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Formula Sheet

General Mathematics

e Quadratic Formula: Solution to az?+bx+c = 0
—b+t+vb2—4ac
2a

isx =

oo _ _ .
= [T e "dx satis-

o Gamma function: I'(«) 0

fies '(a+ 1) = al'(«).

Moments

Centralised moments in terms of uncentralised mo-
ments:

pz = piy — i
ps = iy — 3ppy + 240
pa = iy — Aty + 6>ty — 3

Risk Measures

e Standard deviation principle r = p 4 ao.

e Value at Risk r = m,.

f;: xf(x)dx
1-p
[ 5(x)dx
4+ v
L—p

e Tail Value at Risk r =

:7]'p

Continuous Distributions:
Transformed Beta family

Transformed Beta
Inverse of Transformed Beta with o = 7, 7 = «,

=1

Y

Density function

8 (o8
——

) = (k) s
gL+ H)r(o=2)

'y)a+T

Mean

F(T)géa) (o b
Raw Moments Wy, = Gk%
Moment Generating Undefined
Function

Burr

Transformed Beta with 7 = 1.
Density function flx) = w(lfggz)uﬂ
Survival Function @ (%)'y)a

Mean prle ()

Raw Moments uo= 0" nr(a;i))r(g)

Moment Generating Undefined
Function

Inverse Burr

Transformed Beta with o = 1.

. . _ T'y(%)w‘r
Density function f(z) ()T
Survival Function o (%)w)(

Mean F)F(TJF ;)(F)(lf%)
r(r+E)r(1-&
Raw Moments =0k ( })(T)( 1)

Moment Generating Undefined
Function

Generalised Pareto

Transformed Beta with v = 1.



_ ([ T'(a+1) (%)T ; ;
flz) = (p(a)p(T)) (3 Density function
9(111

_ T'(r+k)I(a—k)
My = o T (a)

Density function

Mean Survival function

Raw Moments
. Mean
Moment Generating Undefined

Function Raw Moments
Variance
Pareto Mome.nt Generating
Function

Transformed Beta with 7 =~y = 1.
Density function

f(x)_w

1

(Lr(8))"

Survival Function

Mean % (if o > 1)
Variance ((1_19;% (if a > 2)
Raw Moments phy = gkw

Moment Generating Undefined

Function

Inverse Pareto

Transformed Beta with o = = 1.

f(’l,’) = I(1+(§))T+l

—
&
—

Density function

Survival Function 1— —F—+

(1+(2))
Mean undefined
Moment Generating Undefined
Function

log-logistic

Transformed Beta with o« =7 = 1.

Density function x) = L)Wv

Y 1@ =Gy
Survival Function (1_"_71%)7)
Mean or 1+1)F(1—l)

&t Bt
Raw Moments Wy, = 6FT (1 + %) r (1 - %)
Moment Generating Undefined
Function
Paralogistic

Transformed Beta with 7 =1, a = 4.

P2 e)

R A)r(-k)
A SN G A
py, =0 o)

Undefined



Inverse Paralogistic

Transformed Beta with a =1, 7 = ~.

. . _ V(L)
Dens.1ty functl'on flx) = $(1+(%)V?7+1
Survival function S(x)=1- 5 (2))
Mean

k ok
Raw Moments = 0% s })(z)(l )

Variance

Excess loss

Moment Generating Undefined
Function

Continuous Distributions:
Transformed Gamma family

Transformed Gamma

Limit of Transformed Beta as o« — oo and 6§ — oo

with af* = £.
o HOWAUL
Density function f(z) = GTT
1
Mean B= QT(OHH)
ZONS
Raw moments p, = 0" F(I:X(Z)? )

Gamma

Transformed Gamma with 7 =1
_ e W
flx) = T aT(e)

S@)=e 1+ + 2

Density function

Survival function

(for a € ZT)
Mean uw=0ua
Raw moments = 9”%
Variance tn = 0"
Moment Generating M (t) = m
Function

Weibull

Transformed Gamma with o = 1

Density function

Survival function e

Mean uw=46r (1—|— %)

Raw moments o
Exponential

Transformed Gamma with a =7=1

Density function f (.E) =&
Survival function e

Mean uw==0

Raw moments = mnlg"
Variance Loy = 0"
Excess loss fe~

Moment Generating M (t) = 1%%
Function

Inverse Transformed Gamma

Inverse of transformed gamma with 6 = %.

oy (2)
Flay=TEL e 2

= OF( —3) (if T > 1)

T'(a) R
W, = Q”F(Fa(;)?) (if Ta > n)

Density function

Mean

Raw moments

Inverse Gamma

Inverse Transformed Gamma with 7 = 1. Inverse of

gamma distribution with 6 = %.
(8)7 (5
f(z) FINE))
_6 (2
Sx)y=1—e=(14+---+ G

Density function

Survival function
(for € Z7)
Mean p==2 (ifa>1)

F;a(z;;%) (if a > n)

Raw moments o, = 6"

Variance Mo = 7((1_1)92((1_2)

Inverse Weibull

Inverse Transformed Gamma with o« = 1. Inverse of

Weibull distribution with 6 = §.




Density function

Survival function
Mean

Raw moments
Moment Generating Undefined
Function

Inverse Exponential

Inverse Transformed Gamma with 7 = a = 1, inverse

of exponential with § = %.

(%)

sl

Density function  f(z) = %
Survival function 1 — e~ %
Mean Undefined

1—67(%)7—
p=06r(1=21) (ifr>1)
ph, =0"T (1 —2) (if 7 > n)

Linear Exponential Family

. I er(G)m
Density  fo(x) = %
(0

mean w(d) = m

Variance po(6) = ﬁ,((g))
Normal

(=)

Density function fl@) = lee_ 202
Mean w=pu
Variance o?
Moment Generating M (t) = ert+zo°t"
Function
Uniform
Density function f(z) =3 (for a <z <b)
Survival funtion S(z) = b:i (for a < x < b)
Mean uw= “Tb
Vari (b—a)?

ariance 5 .
Moment Generating M (t) = ﬁ
Function
Log-Normal

Exponential of a normal distribution.

Density function

Mean

Variance

Moment Generating

Function

fla) = Lo~ "

2mox
2

ettt T

2 2
e2;t+a e’ —1

undefined

Discrete Distributions

Binomial
Probability = ()" —pn*
mean w=mnp
raw moments E(X---(X+1—-m))=n---(n+1—m)p™
Variance o = np(l — p)
p.ef. P(z)=(1—-p+pz)"
(a,b,0)-class a=—12,b= (”;1;1]
zero-truncated pl = %

probability

Poisson

Limit of binomial as n — oo, p — 0 with np = .

Probability
mean

raw moments
Variance

p-g.f.

nw=A
EX(X-1)--(X+1-—m))=\"
bE =

P(z) = 1)

(a,b,0)-class

zero-truncated p? =

probability

a=0,b=X\
Ae”
1—e—A



Negative Binomial

e Gamma mixture of Poisson distributions where
A follows a gamma distribution with § = 8 and
a=r.

e Number of successes before r failures if proba-
bility of success is %

e Compound Poisson-Logarithmic distribution,

L )anda:li.

where A = rlog ] e

T_ __—a  _ B
zero-truncated p; = log(I—a) — (1+p)log(1+A)
probability
probability Dn = an_lpl

_ B
mean F=a- a)(log(l a))  log(1+4)
. _ P 10 — +5)
Variance M2 = (1= a)lz = log(1+ﬁ) "~ log(1+5)?
log(l1—az
p.g.f. P(z) = %
(a,b, 1)-class a= $7 b= *ﬁ

Compound Distributions

Moments:

Let the moments of the primary distribution be

k T Ly [, f3, - - ., and the moments of the secondary dis-
. k+r—1 8 1
Probability pe= (") ( 5) (ﬁ) tribution by v, 19, v3,.... The moments of the com-
_r(r+1)-(r+k=1) r+k: (L) 1 ) pound distribution are given by:

+B w
mean w=rp (1o + o
Variance pn = 1B(1 +1/3) e T(n -1+5) U3 + pove + g,
p.g.f. P(z) = 1+,8—,8z>

—1 1 .

(a,b,0)-class  a= 5, b= = [;5 Recursive formula:

zero-truncated  pf =

(HB)T“ —(1+8)
probability

(a,b,0) and (a,b, 1) Classes

P = (a+%)pk_1 for kK > 1 (and for k > 0 in the
(a,b,0) class).

__ a+b
mean " ?—a
Variance Lo = (fjab) .

l—az 7(1+%)

p.g.f. P(z) = ( L )
zero-truncated p = a+b .
mean (1—a)(1—(a+b)1+z)
zero-truncated  p! = atb

o (1 2)
probability (1—a) (+8)_y

Logarithmic distribution
Negative binomial with » = 0. (a,b,1)-class with

a—l—sz,a:%.

If the primary distribution is a member of the
(a, b, 1)-class, the probability mass function is defined
as

fs(k) =

(p1 — (a+b)po) fx (k) + Sy (a+ %) fx (i) fs(k

,Z)

1—afx(0)

where:

e fx is the probability mass function of the sec-
ondary distribution

e fg is the probability mass function of the com-
pound distribution

e p, is the probability that the primary distribu-
tion is n (so p, = (a+ )pn 1)

Non-parametric Estimators

Greenwood’s formula
j

~ Su(y;)? Z TZ(%Z_S’L)

i=1

Var(S,(y;))



where — Unique observed values are t = yg < y1 <
<Yk <Ykt1 = U

— t is the (left) truncation point (can be —oo
or 0 if no truncation).

e y,; is the ith observed data point in increasing
order.

e s; is the frequency of the observation y; — w is the (right) censorship point (can be oo

if no censorship).
e r; is the size of the risk set at observation y;.

Log-transformed Confidence intervals

1S (2), 8 (X)V], where U = ¢ (3) suwrmesaan |

e « is the confidence level (so for a 95% confidence
interval, a = 0.05).

e o is the standard deviation of the estimator
Sn(x).
Information Criteria
o Akaike information criterion (AIC) [(6;2) —p

e Schwartz Bayesian criterion/Bayes information
criterion (BIC) 1(0;z) — plng(n)

Hypothesis Tests
Anderson-Darling test

o Test statistic n [, %%f*(m) dx

e For complete data, given by the formula:

k
—nF*(u) +n Z(Fn(yi))2 (log(F*(yi41)) — log(F*(y:))
k

+n Y (1= Fu(yi)? (log(1 = F* (i) — log(1 = F*(yi11))
=0

where

— n is sample size.



