MATH 582,INTRODUCTION TO SET THEORY, WINTER 1999
Problem Set9 — Zorn'sLemma

Problem 1 If (P, <) is a partially orderedset(=poset) thena chain is a subsetC’ C P suchthatfor all z,y € C,
x < yory < z. Shaw thatary posethasa maximalchain,i.e., achainthatis nota propersubseof ary otherchain.

Problem?2 Prove Zorn'slemmafor posetsif (P, <) is aposetsuchthatany chainhasanupperboundin P, thenP
hasa maximalelement Hint: useProbleml.

Problem 3 Giveadirectproofof the Well-OrderingTheoremfrom Zorn’s Lemma.Hint: Considertheset

o ={R C A x A| Risawell-orderonsomesubsedf A.}

Problem 4 A subsebf the Euclideanplane,A C R x R, is calledconvex if for any two pointsu,v € A, theline
segmentconnectingu andw is containedn A. In otherwords,A C R x R is corvex iff for all u,v € A andfor all
AeRwitho< A< 1,

Au+ (1 — Ao € A.

(a) Provethatany subsetX of the Euclidearplanehasa maximalcornvex subset.
(b) Giveatleastthreedifferentexamplesof maximalconvex subset®of thefollowing subsebf R x R:
X={(z,y) | (= <IAly <3) V(2] <3AJyl < D}
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Problem5 (Teichnilller-Tukey lemma)Assumethat</ is anonemptysetsuchthatfor every setB,
B € &/ < everyfinite subsebf B is amemberof .

Shaw that«” hasa maximalelementj.e.,anelementhatis nota subsebf arny otherelementof o7



