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Model Solutions

Basic Questions

1. A disability income insurance company collects the following claim data
(in thousands):

i di xi ui i di xi ui i di xi ui
1 0 0.9 - 8 0 2.5 - 15 1.0 - 10
2 0 - 5 9 0 3.8 - 16 1.0 - 10
3 0 - 5 10 0.5 0.8 - 17 2.0 - 10
4 0 0.3 - 11 0.5 2.5 - 18 2.0 3.2 -
5 0 1.1 - 12 1.0 3.5 - 19 5.0 5.0 -
6 0 1.1 - 13 1.0 - 5 20 5.0 6.8 -
7 0 2.1 - 14 1.0 6.0 - 21 5.0 9.1 -

Using a Kaplan-Meier product-limit estimator:

(a) estimate the probability that a random loss exceeds 3.9.

We record the following values:

x rx dx
0.3 9 1
0.8 10 1
0.9 9 1
1.1 13 2
2.1 13 1
2.5 12 2
3.2 10 1
3.5 9 1
3.8 8 1
5.0 10 1
6.0 6 1
6.8 5 1
9.1 4 1

The probability that a random loss exceeds 3.9 is given by

8

9
× 9

10
× 8

9
× 11

13
× 12

13
× 10

12
× 910× 8

9
× 7

8
= 0.323997370151

(b) estimate the median of the distribution.
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We compute the cumulative products until the probability becomes less
than 0.5. This happens at

8

9
× 9

10
× 8

9
× 11

13
× 12

13
× 10

12
= 0.46285338593

so the median is 2.5.

(c) Use a Nelson-Åalen estimator to estimate the median of the distribu-
tion.

The median of the distribution is the first value of x such that H(x) >
log(2) = 0.69314718056. We compute values until we reach this value:

x rx dx H(x)
0.3 9 1 1

9 = 0.111111111111
0.8 10 1 1

9 + 1
10 = 0.211111111111

0.9 9 1 1
9 + 1

10 + 1
9 = 0.32222222222

1.1 13 2 1
9 + 1

10 + 1
9 + 2

13 = 0.476068376068
2.1 13 1 1

9 + 1
10 + 1

9 + 2
13 + 1

13 = 0.552991452991
2.5 12 2 1

9 + 1
10 + 1

9 + 2
13 + 1

13 + 2
12 = 0.719658119658

So the Nelson-Åalen estimator for the median is also 2.5.

2. For the data in Question 1, use Greenwood’s approximation to obtain a
95% confidence interval for the probability that a random loss exceeds 3.9,
based on the Kaplan-Meier estimator.

(a) Using a normal approximation

Greenwood’s approximation gives

Var(Sn(3.9)) = (0.323997370151)2
(

1

9× 8
+

1

9× 10
+

1

8× 9
+

2

13× 11
+

1

13× 12
+

2

12× 10
+

1

10× 9
+

1

9× 8
+

1

8× 7

)
= 0.0124718878432

The normal confidence interval is therefore 0.323997370151±1.96
√

0.0124718878432 =
[0.105109260976, 0.542885479326]

(b) Using a log-transformed confidence interval.

We have that Var(log(− log(Sn(3.9)) = Var(Sn(3.9))
Sn(3.9)2 log(Sn(3.9))2

= 0.0124718878432
0.3239973701512 log(0.323997370151)2 =

0.0935375677509. We calculate U = e−1.96
√
0.0935375677509 = 0.54911648869

The log-transformed confidence interval is [0.323997370151
1

0.54911648869 , 0.3239973701510.54911648869] =
[0.128423223441, 0.538555243873].

3. An insurance company records the following data in a mortality study:
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entry death exit entry death exit entry death exit
67.4 70.3 - 68.6 - 70.4 69.6 - 69.9
66.6 - 69.2 66.5 - 69.4 66.5 - 73.2
68.4 69.1 - 68.1 71.9 - 69.1 - 71.7
67.5 69.4 - 67 69.9 - 68.7 - 72.8
68.8 - 73.9 67 - 69.3 68 - 69.1
68.2 - 73 68.8 70.4 - 67.1 - 69.9
68.5 - 69.5 66.8 - 73.9 67.3 - 71.6
67.5 70.6 - 68.1 - 73 66.6 - 69.1
66 72.4 - 67.4 70.8 - 68.8 - 71.4

66.7 - 69.2 67.3 - 70.1 68 71.5 -
66.3 71.9 - 68.1 - 73 69.3 - 72.1

Estimate the probability of an individual currently aged exactly 69 dying
within the next year using:

(a) the exact exposure method.

The exact exposure is 1+0.2+0.1+0.4+1+1+0.5+1+1+0.2+1+1+0.4+1+
0.9+0.3+1+1+1+1+1+1+0.3+1+0.9+1+0.1+0.9+1+0.1+1+1+0.7 =
25

The probability of dying is 1− e− 3
25 = 0.113079563283.

(b) the actuarial exposure method.

The actuarial exposure is 1+0.2+1+1+1+1+0.5+1+1+0.2+1+1+0.4+
1+1+0.3+1+1+1+1+1+1+0.3+1+0.9+1+0.1+0.9+1+0.1+1+1+0.7 =
26.6. The probability of dying is therefore 3

26.6 = 0.112781954887.

4. Using the following table:

Age No. at start enter die leave No. at next age
61 0 22 2 5 15
62 15 29 3 12 29
63 29 19 5 22 21
64 21 29 11 18 21
65 21 30 8 43 0

Estimate the probability that an individual aged 62 withdraws from the
policy within the next year, conditional on surviving to the end of the
year.

Assuming that events happen in the middle of the year, and treating
withdrawl as the decrement of interest, the actuarial exposure at age 62
is 15 + 29

2 −
3
2 = 28. The probability of withdrawl is therefore 12

28 =
0.428571428571.

Using the exact exposure method, the exposure is 15 + 29
2 −

3
2 −

12
2 = 22,

so the probability of withdrawl is 1− e− 12
22 = 0.420421721215.
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5. In a mortality study of 40 individuals in a disability income policy, an
insurance company observes the following transitions, where state H is
healthy, D is disabled, S is surrendered and X is dead.

Entry State Time State Time State Exit Entry State Time State Exit
57.0 H 58.0 57.0 H 57.7 X 57.7
57.0 H 58.0 57.0 H 57.9 X 57.9
57.0 H 58.0 57.0 D 58.0
57.0 H 58.0 57.0 D 58.0
57.0 H 58.0 57.0 D 58.0
57.0 H 58.0 57.0 D 57.4 X 57.4
57.0 H 58.0 57.2 H 58.0
57.0 H 58.0 57.4 H 58.0
57.0 H 58.0 57.5 H 58.0
57.0 H 58.0 57.7 H 58.0
57.0 H 57.3 S 57.3 57.8 H 58.0
57.0 H 57.4 S 57.4 57.8 H 58.0
57.0 H 57.8 S 57.8 57.9 H 58.0
57.0 H 57.1 D 58.0 57.3 H 57.8 S 57.8
57.0 H 57.1 D 58.0 57.1 D 58.0
57.0 H 57.3 D 58.0 57.4 D 58.0
57.0 H 57.9 D 58.0 57.7 D 58.0
57.0 H 57.1 D 57.7 X 57.7 57.8 D 58.0
57.0 H 57.4 X 57.4 57.2 D 57.6 X 57.6
57.0 H 57.6 X 57.6 57.6 D 57.9 H 58.0

Based on these data, estimate the probability that an individual aged 57.3
who is disabled becomes healthy and later dies before reaching age 58.

We estimate transition intensities using exact exposure. The exposure in
the healthy state is 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 0.3 + 0.4 + 0.8 +
0.1 + 0.1 + 0.3 + 0.9 + 0.1 + 0.4 + 0.6 + 0.7 + 0.9 + 0 + 0 + 0 + 0 + 0.8 +
0.6 + 0.5 + 0.3 + 0.2 + 0.2 + 0.1 + 0.5 + 0 + 0 + 0 + 0 + 0 + 0.1 = 18.9

The transition intensities from healthy are: surrender — 4
18.9 = 0.21164021164;

disablility — 5
18.9 = 0.26455026455; and death — 4

18.9 = 0.21164021164.
The exposure in the disabled state is 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 +
0 + 0 + 0 + 0 + 0.9 + 0.9 + 0.7 + 0.1 + 0.6 + 0 + 0 + 0 + 0 + 1 + 1 + 1 + 0.4 +
0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0.9 + 0.6 + 0.3 + 0.2 + 0.4 + 0.3 = 9.3.

The transition intensities from disabled are: surrender — 0
9.3 = 0; healthy

— 1
9.3 = 0.10752688172; and death — 3

9.3 = 0.322580645161.

The probability that an individual who is disabled at age 57.3 becomes
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healthy and then dies before age 58.0 is therefore∫ 0.7

0

0.10752688172e−0.430107526881s
∫ 0.7

s

0.21164021164e−0.687830687831(t−s) dt ds

=

∫ 0.7

0

0.10752688172e−0.430107526881s
0.21164021164

0.687830687831

(
1− e−0.687830687831(0.7−s)

)
ds

=

∫ 0.7

0

0.0330851943754
(
e−0.430107526881s − e−0.481481481482e0.25772316095s

)
ds

=
0.0330851943754

0.430107526881

((
1− e−0.430107526881×0.7

)
− e−0.481481481482

(
e0.25772316095×0.7 − 1

))
= 0.0106017857117

Standard Questions

6. For the study in Question 3, use the exact exposure method, and assume
that the number of deaths follows a Poisson distribution with mean expo-
sure times probability of dying to find a 95% confidence interval for q69.

The exposure is 25, so the number of deaths follows a Poisson distri-
bution with mean 25q69. Therefore to obtain a 95% confidence inter-
val, find the values of a Poisson mean, such that a an observation of
3 is not significant at that level. This means P (X > 3) < 0.025 and

P (X 6 3) < 0.025. We have that P (X < 3) = e−λ
(

1 + λ+ λ2

2

)
= 0.975

has solution λ = 0.618672 and P (X 6 3) = e−λ
(

1 + λ+ λ2

2 + λ3

6

)
=

0.025 has solution λ = 8.767273. Therefore the 95% confidence interval
for λ is [0.618672, 8.767273], and the 95% confidence interval for q69 is[
0.618672

25 , 8.76727325

]
= [0.02474688, 0.35069092].
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