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S Fheories with itcrste ere more

v;zation of the aX Tlowchurts which sre obteinod using the initiel theoxy,

with recpect to s'dition. IZ

;4deﬁateﬁth [»]

A&aiﬁ on advice ou vtractuzlﬁg compilors
&g ﬂroxln& ,hra correot.

Virgil Hed C“am.ascu, Custel Unpureanu
. university of aucpmr@s;, romeaie
?i,iﬁtnoducs‘an'aiﬁ&o“&ic structare for whieh iha set <
ia the free atructurs generatel oy &. rh»‘.vnf.-,:e ét-zo*a that

styie for cefining somentics cen he tlso used to defise come

T R NS e
Ld provang thaen eorrect.

Introduction

»

g, suppose- the reusdsr is feoilier w1zh celeuleticns in sn slgebraic

g \fromr r . . ‘ , ,
treoa oL SN we $h811 use “theory" insteed Of elgebroic theory. e use

gne Al terwlnalﬁég end adtations.

: ?n& firgt hew concept we care at wes thet of theory with itersts.

mrral then retionelly closed thecries,,

I becenuac they Bre not ordered theorics. This wukes them close in il

r“ti'e theorics. The pein difference betveen our theories enc
£ - ujevery morphisa hes en iterste, not only th e ideel

R o)the iterete, altrou h o eolution, nced not be unigue.

#The’ tb‘ory with iterste, cven without axiom (1') frow definition 1.1

f@élam,‘ls suiticient to fefine seupntics in trhe ADJ style.

he next stes, and perkeps the most importent one, was ihe introe~

t.&uetlon of the concept of flgwchert over & theory, This is a geporells-

L

Sl

: ‘s . 5 : . f e e v il
ne initisl ooject in the cetegory of theoriec. e think we should

‘1.9. the 1

axplcan our concepl of fiowehert over g th60r5 apa especizlly wmotlvate

the rﬂcc&SLtJ of its iptroluction.

net us beyin with some notetion.

; : 3 < v 8 R .3 ; B T4 e 4 6 B + 3
*he set of nonnigetive inte ave 23 Teaoted by we It 1y & mOACIG

ANy

It néu’ ‘&'1611 t‘]r' 8¢ t {.—)-,aoo,xl}




Ti;r* }:'ua 'wam} w“r“'ﬁs":"i.a‘ b, lhe @

et A Ls denoted 5, A 0T vent

t}wn 13&! ie i*w} Aewsthe TP % ie p monoid end £ 1 A ---—> & function
‘g»z& iw. anigue sxt ion bo :* **unul\% morphisn is denoted Dy 'f."'; iy 1
Bt - 2 a |
TPhe initial theos & “ ;

Q il theon is drmtm oy N he set v(t y@) of morchis:s
5 ;p ] anld the cmns-siflon of morphisms is the couposition of funct ion:.
Em-" Lincin Jxe exy tlananm* by recalling the ADC dexinition of

§ .!; < nﬁb‘ Lh.«!"hﬁ »

Let ¥ ve B cet (of stetoments) end let v 3 L —>wW be the

rsn..m: fonction of z.

_ consmts of & tri ;:1 {b,8&,2) where :

oo [1] > [545) is the begin function,
3 F [l ~— [;:-*p]* : is the underlying graph,

. el S, Pyt 4
et [8) >3 is the lzbeling function,

suqh that |T(iN = r(e(i)) Lor 1i€[s]. n is the nuumber of inputs,  p
fjia the num‘wr of exits end s is the nunber of internel vertices.

#e begin to use the theory X, e.g,. béN(‘n,w'p:) instend o;é‘
; (k] — [s*p] is e function. Notice thet Tor every 1 €fs] it
ifbilov:':z that  B(1) € 5(13(i) ,s+p), end to svoid the supplementary con~
-’.“‘diticn 1Z¢il = r(e(i))  we mey write §(i) € N{r(e(i)),s+p). But the
"f'n';oxapbi;sms Tii), ie[s], neving the same target, mey be replaced Oy their.

‘.tuplm : , » ‘
<UL, B(2)y.ee, Bl(8)D € §(rlell) yrrie(2))+. . +rlelsid) 84p)

b

.A“.‘ 4 " . ' 3 *
‘2 ., The lsoeling function ‘{!111 be thoucht as éen »l:.ment off thas

e a=aal .
o n(e(w) # r(e(@)) v ..+ nleted) = xTe)

-

(v, T,e) Lulfils the cond dition

Ny Finally we note thab thé. triple
c & Z*

> € Hlay 1el e

% € ale*(e)y leltp) .

R <%

Let_ n,cE€W . A (nomr lum) z-u.l()‘i(!hart from n to p ot weight




’3‘0 _thﬂii1‘.£,ur .8%'3“1'12&1-10:1!% UI“&ﬁi*Hc:e H‘ by & theory T. A

‘;';:£f~£'m~<-ehs;m ovep T mm o, inputs and {3 exits conalats oi s triple

g

£3 ,»3) where
. ' e e;z:*
-5 € T{n, el+) ,
2 € ;(r*(e;,l@l*p) TN

" This formel zeme is very fair. from tha er reason that led us to

.

,t..he ebove defmlt:.on.

'Tae : artimf pumt was the neef' of enother Jefirition cf the
L,ﬁ;m ste of a I-.;lcs.-.snert. ’.’.’e‘tmca‘i several idefinitione in orier %o
eqhtah -e::o" proserties fot the iterate. An iter'ta witiout new internsl

:-‘~vvea‘t.1cas was the c*zl,y one corresponiing to eur axie,e‘ ce. To ostein it

%a' aeve bHeen ochbed to extenl the councept of VE-.“,a:ch&r‘t. Thig extsnsion
; is besod on a very simple and Xnown ides which is uséed when pacsing £
i‘zmu ‘trees to partisl finite trees, nszely tne po.—smale owlssiva of
{{isam successors ¢f certsin vertices. Thus we shellpllow in the definition
k'v”:of a Z—_;.axc.;art thet sowc successors of certein vartices ;'ze oultted

m'xd we shall interpret every omission as en input into @ loop vithout

; = "‘“.;,' we have nalifis? the initiel definition of the
V‘Z-‘“quc‘wrt oy &110»\.11,f thet ‘ g e

: [n] —o—> flei+ a]

.~

'-‘-he -4 ps,rt:a_ sanetion i.e. some inputs mey be connected to loeps vzthoz» R

L 1

f"““‘é:i’.it; we zl3o sllow thai
% [? ( )] A’ a4 tlel*"sl

8 ‘ b v Y < 2o y 1 :a S o
bR & ps'ﬂtml function i.e. Pvery succegsor oi en internal vertax is

"mivjy" Y 3 : % \ 100 . the
“ppotser (internel or exit) vurtex or a loop witnout exit. notice that
e , . e R T
Thip slihy penerelizetlion oL e jefipition ig & perticule
g .. 6 . ) 2 ) - Y 7,_ —— 311.1,
“egge of our enar.l ell £ T ig repleced ne theory —u.,
i 1 oi - $a fe tha Pret thet Sumn, is o theery
cw‘*m'“e A 13 a sineleton. voreovar, it dis th? Tuel that Sus, 13
nabled ug to obtein & new definition for the FLernte

v with iterote w :Lch ¢ le ‘ | ;




f'ﬁ & Z-“‘Lowe‘a&h e thin.: thet our iterats is conveniont “oth Frow

v‘-thﬁ pz"n Lirel er? ‘t_,‘:ze:);}":?{vivgsrl peints of view.

t

\’g "‘F‘V‘e e \,"h‘E*I" ‘3.:‘3:3 (‘ﬂ th 1&1 ]_nlt)_an o I_@lo' (.hbr ta ‘Jsi"}{,
amamné ilges, it?hee £

rat one is very known: ueing severel sorts instes?

x;,nputs mm.eaﬁ of caly one, ie€e- another rankme, i‘unction o“ b3 13

grven,

rl 3

indicetmg for avery e Z

) w

’
the nuabes r1(57 of its inpuxsq.ln this
case the *‘ux‘ct b end Z ¥ill teke velues in the set

za.e. 9\:.&**;: m;,ut of the Z—- ov.chert end every successor of an intersel

el

vartex A.a cither an L:gut of another internel vertex or an exit vertex.
,'~~‘i’§m cdtegf,or,} o1 F~Licucharts over a theory with ite rzle VS

;ﬁvérdte‘: bj flg q e stuﬁ.;, o¥ this g&tcgory hes ensdlel us to introduce. 3
B Y .

| :t;he conceyt >4 Ty, Mila with itergte #n1 to prove the usein theorenm : the

. Bimodule ‘*1*(.:1 1ts ete Flz,»_{..,,. is freely genereted by *z. sesile its own
iﬁter'*m, this zreperty ol univs rse.ll*" ‘hes ey applicetlcns.
The :“L:\&at nplicetion ic the Jefinition of sementies. It suffices

'Qagfintarppg; z:,lgto'a T-zodule with iterste 4 enl to spply the pro-

- perty of un xvc'ﬂsa'l‘*“ in otder ‘o obtein tha scasntics ,sor'pusm
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a T-mo tle wi t‘z 1..0

: i ! | 1 £ we interpret - ixto
T"w next rzp;:l;c tion is to gompi.;ation.‘ we interp Z

e o
© . ¥ then the seruntics worphisa is the
ﬁhe Fowr ?._119 wlth itsrate "12'.',-1‘ then the s¢ -
v s ™ ;
C@mP ile Z ~oivcherts over © inte. Z'-Tlswehrris over .. The
PO Rty 7.-.4.\4‘\ ~Tlewehertis < 3 :

s o L ) BT il
Jﬁfrc nYen ot \; OJ— siverseli 't" 2hows thzt thls ©Oup iler is correct
‘s £, j ¥

. i - . 1y el .ov'rect""
and only if the _Ci).‘.-‘ipll{i'l’.l()n of every T&Z 1uv vede e Gkl

v

; : *ining ssuenticy
Lotice ihat w2 uce the senme methol for ueixrmu wnt

s
.
~
-
e

H . £ . i H
it 8

eompilers. . ‘ '
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i ~.1 wmx’-mc thcarics w:.t.h itcmte "

wgt 3 QP 3 set. T‘r.e 2ttars s, *c," s'ill denote clavcvzta of J end

‘we '!.etm“** e_a,a,c ,’5 ««il" denote siementis cf a*.

g Lﬁ? st ‘f‘ e an aJ"’SO" tﬁd huE!OT‘\y- LE'L Uﬁ he the Miqile,fﬁ()t‘phism foow .
m& &iﬂ"t" ﬁO}‘S l ) '5y .

B e etk s Coahae
L&t 8 (i a"‘ +C ) gb =) de. kotice thet 3.3] =1,.

T 1 Definition. & theory T is epid to be with itercte if for every
’a,j,*b 15 siven s mepping .
7 T -’f : I(aye0) """""'” 2(e,b) Wi

.o ¥

cal},eﬁ n‘”" te and setisfying t follmunm sxioms &

(1) (O,V)t f (( Tl lpe 7 l 7, x&<‘ ’1‘) >\f>

‘for every fé;\a,smc) ant ‘g €T{d,abe) ,

Eoan (2,0t = S2¢ats) A, 23 M ))f Do e
‘f»:‘.;s:‘ &vex'y fe:.(a,a’:c) end é‘f 3,8be) , :
ey, (st = ol |
‘fqr every fET(B,BJ) and geT{"’o,c’)-',,

| m. L oegst, 1y s

£ eTlsa,53) g .

ﬂ 2 pProwogition. Let T be e th‘ep:w'with»iteraté. Ther ¢

- (4> (= Ve U | |
{fﬁenﬁev—'ery feT(2,b) , : , : - ;
TR SR I IR O W LI CL AL

for every f&T(a,ec) sad ge€T(v,be) , .
eefaif*<(g<f‘.f,1bc>>*_,1c> (2(sD41) K (2053100 a1

for evex—y fe T(e,abc) end g&T(b,ade) ,

'n (g< £t >)"=(w+~ )T<(f<~+1><<<o+1)>*1 >>*1>
¢ ' s1he

:f.‘c)r every £eT(a,ebe) ond g€l bebc)

®) (g 1,20t = (Pt ey, IR SLE S
&N+ ’ ae

for ev:ry £¢ ’P(a gbe) eand geT(b gbe) .

Proof. ret feT(a,b). It follows from (3) -that
1- = f . ’
: t o g0+ 1) &(H0 #1022 = F
‘-_gf(oa+1b}) = £(0, - 4 g |




&et f&’l‘{a se)  and ge‘l‘(‘a be). It follov:a“ from (2) ihat
(£ 40,1 Nt = ¥ otle) -

h&; 8O +1, ) L(£(1 +O 2 N, 1bej> =g

fit fol¢0ﬁs from (1) that 8 . '

42005 604,07 T = <2ho0<atagy wefy = <ty
570 Let £ &T(s,ebc) eond "geT(b,ab‘c). Usinz (1) in the right-hand

féidéibf (1') we doduce

_;4f,¢,>1' ¢ (s )< (o nt1g EOLA

| (gs2r1 )T (("(b 1 )((e,\-.' +1c))*,18c>>f 1>> -

umng (1) “in the left-hen 2 eide ard equalimng, the two cmponenta of

pe

the ‘tupling we ootain (&) ancl (7). (8) is an easy ccnsequence of (6)
efrx3 A7) g

1.% Corg l“h IYe Thr» econiition ‘(1')‘}?}}; in definition. 1.1 ooy de

: repleccd w (6) or 9y (1) .

Prco.'.. Remark i‘lrst thet (6) éhd (7) &are eguivalent. Thus e.g3.

zf we put in 7(6) 5(0 ™ ) insteed cf f end f(a +1, } instead of g we
} s _ebtam S{n .

}V“’t*_“@"‘* ~ Then, if we use (6) and (7) in (1) it follows-thut
(f,g>T 324 a2 Nt 221 <G O, BSLETT

A Bt S RPEE E ))1, -gc;.)f > .
'ﬁence Opplyi’rig. (1) in the i, ht-—hand sx...e of the last equehty we

dotain (1') p

2

jf*ﬂx 1.4 Corollery. Let T be & theory with iterete. If B=8yS5e-e3, then .3

. + +
o 18 - ‘131,15£’0|‘.18n> o‘
. Proof. 3y induction. Sl
- ' + L+
RS R TN L 4 ,u +1g > it follows 1“ro*.x (5) thet l = {1120
e 8s Sl
" In 2 vncory ~ith iterute i€ we define

J—g‘":) ,*' lbu’.')

 then for gvery €T, 2,Ci

¢ 5 —La,of z’-LH;G s,




a3 ? g B Ty &
$ &

‘%l,wrny'l.’mmnmlﬁ' ‘closed theory 1s a theory vith

G Y"}: 2 cetionelly closnd thﬂo"'ﬁ' A proof of (1).'%&5
ven in 7 . It ie easy to ses tbat oy i -

: o aT e gt |

. a\rory - ;ej_'rf\&,m_)‘ for every momorﬁhzm _i-eT(r:.,a}. It £ollows

Oﬁfa thiﬁf ;‘e:aark g (1) thet T fulfils (1) a | ‘

w v RG "o to cee th e."t the theorice with iterate form 2 veriety,

| _'.he‘rtm'e- from e %:?gll Lnovn theorem adout verieties of heterogeneovs ol;ebres
.s"ﬁ LQSHQ\. tre e istange of free ‘theorics with ,‘;ter&tg.' %e conjecture
'ta&t the &r.;e tnea:*_‘ viith itercte “generated 5 ¥ s ’S."Yg i.6. thev
_ggb;heozjy of ’-‘"r}: detsrained Sy tt:zp},es of retionol treés. Ve cre
m-tarestc 1 omly in the initisl theoiy with iterate Pstr barc&u«&& ~Al

0O BReOus caze it is isomerphic t6 Sul:,).; vhere 4 1’" & singleton.

4 "',1‘.@‘;.}&1’:’. yition. a4 theory” ’"orp«._b* is 30"15‘. to be & ‘\mqrp‘:ism of '

}1"'01"1@5 .:1»‘1 iterote if it preserves tbe itaxat °n o '

A ‘iQ'tl‘Cn hat every morphism of theories vith 1wrsz..c preserves

. | * | -
- ,‘.’e ro_ard eve"y ags €8 @ me‘tion & {L\’] ? 5. I¥ aes

o

, E!“d 1 e [‘ ll =T o 'ni
‘ CLet A and 3 de seits. Ls.;, [.n,_-«]' »e the set of partisl functions

der [4,3] Y inclusion end obtein an.

toa* of £(i). Th for = & . :
\ I. .\- e 24 0 81!:200 &’Sl

_ﬁfoﬂi--A to 3. We or w -complete
heving the empty function as bottom element.

Potr(a 5) consists of &ll pertial

ach i€ [1a} if £(i) 1is

morphlms is neturelly the

: partially oxdered sct
Let us definc the thecory Pstr

“f(mctmns £ s [lm]-—-o-)[h\] such thet for e

L 'ldefinea then b be(i) " . The coaposition ol
portial rumetions. sstrle,0) ic ea wW=co. nlete perticlly

ce it i3z & sudsst of [[[ NG :fn sdch is closed

ordered set MECTuse
goGuEnces. i coaposition of

,eos‘%posf ition of

ander least apper sounds of lacretsiul

HOGERDIR O e

u9-cy~.* tnuous end stmct.
x B e b.,a) ere defmed oy

. 'm*pn....;ma is
o, 7 The 2istinguished morphisms

’




L eFar( o) _'..hm’ - ‘

¥iy
f_:
’dc
A

‘i;" ieflaf
i-tél), S walgiggeny .

&4

o PRI

"e Put *'(e, ) :s.ay e writt.gr{
22

Xa()re e ¥2ne)”

| ‘) | £(3 f dile

oy convention Fogqy) T = e ir () 15 rot definsa

3
1Y
“\4]‘,.7 Propasition, Falr is the mxual txsory with iterste.

oot Let 2 oe & "u‘.haor:, ith nemta. | | |
If F : D3ty s> I is & zorphism 0¥ theories with iterite then

for every £ €Tstr(e,d)

() ‘=< F(é.g -r\) (k:(z)):"'!"k‘i(‘a‘))>

we def'ine it oy Ahe let

1 e Estr(e,o), g€F3tr(s,c) then
‘ ,

>

"
A
>
s
—~
A
"o

| ' o e
w---"‘f; ;t)>”“"‘f(!ai)<“ ‘l)' ’{ s{iol)
1)>

TR

2N

PTG
H
/\
o e
o
ko
I“ Y
o
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‘,d
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P an)
o

' ’ & 2y = & Mhewafo1 Pois o theor"/ .’:’tOI‘phiS!-ﬁ.-
g - i T WY S, Therefcre ¥ ols @ N
. ’ o If L € U f;lk L‘:?.‘»1¢4 ¥, i%i) "J ‘ ‘
- i 3 ghell wro ve ’J}" ia? "!-vafi o2 04 .0‘-‘* ‘3‘

I
=gy = A

P
.
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at

“pop every ferate(a,ed)




frozn ‘(1) thet i e

*hy@otheﬂu thet

"'ohly for mo:mhisms with sources of length 1. Assume the following exioms:

_for every f&’r(s,ste) end géT(t,sta) ,
;-A? co(£Q1 +5))?‘ s

N e<eta > = ot

: f:
o of=o0

A5 L,3 ST
. for every f€T(s,cs0) and g€T(s,830) -

+ Por 1= 0 the ecurlity is dbvious. Por ol = 1 we study threa casos:
1)2 4.&,’,.53, wnm}-‘sl«;‘ g 4 i 4, hence F(f) = dg oy o0
)= L. 5 Therefole o ’ 2 '
“ograyt & 0. RRNDIES, S t
._{F(m' _ -'Lf),ae. -511-:,::"3( -La,s’é 2 = -La,b = F(f‘) b
' x5 de = 4o it follows that '
= b, 5= 100, = a0t = BT
48 f t—t?h

ECORS CH R R RE NG LR C M Ere)f .

[
(=8
St
L4
11

vy

£

L

>
i

vhore .2 € 1 £1+tut. It mllows that

If,ls:l b3 2 then a ci vhere Ict< tal end 41 < Ml. It follows

L ey <(¢<’~ 1&)) 1.,) ,(ch 1ﬂb>)f>

ﬂ‘mm n o= (1 +L,,).L~ end g = (U +ld)f. Tt follows frou the in&uctlve |
RN = <P (¢)<-(n) ,1,,3> )f.l >, (F(«*)m( 1..b>)‘f |

‘thea by (1)

Bl = <Fm, Tt = Bt g _

Th-:' rext theor&, which snswers g auestlon o:t‘ our, colleag;ue oh.

$teﬁnescu, will not be used henceforth.

1.8 Theorem. Let T be's theory in which the 1terate is *ﬂfmefi

B offegesty, >Ny = (f(S::’fla)((g(3§+1a)‘)t,lsa>).?

for every fe T(s,s8) and g€T(ayb) .,

for every T€T (s sa) .

Extend the 1t.crate by

8

and by induction | | )
g , t 4 ‘
- (ot Lty MLy BThIg2 >

¢




72 -

‘rhen ’I' hf‘cames a theory with 1terate.

‘ M.’ne prove (2) by in ductlon on je{. If |zl = 0 we use &4

pa{ = 1 then we use A2, For the mduc tive step we suppose

ﬁ:él" ox:s i‘ro'n the follcmn cal-culp;t],an :
A (fil g)JT

;—.~ (Tlflas*g} ' fz(lasﬂ’) >t ‘ o 5

(fz(las’*g})((fl(l g))’f 1, )t =

A5

: by the irductive hypothesis : :
X f_._,_*n;g) < (f¢,< flf(l *6),1 +g >)*.1c> ) (£ 2< fl > e =

Yk

= (P f'(( <I11.nlsb>) ’- > 3 (f2< flf:ls;)))t)é =, ' A © A5
,.2,_ <f1'~a7t = g . - |

ve prove (3) Doy induction or lel. If M“ € we use A4 end iIf

1 ",aie';'me A%, For tie inductiﬁve’ step we auppo.,e £ = <"l"‘2>
‘ \&'Ezer: lé.x(a,wa) "Erd # Gflis?a:;‘o). The conclusion follows from the
‘foll wiir n; ealculztion : | _ |
<£h1 = R i i AE
15 2> <-1f<( 1 '*~>>’ 1,7 ‘fa<"1 ’lsu>) 115> ® |
ﬁ 4*1,‘95 <fl 1% <,(-Z<11 o1, >) 1> =

by tae inluctive hypothesis

: {‘f“T f2<‘l ’15J>> <(; ( 11‘,13‘)>) 1 > | 2
= (111<\f2("f1 >)f1> (£,<5, 0,1, >)T> T =

= & fl,,.2> LEE A

".' e . b .= ¥ i & ' .. 2 " md ii‘
e provc (1) by imducticn’on [5). Iz [ol=C we use A4
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