�� � ( �� 2e  �
Thus, � � ��£ �¥¤ £ �	� � � 2 �'2� 2V  � �4�¦�� �   � 2 2� 2O  � � �4�§�O� � �� �   �
Problem 6 (9 points) Find andclassifyall equilibriumsolutionsof the following system,andsketchthe
phaseportrait. Includethenullclinesaswell.Hk[H � � [ / I � I � 1 nHkIH � ��/ I J 2 1 / [ �Z2 1 �
Answer: We seethat

H?[ N H � � � if
[ � � or

I � � or
I �¢2 . Thesenullclinesareshown asdashedlines

in thesketchbelow. Also,
H?I N H � � � if

I �M�'2 or
[ �M2 . Thesenullclinesareshown asdottedlines. The

equilibriumpointsarewherethedashedandthedottedlinesintersect;thishappensat thethreepoints /@2 n 2 1 ,/@2 n � 1 , and / � n �'2 1 . To analyzethethreeequilibriumpoints,we calculatetheJacobian¨ / [tn�I 1 �©� I � I � [ /@2<�m( I 1I J 2 [ �Z2   �
At thethreepoints,theJacobianevaluatesto:¨ /@2 n 2 1 � � � �'2( �   n ¨ /@2 n � 1 � � � 22 �   n ¨ / � n �'2 1 � � �#( �� �'2e  �
At /@2 n 2 1 , the Jacobianhascomplex eigenvalues(with zero real part), giving rise to a counterclockwise
rotation.At /@2 n � 1 , theeigenvaluesare 2 and �K2 with respective eigenvectors /@2 n 2 1 � and /@2 n �'2 1 � , giving
rise to a saddlepoint. At / � n �'2 1 , theeigenvaluesare ��( and �'2 with respective eigenvectors /@2 n � 1@� and/ � n 2 1 � , giving riseto astableequilibriumpoint.

x=0 x=1

y=-1

y=0

y=1
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Problem 7 (9 points) A mass ª is suspendedfrom a positive height « + by a spring, as shown in the
illustration. Themasscanonly move up anddown (not to theright andleft). Thespringconstantis ¬ , and
thespringhasrelaxedlength  + . Let

I
betheverticalheightof themass.

m

h0

y

0

(a) How many degreesof freedomdoesthismechanicalsystemhave?

Answer: 1, theheightof themass.

(b) Find formulasfor thepotentialenergy ® andthekineticenergy £ of thesystemin termsof
I

and ¯I .
Answer: ®��Xª,° I J ¬ ( /�/;« + � I 1 �Z2 1 �

£�� ª ( ¯I � �
(c) UsetheLagrangianformalismto find theequationsof motionof this system.

Answer: ± ��£Z�b®>� ª ( ¯I � ��ª,° I � ¬ ( /�/;« + � I 1 �� + 1 � �
Wecalculate HH � v

±
vK¯I � HH � ªM¯I �Xª�²I³nv ±v I � �0ª,° J ¬	/;« + � I �� + 1 �

Thustheequationof motionisHH � v
±
v´¯I � v

±
v I � � or ª�²I �Y�0ª,° J ¬	/;« + � I �� + 1 �
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