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Compulsory questions

1 Let A =1{0,1,3,5}, B={z € Rl <z <5} and C = {z € Rlz <
0.3V z > 3}. Find:
(a) AUB
AUB={z€R|@z=0)V(1<z<5).
(b) BNC
BNC={zcR3<z <5}
(c) A\ B
A\ B ={0,1}.
(d) AU (BNC)
AUBNC)={zeR|(z=0)V(z=1)V(3<z<5H)}
(e) (AUB)NC

(AUB)NC ={zeR|(z=0)V(3<z<5)}

(f) P(A)

P(A) = {0,{0}, {1}, {3}, {5}, {0, 1},{0,3},{0,5},{1,3}, {1,5},{3,5},{0, 1,3},
{0,1,5},{0,3,5},{1,3,5},{0,1,3,5}}

2 The symmetric difference AA B of two sets A and B is given by AANB =
(A\B)U(B\ A).



(a) Show that (A A B)¢ = (A°N B°)U (AN B).

Expressing the symmetric difference in terms of complements, A A B =
(AN B°) U (A°N B), and so,

(AA B)° = (AN B°°N (A°N B)° = (A°UB)N (AU B°)
= (A°NA)U(A°NB°)U(BNA)U(BNB°) = (A°NB°) U (AN B)

(b) Show that symmetric difference is associative, i.e. that (AAB)AC =
AN(BAC).

(AAB)AC=(ANBYU(A°NB)NCY)U(((A°NBYU(ANB))NC)
=(ANB°NCYUA°NBNCYU(A°NB°NC)U(ANBNC)

Similarly,

ANBAC)=AN((B°NCHU(BNC)UA°N(B°NC)U(BNC))
=(ANB°NCYUANBNC)U(A°NB°NC)U(A°NB°NC)

So (AAB)AC=ANA(BAC)

3 Let Ay, A, ... be an infinite collection of sets such that for any n, A1 N
AsN---NA, #0. Can these A1, A, ... be chosen so that ﬂzoil A, =072

This is possible: let A, = {x € R‘O <z< %}, then A1NAsN---NA, =
A,,, which is non-empty. However, ﬂfio A; =10.

4 Use the inclusion-exclusion principle to find the number of composite from
1 to 100 inclusive. Show your working. [Hint: Any number between 1 and
100 that is composite is divisible by one of 2,3,5 or 7 (Bonus question:
Why?).]

Between 1 and 100, there are 50 multiples of 2, 33 multiples of 3, 20
multiples of 5, and 14 multiples of 7. There are 16 multiples of 3 x 2 = 6,
10 multiples of 5 x 2 = 10, 7 multiples of 7 x 2 = 14, 6 multiples of
3 x 5 =15, 4 multiples of 3 x 7 =21, and 2 multiples of 5 x 7 = 35. There
are 3 multiples of 2 x 3 x 5 = 30, 2 multiples of 2 x 3 x 7 = 42, 1 multiple
of 2 x5 x 7 = 70, and no multiples of 3 X 5 X 7, or 2 x 3 X 5 X 7, so
the total number of multiples of 2,3,5, or 7 between 1 and 100 inclusive is



504+334+20+14—-16—-10—-7—-6—-4—24+3+ 2+ 1 = 78. This includes
the numbers 2,3,5, and 7, which are not composite, so the total number
of composite numbers between 1 and 100 inclusive is 78-4=74.

The reason that any composite number between 1 and 100 is divisible by
one of 2,3.5, or 7 is that if n is a composite number that is at most 100, then
n = ab for some a and b, both greater than 1. If a and b were both greater
than 10, then n = ab would be greater than 100, so by contradiction, one
of a and b must be at most 10. Without loss of generality, suppose a < 10,
then a has a prime factor (by unique prime factorisation) which must be
one of 2, 3, 5, and 7, since these are the only prime numbers less than or
equal to 10.



